REGULARITY RESULTS FOR LOCAL MINIMIZERS OF FUNCTIONALS
WITH DISCONTINUOUS COEFFICIENTS
RISULTATI DI REGOLARITA DEI MINIMI LOCALI DI FUNZIONALI
CON COEFFICIENTI DISCONTINUI
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ABSTRACT. We give an overview on recent regularity results of local vectorial min-
imizers of under two main features: the energy density is uniformly convex with
respect to the gradient variable only at infinity and it depends on the spatial vari-
able through a possibly discontinuous coefficient. More precisely, the results that we
present tell that a suitable weak differentiability property of the integrand as function
of the spatial variable implies the higher differentiability and the higher integrability
of the gradient of the local minimizers. We also discuss the regularity of the local

solutions of nonlinear elliptic equations under a fractional Sobolev assumption.

SUNTO. Presentiamo alcuni recenti risultati di regolarita dei minimi locali vettoriali
di funzionali integrali le cui caratteristiche principali sono che le densita di energia
sono uniformemente convesse solo all’ infinito e che, come funzioni della variabile
spaziale possono essere discontinue. Tali risultati possono essere sintetizzati come
segue: una opporuna differenziabilita debole dell’ integrando rispetto alla variabile
spaziale implica la maggiore differenziabilita e maggiore integrabilita del gradiente
del minimo. Discutiamo anche la regolarita delle soluzioni locali di equazioni non

lineari ellittiche sotto ipotesi di differenziabilita frazionaria.
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1. INTRODUCTION

Classical variational problems are related to the study of the existence and the regu-

larity of local minimizers of integral functionals of the type
(1.1) F(u; Q) = / F(z, Du) dx,
Q

where () is a bounded open set in R", n > 2, u : 2 — RN, N > 1, and the integrand
F:Q x R"™ — R is a Carathéodory map such that ¢ — F(x, ) is a convex function
for almost every x € (). As far as the growth conditions are concerned, we assume

that there exist exponents p, ¢, with 1 < p < ¢, and a constant L > 0, such that
(1.2) € < F(z,€) < L1+ €))%,

for almost every z € 2 and for all £ € R™Y.

We recall that u € W2 (Q, RY) is a local minimizer of the functional F in (1.1) if

F(z, Du) € LL (Q)

loc

and
F(u;supp ) < F(u + p;supp ),

for any p € WH1(Q, RY) with supp p € €.

If p = ¢ we say that the functional F(u;(2) has p-growth or that satisfies standard
growth conditions. If p < ¢, we say that the functional F(u;2) has (p, ¢)-growth or
that satisfies non standard growth conditions.

The regularity properties of minimizers of integral functionals of the type (1.1) under
standard growth conditions has been widely investigated over the last 50 years in case
the integrand F'(z, £) depends on the x-variable through a Holder continuous function
and is a strictly convex function with respect to the - variable. Actually, the Holder
continuity of F'(z,£) with respect to the z variable leads to the C'! partial regularity of
the minimizers with a quantitative modulus of continuity that can be determined in de-
pendence on the modulus of continuity of the coefficients (for an exhaustive treatment,

we refer the interested reader to [45, 22] and the references therein).
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It is worth pointing out that partial regularity results are a common feature when
treating vectorial minimizers. Namely, in the vectorial setting everywhere regularity
cannot be proven as it is shown by the counterexamples due to De Giorgi and by those
due to Sverak and Yan ([25, 65]), unless some additional structure assumptions are
imposed on the energy densities.

The study of the regularity properties of local minimizers of functionals satisfying
(p, q)-growth conditions started with the pioneeristic papers by Marcellini ([56, 57,
58, 59]). It is important to remark that an example by Giaquinta ([40]) and Marcellini
([55]) implies that a bound on the gap between p and ¢ is a necessary condition to
the local regularity. It is now well known that, in general, to have the regularity of
minimizers the gap between p and ¢ must be not too large; in many cases this relation is
expressed by an inequality of the type ¢ < ¢(n)p, with ¢(n) — 17 as n goes to infinity
([1, 4, 27, 28, 34, 35] and, for more details and references, [60]). It worth noting that,
besides a condition on the distance between the growth and the ellipticity exponents,
the dependence of the integrand on the z-variable can give substantial difficulties since
the Lavrentiev phenomenon may appear ([28]).

