AN EIGENVALUE PROBLEM FOR
NONLOCAL EQUATIONS
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ABSTRACT. In this paper we study the existence of a positive weak solution for a class of
nonlocal equations under Dirichlet boundary conditions and involving the regional frac-
tional Laplacian operator, given by

(o) - [ Aty )

- y, z€R",
|y|nF2s

where s € (0, 1) is fixed and n > 2s. More precisely, exploiting direct variational methods,
we prove a characterization theorem on the existence of one weak solution for the nonlocal
elliptic problem

(=A)°u=Af(u) inQ

u >0 in Q

u=0 in R™\ ,
where the nonlinear term f is a suitable continuous function and 2 C R™ is open, bounded
and with smooth boundary 9€2. Our result extends to the fractional setting some theorems
obtained recently for ordinary and classical elliptic equations, as well as some characteriza-
tion properties proved for differential problems involving different elliptic operators. With
respect to these cases studied in literature, the nonlocal one considered here presents some
additional difficulties, so that a careful analysis of the fractional spaces involved is neces-
sary, as well as some nonlocal L?-estimates, recently proved in the nonlocal framework.
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1. INTRODUCTION

One of the most celebrated applications of critical point theory (see [1, 23, 24, 34, 35])
consists in the construction of nontrivial solutions of semilinear equations: in this context,
the solutions are constructed with a variational method by a minimax procedure on the
associated energy functional.

There is a huge literature on these classical topics, and, in recent years, also a lot of papers
related to the study of fractional and nonlocal operators of elliptic type, through critical
point theory, appeared. Indeed, a natural question is whether or not these techniques may
be adapted in order to investigate the fractional analogue of the classical elliptic case. The
answer is yes, even if the variational approach has to be adapted to the nonlocal setting.
For this we refer to the recent book [15], which is dedicated to the analysis of fractional
elliptic problems, via classical variational methods and other novel approaches.

The interest shown in the literature for nonlocal operators and problems is due both
for the pure mathematical research and to their applications in a wide range of contexts,
such as the thin obstacle problem, optimization, finance, phase transitions, stratified ma-
terials, anomalous diffusion, crystal dislocation, soft thin films, semipermeable membranes,
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flame propagation, conservation laws, ultra-relativistic limits of quantum mechanics, quasi-
geostrophic flows, multiple scattering, minimal surfaces, materials science, water waves, just
to name a few.

In this paper we focus our attention on fractional nonlocal problems studied through
variational and topological methods. To be more precise, we consider the following nonlocal
eigenvalue problem

(—A)u = Af(u) in
(1.1) u>0 in Q
w=0 in R™\ Q,

where s € (0,1) is a fixed parameter, Q C R" is a bounded domain with Lipschitz boundary
0, n > 2s, f: R — Ris a continuous function satisfying suitable regularity and growth
conditions, and A denotes a positive real parameter. Here (—A)® is the fractional Laplace
operator defined, up to a normalization factor, by the Riesz potential as

(1.2) (=A)*u(z) = _/ u(z +y) +ulz —y) — 2u(x)

ol
see [10, 15] for further details. Note that in (1.1) the homogeneous Dirichlet datum is
given in R™ \ © and not simply on 912, as it happens in the classical case of the Laplacian,
consistently with the nonlocal character of the operator (—A)®.
Alternatively, following the work of Caffarelli and Silvestre [9], the fractional Laplacian
operator in the whole space R™ can be defined as a Dirichlet to a Neumann map:

dy, ze€R",

n

ow
—AYu(z) := —ks lim y'=2—(x,v),
(—=A) u(z) s iy, (@0 Y)
where kg is a suitable constant and w is the s-harmonic extension of a smooth function w.
In other words, w is the function defined on the upper half-space RTFI = R" x (0,400)

which is solution to the local elliptic problem

—div(y'**Vw) = 0 in RT‘l
w(z,0) = u(zx) in R™.

In order to define the fractional Laplacian operator in bounded domains, the above
procedure has been adapted in [6, 8]. We point out that two notions of fractional operators
on bounded domains were considered in the literature, namely the one considered in [6,
8] (called also spectral Laplacian operator) and the integral one given in (1.2). In [30,
Theorem 1] the authors compare these two operators by studying their spectral properties
obtaining, as consequence of this careful analysis, that these two operators are different.
We refer also to [12] for an exhaustive study of this comparison.