The study of the regularity has been successfully carried out under weaker assump-
tions on the convexity of the integrand F'(x, §) with respect to the ¢-variable, i.e under
a uniform convexity assumption only for large values of the modulus of the gradient
( see for example [7, 29, 41, 54, 31, 32, 33, 64] for the case of standard growth con-
ditions and [17, 21, 6] for the case of non standard growth conditions). So far, such
regularity results have been proven under a smooth dependence of F'(z, &) from the
x-variable.

On the other hand, in the last few years, in case of standard growth conditions
the regularity of the local minimizers has been established under weaker assumptions
on the function that measures the oscillations of the integrand with respect to the z-
variable. Actually, when the partial map x — D¢ F'(z, £) belongs to a suitable Sobolev
class the higher differentiability as well as the partial Holder continuity of the gra-

dient of the local minimizers have been obtained in [37, 42, 61, 62, 63, 43] (see also
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[52, 53]). More recently, the regularity of the solutions of some parabolic systems with
Sobolev coefficients has been faced in [39]. We also refer to [36, 38] for the case of
functionals with variable exponents growth conditions.

In Section 2, we present some recent results concerning the regularity properties
of the minimizers of integral functionals of the type (1.1), allowing a discontinuous
dependence for the integrand F'(x, ) with respect to x- variable through a suitable
weakly differentiable function in case the integrand is convex with respect to the gra-
dient variable only at infinity. The case of non standard growth conditions is also
considered.

More precisely, we shall illustrate that a suitable weak differentiability property of in-
teger order of the partial map x — D¢F(x,&) implies the higher differentiability of
the same order and the higher integrability of the gradient of the local minimizers.

Finally, in Section 3, we consider non linear elliptic equations of the form
div A(x, Dv) = div(|G|P2G) in QCR",

where A(z, &) is a p-harmonic type operator such that the partial map =+ — A(z,€)
belongs to a fractional Sobolev space. Under this assumption, the fractional differen-
tiability of the right hand side G transfers to the gradient of the solutions with no loss

in the order of differentiability.

2. FUNCTIONALS WITH SOBOLEV COEFFICIENTS

Let us consider the integral functional defined in (1.1) satisfying the growth assump-
tion (1.2). We assume some convexity and regularity on F'(z, &) only for large values
of the modulus of £. More precisely, we assume that there exists a radius R > 0 such
that:

e Radial structure. There exists F' : Q x [R, +00) s. t.

Q2.1 F(z,€) = F(=,|¢]),

a.e. x € Qandforall £ € R™ \ B(0).
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o C?-asymptotic convexity or p-uniform convexity at infinity. The function &

F(z,€) is of a class C*(R™) and there exists v > 0 such that
(2.2) (DeeF (2, )M A) > v(1+ €)% A2
a.e. z € Qandforall £ € R™™ \ Bz(0).

o Growth of D¢ F'. There exists a constant L; > 0 such that
(2.3) | DeeF(x,€)] < Li(1+ [¢2)°
a.e. z € Qand forall £ € R™™ \ B(0).

e Sobolev regularity with respect to the x-variable. The function x — D¢F(x,€)
is weakly differentiable for all £ € R™™ \ B(0) and there exists k(z) € LI, (), with

loc

r > p+ 2, such that
(2.4) |D,DeF(x,6)| < |k(z)|(1+ €)=

a.e. v € Qandforall £ € R"™Y \ B(0).
If we take into account that many properties are requested only at infinity, a model

functional in our setting is
(2.5) F(u; Q) = / | Dul? + a(x)|Dul? dz, 1<p<g,
Q

with a € W27 (Q) N L>®(2), a > 0 and @ = 0 in a subset of positive measure.
A very recent paper by Eleuteri, Marcellini and Mascolo ([26]) deals with integral

functionals that are uniformly convex only for large values of the modulus of the gra-

dient and that depend on the z-variable through a Sobolev coefficient.

More precisely, besides the (p, ¢)-growth conditions, they deal with an integrand F’

satisfying (2.1) for all ¢ € R™Y, and satisfying the assumption (2.4) with a function k

belonging to L", with r > n. They proved the local Lipschitz continuity of the local

minimizers of the functional F if

(2.6)

BS)
S|~
S| =

<l+--
p
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Note that this assumption on the gap % is sharp as shown in [28] and [30] ( see also
[10] and [11] for related results).

The aim in [15] is to show that, in the Sobolev dependence on the x-variable ex-
pressed by the assumption (2.4), it is sufficient to assume r» = n to prove that, under
a p-convexity condition only at infinity, the local minimizers of the functional F have
the gradient locally in L! for every ¢t > p and, therefore, that they are locally Holder
continuous for every exponent 0 < o < 1.

More precisely, taking into account that, without loss of generality, we can assume

R =1, the result is the following.

Theorem 2.1. Let F : Q x R™Y — [0, +00), n > 3, be a Carathéodory function such
that F = F(x,&) is convex and C* with respect to the last variable and satisfies the
assumptions (1.2) with 1 < p = q and (2.1)-(2.4) withr = n. Let u € VVéf(Q, RY) be
a local minimizer of (1.1). Then u is locally a-Hélder continuous for all o € (0,1).
Moreover, for all t > p and for all B,(x¢) C Br(zo) € Q, we have that

/ | Du|* dz
Bp(ffo)

SC[/ (1+F($,Du))d$p,
Br(zo)

where C' = C'(n, N,p,t, L, L1,v, p, R).

The assumption p = ¢ is not surprising: indeed, looking at the condition (2.6),
which is sharp as suggested by the examples in [28] and [30], if r goes to n, then the
condition on the gap reduces to % <1

We also remark that Holder continuity results for any exponent « strictly less than
1 are not uncommon when the integrands depend on the z-variable. We refer to [14]
and [62] for examples of not locally Lipschitz continuous minimizers, but Holder con-
tinuous for every exponent 0 < o < 1.

The proof of Theorem 2.1 is achieved by establishing first an a priori estimate and
then using an approximation argument.

The key tool in the proof of the a priori estimate is the construction of test functions

that are proportional to a suitable power of the gradient of the minimizer and that
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vanish in the set where the ellipticity of the Euler Lagrange system associated to the
functional is lost.

Moreover, a suitable iteration argument is needed to reabsorb terms with critical
summability exponents. Next, we construct a sequence of integrands that are regular
with respect to the x variable and p-uniformly convex with respect to the gradient
variable in the whole R™" and we show that the a priori estimate is preserved in passing
to the limit.

We remark that the assumption n > 3 is necessary in establishing the a priori estimate
and, as far as the case p = n = 2 is concerned, the only available result for the
vectorial setting is contained in [62]. More precisely, let us assume that there exist

constants ¢, L > 0 such that

2.7) &P < F(x, ) < L1+ [¢]%),

14
(2.8) (DeF'(w,€) = DeF(w,m), € =n) = F€ —nl”

and assume that there exists £ € L2 (), such that

loc
(2.9) | DaDeF(x, §)| < |k(2)[(1 + [£])

ae. z,y € Q C R? and for every &, € RV,
Then the following result holds.

Theorem 2.2. Let ' : Q x R?*N — [0, +00), be a Carathéodory function such that
F = F(x,€) is C! with respect to the last variable and satisfies the assumptions (2.7)-
(2.9). Let u € W,22(Q,RN) be a local minimizer of (1.1). Then Du € W' (Q), for

everyt < 2.

Moreover there exists Ry = Ry(N, L,t) such that

/ |D2u|td:):§%(/ |k|2dx) / |Dul? da,
Bgr R Bar Bar

for every R such that Bop C Bp, C ). In particular, Du € L (Q) for every t > 1.

loc
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As before, the proof is based on an a priori estimate and an approximation argument.
In this case the test functions are constructed combining the difference quotient method
with the following stability property of the Hodge decomposition due to Iwaniec and

Sbordone ([48]).

Lemma 2.1. Let w € WYP(R"), and let 1 < p < oo. Then there exist vector fields
£ € LP (R™) with curl(£) = 0 and B € LY (R") with div(B) = 0 such that

Dw|Dw[P~? = € + B.

Moreover
1€ Lo mny < C HDU’HI;(IW)
and
1B s (gny < C max{p — 2,p" — 2} HDwH]Z;(an),

where C' is a universal constant.

The Hodge decomposition allows us to obtain an estimate for the second derivatives
of the minimizer in a space of summability slightly larger than the natural one. Then
a double iteration procedure is needed to handle integrals with critical integrability
exponent.

We’d like to notice that Theorem 2.2 is sharp. More precisely, we can not have, in
general, neither D*u € L? nor Du € L*.