In the framework of the the spectral Laplacian, the problem considered here has been
treated in [14] by using the extension method and the Dirichlet to a Neumann map. With
respect to this case, problem (1.1) presents some additional technical difficulties and to
make the nonlinear methods work, some careful analysis of the fractional spaces involved is
necessary.

Problem (1.1) has a variational structure and the natural space where finding solutions
for it is a closed linear subspace of the classical fractional Sobolev space H*(R™). Indeed,
in order to give the weak formulation of problem (1.1), we need to work in a special func-
tional space, which allows us to encode the Dirichlet boundary condition in the variational
formulation. We would note that, with this respect, the standard fractional Sobolev spaces
are not enough in order to study the problem, and so, we overcome this difficulty working
in a new functional space, whose definition will be recalled in Section 2.

1.1. Main results of the paper. Throughout this paper we suppose that f : [0, +0c0) — R
is a continuous function satisfying the following sign condition

(1.3) f(0)=0 and f(§) >0 for any & € (0,+00).
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Furthermore, let h : (0, +00) — [0, +00) be the map defined by

MO:TQ

where ¢
P& = [ s,
for each & € [0, +00). We will suppose that

(1.4) there exists a > 0 such that h is non-increasing in the interval (0, a].

Note that assumptions (1.3) and (1.4) are the natural ones, when dealing with elliptic
differential equations driven by the Laplace operator (or, more generally, by uniformly
elliptic operators) with homogeneous Dirichlet boundary conditions (see, for instance, [2,
13, 25)).

In the sequel saying that f is a subcritical function means that

I <C+I[gl)

for some 1 < v < 2% —1 and C > 0, where 2¥ := 2n/(n — 2s) denotes the fractional critical
Sobolev exponent.

The main result of the present paper gives a necessary and sufficient condition for the
existence of solutions for problem (1.1), as stated here below (here by A; s we denote the
first eigenvalue of (—A)® with homogeneous Dirichlet boundary data, see Subsection 2.2):

Theorem 1. Let s € (0,1), n > 2s and Q be an open bounded set of R™ with Lipschitz
boundary 0Q. Further, let f : [0,+00) — R be a function satisfying hypotheses (1.3) and
(1.4). Then, the following assertions are equivalent:
(h1) h is not constant in (0,b] for any b > 0;
(he) f is subcritical with §111%1+ h(§) > 0 and for each r > 0 there exists e, > 0 such that
—

for every
A1 s A1 s
A€ : ’ +e€
2 lim h(¢)’2 lim h .
Jm, h(€) 2 Tim, A(¢)
the nonlocal problem (1.1) has a weak solution uy € H*(R™) such that uy = 0 in
R\ Q, and
1/2
|ur (@) — ua(y)? >
1.5 / dxdy <r.
(15) ( RoxRn T — Y[t

Note that if lim+ h(§) = +o0, condition (hs) assumes the simple form
£—0

(hh) f is subcritical and for each r > 0 there exists e, > 0 such that for every A € (0,¢,),

the nonlocal problem (1.1) has a weak solution uy € H*(R™) such that uy = 0 in
R\ Q, and (1.5) holds true.

Theorem 1 is inspired by [25, Theorem 1], which is related to a two-point boundary
value problem in the one-dimensional case. In the higher dimensional setting the method
performed in [25] cannot be directly used for treating elliptic equations driven by the classical
Laplacian operator. In such a case a different proof, again based on critical point methods,
was developed in [2, Theorem 1]. The extension of the cited result to nonlocal spectral
equations has been developed in [14]. We also notice that in [13] a similar variational
approach was adopted in order to study elliptic equations involving the weak Laplacian
operator defined on self-similar fractal domains, whose simple prototype is the Sierpinski
gasket.