Indeed, the function

1
u(zy,e) = 21(1 — log |z|) reDB (O,—) C R?
e
solves the equation div(A(z)Du) = 0, where A(x) is a matrix satisfying the assump-

tions of Theorem 2.2 with
1 1
K(z) = €L2<B(O,—)>.
) = I~ Tog ) :

|Du| ~ (1 — log |x]) and |D?u| ~ —

We have
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and so Du € L for all t > 1 but Du ¢ L. Moreover, u € W??forall1 < q < 2,
but u & W22,
We also notice that the assumption k& € L? in (2.9) can not be weakened (in the scale

of Lebesgue spaces) and obtain the same regularity. In fact, the function
u(y, ) = @ || a € (0,1)

solves the equation div(A(xz)Du) = 0, where A(z) is a matrix satisfying our assump-

tions with
k(x)wuilELp Vp < 2
and
[Dul ~Jz|*7, Dl ~ 2]
Therefore
ueWht vt < and uwe€W* Vq< L
l—a 2 -«

We now come to the case of functionals with non standard growth conditions, i.e. satis-
fying the assumptions (1.2) with p < g and (2.1)—(2.4). First, we want to recall that the
radial structure of the integrand expressed by (2.1) guarantees the local boundedness
of the minimizers under the following condition

np
n—p

g<p" =

between the growth and the ellipticity exponents ([18, 19, 20, 23, 24]). Such local
boundedness allow us to deal with functionals with non standard growth conditions
that are uniformly convex only for large values of the modulus of the gradient of the
minimizer and with a W assumption on the partial map x — D¢F(z,£). More

precisely, in the forthcoming paper [16], we establish the following

Theorem 2.3. Let u € W'P(Q; RY) be a local minimizer of the functional F(u, (),

satisfying the assumptions (1.2)-(2.4) withr > p+ 2. If

2
1<p§q§min{p+1—]i,p*}
T
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then, setting
Gg(t) = /t(l + s)%s ds
0
we have
G((|Du| —1)4) € W.12(Q) and  Du € LP**(Q).

loc

Moreover

J,

with v = v(p, ¢, n).

(|Du = 1) ?

1+ (|Du| — 1)

<O+ Mlew)™ ([ (4 i)

|Du|"z D2y
+

4R (0)

We remark that the assumption on k is weaker than k € L™ inthecase2 < p < n—2.
The main tool in the proof of previous Theorem is the use of the local boundedness
of the minimizers u € W;"" (©2) combined with the following Gagliardo-Nirenberg

loc

type interpolation inequality (see [5]).

Lemma 2.2. For every u € C*(Q,RY), n € CH(Q), n > 0, and every k € RY, we

have

P p=2
/n2(1+|Du|2)2|Du|2dxSc(p)\lu—ffll%oo(suppn)/nz(HIDu\2) > |D*ul’ da
Q Q

o
rellu =l [ (0 + [Va)(1+ |Du)f da.
for a positive constant ¢ = ¢(p).

Roughly speaking, the local boundedness of the minimizers together with the exis-
tence of the second derivatives implies the higher integrability of the gradient of the
solutions with exponent p+2, which improves the one given by the Sobolev imbedding
Theorem in case p < n — 2. This is precisely the case in which we improve previous
results, weakening the assumption on the summability of the weak derivative of the
partial map x — D¢F(x, §).

It is worth to point out that the bound on ¢ depends on the assumption on k(z) in

(2.4) and obviously improves if r — oo, where r is the summability exponent of k(x).
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Theorem 2.2, in case p = ¢ and with F'(z,£) strictly convex in the whole R™" has

been proven in [44].

3. ELLIPTIC EQUATIONS WITH FRACTIONAL SOBOLEV COEFFICIENTS

In this section we confine ourselves to the scalar case (N = 1) and we want to

discuss some regularity results for weak solutions to
3.1) div A(xz, Dv) =0 in QCR",

where A : 2 xR"™ — R" is a Carathéodory map . We assume that there exist2 < p < n

and constants a, 5 > 0 such that

(32) a(1+ €2+ [n]2) 2 1€ = nl® < (A(x, &) — Az, 1), £ — 1),

(3.3) [A(x,€) — Alz, )| < B+ €2 + [n) 7 |¢ = .

Concerning the dependence on the z-variable, we assume that there exist k(z) €

L"(Q),r > 1,and 0 < o < 1, such that

G4 A2, — Ay, O)| < (k)] + [k))le — (1 + |6,

fora.e. z,y € Q and for all £,n € R™.

It is known that the p-growth condition expressed by (3.3), the p-ellipticity expressed
by (3.2) and the W !"-Sobolev assumption on the coefficients, i.e. the assumption (3.4)
with o = 1 and » = n (see [46]), allow to expect higher differentiability results for the
solutions with integer order.

In particular, the equations satisfying (3.2), (3.3) and (3.4) with « = 1 and 0 = n,
(including the so called Beltrami equations in the case p = n = 2), were recently
studied in [8, 61, 62, 42].

We assume, in this scalar case, that the inequality (3.4) holds, with 0 < o < 1.
Roughly speaking, we deal with case in which the map © — A(z, £) enjoys a fractional

differentiability property ( for related results in this setting see [51]). To state the result
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properly, we recall that the following definition of the Besov spaces via difference

quotients (see [66, Section 2.5.12]).

Definition 3.1. Let 1 <p <oo, 1 <¢g<ooand(0 < a < 1. Letv € LP(R"™). We say

that

e ve By (R")if
lv(z + k) — o), \*» dh \"
</ (L) |h|“> o
o veE By (R")if

ap ([ MDY

heRn |h|oP

=

For a fixed ball By, the Besov spaces By, (Br) consists of the function v € L”(Bg),
such that pv € By (R"), for some ¢ € C5°(Br).
There is a link between Besov spaces and Lebesgue ones, given by the following

embedding results (a proof can be found at [47, Prop. 7.12]).

Theorem 3.1. Let 0 < a < land1 <p < Zand1 < q < ”’; =: pt. Then the

n—ap

following inclusions hold:
By, C LPe
Moreover, if p = g and 1 < q < oo, then
B% , CVMO.
We recall that V MO denotes the space of functions with vanishing mean oscilla-
tions; i.e.

feVMO <+— limsupsup][ |f — fBldx =0
By (x)

r—0 T By (x)

where fp ::f f(x)dx.
B
Note that the assumption (3.4) with k(x) € La and 0 < a < 1 implies that the

partial map = +— A(z, ) belongs to the Besov space B .
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In this framework the higher differentiability of solutions of Beltrami equations (p =
n = 2) is obtained by Cruz, Mateu and Orobitg [12] and Baison, Clop and Orobitg [2].
Here we state the following recent result proved by Baison, Clop, Giova, Orobitg
and Passarelli di Napoli in [3] in case p = 2 and by Clop, Giova and Passarelli di

Napoli in [9] in case p > 2.

Theorem 3.2. Let 0 < o < 1and A : QxR"™ — R" be a Carathéodory map satisfying

(3.2) and (3.3). Assume that there exists a non negative function k € L&, such that
(3.4) holds. If u € I/Vlicp is a weak solution of (3.1), then

(1+ |Dul*)"% Du € B (Bg),
for every ball B € (.

The proof relies on the basic fact that assumption (3.4) with k € L@ implies that
x +— A(x, ) is locally uniformly VM O (see [3]). At this point, the theorem is achieved
by using the following regularity result for solutions of equations with V MO coeffi-

cients, also proved in [3].

Theorem 3.3. If A satisfies (3.2) and (3.3) and x — A(x,-) is VMO regular, then for

every solution u € WHP of
(3.5) div(A(z, Du)) = div(|G|P2G)

with G € L (Q), ¢ > p, we get Du € L] ().

loc loc

We’d like to mention that Theorem 3.3 extends to general linear elliptic equations
previous results by Iwaniec and Sbordone [49] and Kinnunen and Zhou [50].
Improving the regularity of the coefficients, i.e. assuming that the partial map x

A(z, €) belongs to the Besov spaceB% , with ¢ < oo yields the following

Theorem 3.4. Let A : Q) x R — R"™ be a Carathéodory map satisfying (3.2) and
(3.3) . Assume in addition that v — A(z,§) € B% . Letu € WLP(Q) be a weak
solution of (3.5). If |G[P~*G € By (Bag) then

(1+ [Dul*)"% Du € B (Bg),
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foreveryl < q <
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20— =: 27 and for every ball Br C Byp C (L

n—

We refer to [3] for the case p = 2 and to [9] for the case p > 2.