The proof of Theorem 1 is based on variational and topological techniques. Moreover,
one of the main tool used along the proof is a regularity result for the first eigenfunction
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associated to a linear fractional problem (see [30, Theorem 1]), as well as an a-priori estimate
for solutions of nonlocal equations in terms of the data, recently obtained in [20, Lemma 2.3],
which extends the well known ones for the standard Laplacian case (see Proposition 3 and
Lemma 2 in Section 2). We make also use of the Strong Maximum Principle for the fractional
Laplacian operator, proved in [33, Proposition 2.2.8], and the properties of the spectrum
o((—A)?) of the fractional Laplace operator obtained in [11, Proposition 2.1].

Our result extends to the nonlocal setting recent theorems got in the setting of ordinary
and classical elliptic equations, as well as a characterization for elliptic problems on certain
non-smooth domains (see the papers [2, 13, 14, 25]). In particular we notice that Theo-
rem 1 can be viewed as the fractional counterpart of the classical elliptic case proved in [2,
Theorem 1] by means of variational and topological methods.

For the sake of completeness we mention that in the literature there are many existence,
non-existence and multiplicity results about nonlocal problems involving fractional Lapla-
cian operators obtained with different methods and approaches (see, among others, the
papers [3, 4, 16, 17, 18] and [19, 21, 22, 36], as well as the references therein).

The present paper is organized as follows. In Section 2 we collect some properties of the
fractional Laplacian operator in a bounded domain, as well as we give some basic notions
on the fractional Sobolev framework adopted here. Section 3 is devoted to the proof of
Theorem 1. Finally, in Section 4 an example of an application is presented, together with
some final comments.

2. PRELIMINARIES

In this section we briefly recall some results useful along the paper. As we said in
the Introduction, in order to give a variational formulation of problem (1.1), we need to
consider a suitable functional space. Here we start by recalling the definition of the fractional
functional space X, firstly introduced in [27, 28]. The reader familiar with this topic may
skip this section and go directly to the next one.

The functional space X® denotes the linear space of Lebesgue measurable functions g
from R™ to R such that the restriction of g to Q belongs to L?*(2) and

(m,y) = M € L*((R" x R™)\ (CQ2 x CQ), dzdy),
r—y

where CQ :=R" \ Q. We denote by X the following linear subspace of X*
Xj = {gGXS:g:()a.e. inR”\Q}.

We remark that X and X§ are non-empty, since C3(Q) C X§ by [27, Lemma 5.1]. Moreover,
the space X is endowed with the norm defined as

Ig (w)? 1/2
lgllxe = llgllz2o) + W LI dudy)

where @ := (R" x R™) \ (CQ2 x CN). It is easﬂy seen that || - ||xs is a norm on X*, see [28].
By [28, Lemma 6 and Lemma 7] in the sequel we can take the function

v@) —vw)l,
(21) XO SV ||’U”X5 = wdxdy
as a norm on X§. Also, (X§, || - [|xs) is a Hilbert space with scalar product
(u(@) — u(y)) (v(z) — v(y))
U, V) xs 1= dxdy,
< > 0 /Q ‘x _ y‘n-i-?s

see [28, Lemma 7]. Note that in (2.1) (and in the related scalar product) the integral can
be extended to all R” x R", since v € X{§ (and so v = 0 a.e. in R™\ Q).
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Further, by [32, Lemma 7] the space X consists of all the functions in H*(R") which
vanish a.e. outside {2, i.e.

XS:{UGHS(]R”):Uzo in R"\Q},

where H®(R™) denotes the usual fractional Sobolev space endowed with the norm (the
so-called Gagliardo norm)

lg(x) — g(y)?

1/2
|$ _ y|n+25 dwdy> ’

gsn292n+/
lolle ey = Ngllzzery + ([

Finally, we recall the embedding properties of X§ into the usual Lebesgue spaces (see
[28, Lemma 8]). The embedding j : X§ — L"(R") is continuous for any v € [1, 2}], while it
is compact whenever v € [1,27).

For further details on the fractional Sobolev spaces we refer to [10] and to the references
therein, while for other details on X* and X we refer to [27], where these functional spaces
were introduced, and also to [15, 26, 28, 29, 32|, where various properties of these spaces
were proved.

2.1. Weak solutions. For the sake of completeness, here we recall that if g : R — R is a
subcritical continuous function, by a weak solution for the following nonlocal problem

22 P R

we mean a function v : R™ — R such that

(u(z) = u(y)(p(z) = () sl ol da .
/R”xR" 2z — y[nt2s dmd?/—/ﬂg( (z))p(x)de V€ Xj

u e X;.