Acknowledgement: The authors have been supported by the Gruppo Nazionale per

I’ Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto

Nazionale di Alta Matematica (INdAM). The first author has been partially supported

by the Universita degli Studi di Napoli “Parthenope” through the project “Sostegno

alla ricerca individuale per il triennio 2015-2017”

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

REFERENCES

E. Acerbi, N. Fusco: Partial regularity under anisotropic (p, q) growth conditions, J. Differential
Equations 107 (1994), no. 1, 46-67.

A. Baison, A. Clop, J. Orobitg: Beltrami equations with coefficient in the fractional Sobolev
space W% % . Preprint arXiv:1507.05799 (2015)

A. Baison, A. Clop, R. Giova, J. Orobitg, A. Passarelli di Napoli: Fractional differentiability for
solutions of nonlinear elliptic equations, Potential Analysis DOI 10.1007/s11118-016-9585-7.
L. Boccardo, P. Marcellini, C. Sbordone: L°°-regularity for variational problems with sharp
nonstandard growth conditions, Boll. Un. Mat. Ital. A 4 (1990) 219-225.

M. Carozza, J. Kristensen, A. Passarelli di Napoli. Higher differentiability of minimizers of convex
variational integrals, Annales Inst. H. Poincaré (C) Non Linear Analysis , 28 (2011) (3), 395—
411.

P. Celada, G. Cupini, M. Guidorzi: Existence and regularity of minimizers of nonconvex integrals
with p-q growth, ESAIM Control Optim. Calc. Var. 13 (2007), 343-358.

M. Chipot, L.C. Evans: Linearisation at infinity and Lipschitz estimates for certain problems in
the calculus of variations, Proc. Roy. Soc. Edinburgh Sect. A 102 (1986), no. 3-4, 291-303.

A. Clop, D. Faraco, J. Mateu, J. Orobitg, X. Zhong. Beltrami equations with coefficient in the
Sobolev Space WP, Publ. Mat. 53 (2009), 197-230.

A. Clop, R. Giova, A. Passarelli di Napoli: Extra fractional differentiability for solutions of p-
harmonic equations, Preprint (2016).

M. Colombo, G. Mingione: Regularity for double phase variational problems, Arch. Rat. Mech.
Anal. 215 (2015) 443-496.

M. Colombo, G. Mingione: Bounded minimisers of double phase variational integrals, Arch.

Rat. Mech. Anal. 218 (2015), 219-273.



REGULARITY RESULTS FOR LOCAL MINIMIZERS 143

[12] W. Cruz, J. Mateu, J. Orobitg: Beltrami equation with coefficient in Sobolev and Besov spaces,
Canad. J. Math. 65 (2013), 1217-1235.

[13] D. Cruz-Uribe, K. Moen, S. Rodney: Regularity results for weak solutions of elliptic PDE’s
below the natural exponent, Ann. Mat. Pura Appl. 195 (2016), n.3, 725-740.

[14] G. Cupini, N. Fusco, R. Petti: Holder continuity of local minimizers, J. Math. Anal. Appl. 235
(1999) 578-597.

[15] G. Cupini, F. Giannetti, R. Giova, A. Passarelli di Napoli: Higher integrability estimates for
minimizers of asymptotically convex integrals with discontinuous coefficients. Nonlinear Anal.
(2016) doi.org/10.1016/j.na.2016.02.017.

[16] G. Cupini, F. Giannetti, R. Giova, A. Passarelli di Napoli: Regularity for minimizers of integrals
with non standard growth conditions and discontinuous coefficients. Preprint 2016.

[17] G. Cupini, M. Guidorzi, E. Mascolo: Regularity of minimizers of vectorial integrals with p — q
growth, Nonlinear Anal.54 (2003) 591-616.

[18] G. Cupini, P. Marcellini, E. Mascolo: Local boundedness of solutions to quasilinear elliptic sys-
tems. Manuscripta Math. 137, 287-315 (2012)

[19] G. Cupini, P. Marcellini, E. Mascolo: Local boundedness of solutions to some anisotropic elliptic
systems. Recent trends in nonlinear partial differential equations. II. Stationary problems, 169-
186, Contemp. Math., 595, Amer. Math. Soc., Providence, RI, 2013.

[20] G. Cupini, P. Marcellini, E. Mascolo: Regularity of minimizers under limit growth conditions,
Nonlinear Anal. (2016), doi.org/10.1016/j.na.2016.06.002.

[21] G. Cupini, A.P. Migliorini: Holder continuity for local minimizers of a nonconvex variational
problem, J. Convex Anal. 10 (2003) 389-408.