We observe that problem (2.2) has a variational structure, indeed it is the Euler-Lagrange
equation of the functional J : X§ — R defined as follows

u(z) — u(y)|? u(x)
J(u) := ;/Rann Mdzdy —/Q (/0 g(t)dt) dz .

Notice that the functional [J is well defined and Fréchet differentiable at v € X and its
Fréchet derivative at u is given by

|z — y|"+s

for any ¢ € X§. Thus, critical points of J are solutions to problem (2.2). By using the
above remarks, in order to prove Theorem 1 we will use critical point methods and regularity
arguments.

Finally, we recall that weak solutions of the equation

(=A)u=k(z) inQ
with k£ € L9(2), enjoy the natural L?-estimates given in the following lemma (for a detailed

proof we refer to [20, Lemma 2.3)):

Lemma 2. Let 2 C R" be a bounded domain with Lipschitz boundary and let w € X§ be
such that

wmmzémwmm

for every ¢ € X§, where k € L1(Q) and g > 2£
s
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Then, v € L*(Q2) and
[ull Lo (@) < MgllE[ La(o)

for some positive constant My = M (n, s,(,q).

2.2. Eigenfunctions and eigenvalues of (—A)?®. In order to prove the main result of the
present paper, we need also to exploit the nonlocal eigenvalue problem

{ (—A)u = Mu in

(2:3) u=20 in R™\ €,

related to the operator (—A)®.

A spectral theory for general integrodifferential nonlocal operators was developed in [29,
Proposition 9 and Appendix A]: see also [26] for further properties of the spectrum and its
associated eigenfunctions. With respect to the eigenvalue problem (2.3), we recall that it
possesses a divergent sequence of eigenvalues

0<>\1,s<>\2,5§"'S)\k,sé)‘k+1,s§--o-

As usual, in what follows we will denote by ey, 5 the eigenfunction related to the eigenvalue

ks, k € N. From [29, Proposition 9], we know that we can choose {ek,s}keN normalized in

such a way that this sequence provides an orthonormal basis in L?(2) and an orthogonal
basis in X, so that for any k,7 € N with k # ¢

(ek,s,€is)xs = 0= / er,s(x)eis(z) de
Q

and
”ek,ng(g = )\k,sHek,sHQLQ(Q) = )\k,s-

Furthermore, by [29, Proposition 9 and Appendix A], we have the following characterization

of the first eigenvalue Ay :
2
[, e,
RrxRr [T — Yl

(2.4) Al,s = min
ueX§\{0} /|u(x)|2d:n
Q

see also [11] for related topics.
In the sequel it will be useful the following regularity result for the eigenfunctions of
(—A)?®, proved in [30, Theorem 1] (see also [26, Proposition 2.4]):

Proposition 3. Let e € X§ and A > 0 be such that

(e ohxs = A /Q e(z)p(x)d,

Jor every p € X§.
Then, e € C9(Q) for some o € (0,1), i.e. the function e is Holder continuous up to the
boundary.

Finally, we recall that in [31, Corollary 8] the authors proved that the first eigenfunction
e1,s € X{ is strictly positive in €.

3. PROOF OF THEOREM 1

This section is devoted to the proof of the main result of the present paper. At this
purpose we have to show that assertions (h;) and (hg) are equivalent. For this, let

a := sup {17 > 0: h is non-increasing in (0, n]} € (0, +o0].
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3.1. Condition (h;) is sufficient for (hy). We consider separately the two different cases
a = +oo and a < +oo.

Case 1: @ = +oo. In this setting h is non-increasing in the half-line (0,+00). Let us
denote by o1 and oy the following limits

3.1 lim h(§) =07 and lim h(¢) =o0y.