[22] B. Dacorogna: Direct methods in the Calculus of Variations, 2nd edition. Appl. Math. Sci. 78,
Springer, New York, 2008.

[23] A. Dall’Aglio, E. Mascolo: L estimates for a class of nonlinear elliptic systems with nonstan-
dard growth. Atti Sem. Mat. Fis. Univ. Modena 50 (2002), no. 1, 6583

[24] A. Dall’ Aglio, E. Mascolo, G. Papi: Local boundedness for minima of functionals with nonstan-
dard growth conditions, Rend. Mat. Appl.18 (1998) 305-326.

[25] E. De Giorgi: Un esempio di estremali discontinue per un problema variazionale di tipo ellittico,
Boll. Unione Mat. Ital. TV. Ser. 1 (1968) 135-137.

[26] M. Eleuteri, P. Marcellini, E. Mascolo: Lipschitz estimates for systems with ellipticity conditions
at infinity, Ann. Mat. Pura e Appl., 195 (2016) 1575-1603.

[27] L. Esposito, F. Leonetti, G. Mingione: Regularity results for minimizers of irregular integrals

with (p, q) growth, Forum Mathematicum 14 (2002) 245-272.



144 RAFFAELLA GIOVA - ANTONIA PASSARELLI DI NAPOLI

[28] L. Esposito, F. Leonetti, G. Mingione: Sharp regularity for functionals with (p,q) growth, J.
Differential Equations 204 (2004) 5-55.

[29] I. Fonseca, N. Fusco, P. Marcellini: An existence result for a nonconvex variational problem via
regularity, ESAIM: Control, Optim. Calc. Var. 7 (2002) 69-96.

[30] I. Fonseca, I. Maly, G. Mingione: Scalar minimizers with fractal singular sets, Arch. Rat.
Mech. Anal. 172 (2004) 295-307.

[31] M. Foss, A. Passarelli di Napoli, A. Verde: Morrey regularity and continuity results for almost
minimizers of asymptotically convex integrals, Appl. Math. (Warsaw) 35 (2008), 335-353.

[32] M. Foss, A. Passarelli di Napoli, A. Verde: Global Morrey regularity results for asymptotically
convex variational problems, Forum Math. 20 (2008), 921-953.

[33] M. Foss, A. Passarelli di Napoli, A. Verde: Global Lipschitz regularity for almost minimizers of
asymptotically convex variational problems, Ann. Mat. Pura Appl. (4) 189 (2010), 127-162.

[34] N. Fusco, C. Sbordone: Local boundedness of minimizers in a limit case, Manuscripta Mathe-
matica 69, (1990) 19-25.

[35] N. Fusco, C. Sbordone: Some remarks on the regularity of minima of anisotropic integrals, Com-
mun. in Partial Diff. Equ. 18 (1993) 153-167.

[36] F.Giannetti: A C1® partial regularity result for integral functionals with p(x)- growth condition,
Adv. Calc. Var., doi: 10.1515/acv-2015-0011.

[37] F. Giannetti, A. Passarelli di Napoli: Holder continuity of degenerate p-harmonic functions, Ann.
Acad. Sci. Fennicae Math. 39 (2014) 567-577.

[38] F. Giannetti, A. Passarelli di Napoli: Higher differentiability of minimizers of variational inte-
grals with variable exponents. Math. Zeitschrift 280 (2015),n.3, 873892.

[39] F. Giannetti, A. Passarelli di Napoli, C. Scheven: Higher differentiability of solutions of par-

abolic systems with discontinuous coefficients, J. London Math. Soc. doi:10.1112/jlms/jdw019

[40] M. Giaquinta. Growth conditions and regularity: a counterexample, Manuscripta Math. 59
(1987) 245-248.

[41] M. Giaquinta, G. Modica: Remarks on the regularity of the minimizers of certain degenerate
functionals, Manuscripta Math. 57 (1986) 55-99.

[42] R. Giova: Higher differentiability for n-harmonic systems with Sobolev coefficients, J. Diff.
Equations 259 (2015), 5667-5687.

[43] R. Giova: Regularity results for non autonomous functionals with Llog L-growth and Orlicz

Sobolev coefficients, Nonlinear Differential Equations and Applications (to appear)



REGULARITY RESULTS FOR LOCAL MINIMIZERS 145

[44] R. Giova, A. Passarelli di Napoli: Regularity results for a priori bounded minimizers of non
autonomous functionals with discontinuous coefficients - Preprint (2016)

[45] E. Giusti: Direct methods in the calculus of variations, World Scientific Publishing Co., Inc.,
River Edge, NJ, 2003.

[46] P. Haijlasz: Sobolev spaces on an arbitrary metric space, Potential Anal. § (1996) 403-415.

[47] D. HAROSKE. Envelopes and Sharp Embeddings of Function Spaces, Chapman and Hall CRC
(20006).

[48] T. Iwaniec, C. Sbordone: Weak minima of variational integrals, J. Reine Angew. Math. 454
(1994) 143-162.

[49] T.Iwaniec, C. Sbordone: Riesz transforms and elliptic PDEs with VMO coefficients, J. Analyse.
Math. 74 (1998) 183-212.

[50] J. Kinnunen, S. Zhou: A local estimate for nonlinear equations with discontinuous coefficients.
Comm. Part. Diff. Equ. 24 (1999), 2043-2068.

[51] J. Kristensen, G. Mingione: The singular set of minima of integral functionals. Arch. Ration.
Mech. Anal. 180 (2006) 331-398.

[52] J. Kristensen, G. Mingione: Boundary regularity in variational problems, Arch. Ration. Mech.
Anal. 198 (2010) 369-455.

[53] T. Kuusi, G. Mingione: Universal potential estimates, J. Funct. Anal. 262 (2012) 4205-4269.

[54] C. Leone, A. Passarelli di Napoli, A. Verde: Lipschitz regularity for some asymptotically sub-
quadratic problems. Nonlinear Anal. 67 (2007), 1532-1539.

[55] P. Marcellini: Un example de solution discontinue d’un probléme variationnel dans le cas
scalaire, Preprint 11, Istituto Matematico “U.Dini”, Universita di Firenze, 1987.

[56] P. Marcellini: Regularity of minimizers of integrals of the calculus of variations with non stan-
dard growth conditions, Arch. Rat. Mech. Anal. 105 (1989) 267-284.

[57] P. Marcellini: Regularity and existence of solutions of elliptic equations with p, q-growth condi-
tions, J. Differential Equations 90 (1991) 1-30.

[58] P. Marcellini, Regularity for elliptic equations with general growth conditions, J. Differential
Equations 105 (1993) 296-333.

[59] P. Marcellini, Everywhere regularity for a class of elliptic systems without growth conditions,
Ann. Scuola Norm. Sup. Pisa 23 (1996) 1-25.

[60] G. Mingione: Regularity of minima: an invitation to the dark side of the calculus of variations.
Appl. Math. 51 (2006) 355-426.

[61] A. Passarelli di Napoli: Higher differentiability of minimizers of variational integrals with
Sobolev coefficients. Adv. Cal. Var. 7 (1) (2014), 59-89.



146 RAFFAELLA GIOVA - ANTONIA PASSARELLI DI NAPOLI

[62] A. Passarelli di Napoli: Higher differentiability of solutions of elliptic systems with Sobolev co-
efficients: the case p = n = 2. Pot. Anal. 41 (3) (2014), 715-735

[63] A. Passarelli di Napoli: Regularity results for non-autonomous variational integrals with discon-
tinuous coefficients. Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 26 (4) (2015), 475-496.

[64] A. Passarelli di Napoli, A. Verde: A regularity result for asymptotically convex problems with
lower order terms. J. Convex Anal. 15 (2008), 131-148.

[65] V. Sverak, X. Yan: Non-Lipschitz minimizers of smooth uniformly convex functionals Proc. Natl.
Acad. Sci. USA 99 (24) (2002) 15269-15276.

[66] H.TRIEBEL. Theory of function spaces. Monographs in Mathematics. 78. Birkhauser, Basel,
1983.

DIPARTIMENTO DI STUDI ECONOMICI E GIURIDICI, UNIVERSITA DEGLI STUDI DI NAPOLI
“PARTHENOPE”, PALAZZO PACANOWSKY- VIA GENERALE PARISI, 13, 80132 NAPOLI, ITALY.,
DIPARTIMENTO DI MATEMATICA E APPL. “R. CACCIOPPOLI”, UNIVERSITA DI NAPOLI “FED-
ERICO II”, V1A CINTIA, 80126 NAPOLI, ITALY.

E-mail address: raffaella.giova@uniparthenope.it, antpassa@unina.it