(31) Jim h(€) =1 and  lim_h(g) =

Since h is non-negative, o1 > 0 and o9 > 0. Moreover, since condition (h;) holds, it follows
that o1 > 09 and 09 < +00. Hence, o1 > 0. Therefore, one has that the interval

)\18 )\ls
I := : ’ .
<2O’1, 20‘2) #@

Now, let us to show that for every A € I problem (1.1) has a weak solution in the Hilbert
space X. To this end, we first extend f to the whole real axis by putting f(¢) = 0 for each
t € (—00,0). After that, fix A € I and define the functional 7y : X§ — R as follows

u(z) — u(y)|?
(3.2) In(u) = 1/Rann dedy — /\/QF(u(x))dac

2 ’ZE _ y|n+25

Since the function h is non-increasing in (0,+oc), the functional [J is well defined,
sequentially weakly lower semicontinuous, coercive and belongs to C1(X§), as we will prove
here below.

e The energy functional 7, is well defined. By definition of o5 and the continuity
of F, for any ¢ > 0 there exists g. > 0 such that

(3.3) F(&) < (o2 +¢)|¢f* + o,

for every £ € R. Hence, as a consequence of (3.3) and of the embedding properties
of X§ into L%(2), we get that J) is well defined.

Also, note that, bearing in mind that A is non-increasing in (0,4o00) and f = 0
in (—o0,0],

(3.4) Ef(§) <2F(¢) forall £e€R.
By using the growth condition (3.3) and (3.4), we have
EF(€) < 2F(€) < 2(02 +¢)[€)* + 20,, forall £ €R,
so that, taking again into account that f =0 in (—o0,0), we get

20,

iy
Hence, fixing & > 0, by using the above inequality, it follows that

f(&) < 2(o2 + )] +

f(&) < 2(o0 +2)|€| + for all £ € R\ {0}.

20

° for all [£] > &,
€o

so that, in conclusion, since f is continuous in R, one has

(3.5) F(€) < 203 +2)[¢| + for all € € R,

where
20,

TR IO g

Now, by (3.5) and the embedding properties of X into the Lebesgue spaces,
standard arguments easily show that [J) is Gateaux differentiable at v € X§ with
continuous Gateaux derivative given by

Hue) = [ D=0 oy [ pata))etarda
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for any ¢ € X{§. Hence, the functional J) is of class C' Lin X5-

Weakly lower semicontinuity of 7). First of all we claim that the functional

" /Q Flu(z))dz

is continuous in the weak topology of X{§. Indeed, let {u;};en be a sequence in X
such that

uj — u weakly in X§

as j — +00. Then, by using Sobolev embedding results and [7, Theorem IV.9], up
to a subsequence still denoted by {u;};en, we have that

uj — u strongly in L"(Q)

and

uj — u a.e. in

as j — 400, and it is dominated by some function h, € L"(Q), i.e.
luj(z)| < hy(xz) ae xeQ foranyjeN

for any v € [1,2%).
Then, by the continuity of F' and (3.3) it follows that

F(uj(z)) = F(u(z)) ae. z €
as j — oo and
|F(uj(2))] < (02 + €)|uy(2)]? + oc
< (02 +€)|ha(@) + 0= € L(Q)

a.e. ¢ € Qand for any 7 € N. Thus, thanks to the Lebesgue Dominated Convergence
Theorem in L(£), we have that

/Q F(uj(z)) dz — /Q F(u(z)) dx

as j — 00, that is the map

u>—>/QF(u(:L'))d:L'

is continuous from X with the weak topology into R, as claimed.
On the other hand, the map

_ 2
u H“Hg(g :—/R . dedy
n>< n

is lower semicontinuous in the weak topology of X§. Thus, the functional 7, is

lower semicontinuous in the weak topology of Xj.

Coercivity of 7). Since A € I, we clearly have

>\1,s

A<
20’2

Therefore, we can find ¢ > o5 such that

)\ls )\ls
A< ==,
201 20
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Now, by (3.3) with ¢ = ¢ — 02 > 0 and (3.7), we get that for some positive
Us)\l,s

constant /3 independent of A\ (for instance take § := ), we have

2
A/QF(u(x))dx < Ag/ﬂ\u(m)\ dx 4 Mo,

AQ ) Us/\ls
< = ulFs + =2
2 fulfy; + 5

Ao 2
5l + 8.

and so
1 A
(5.5) 2= (512 ) fuli; - 0
1,s

for every u € X{.
In view of (3.7), by (3.8) it follows that

(3.9) In(u) — +oo,

as ||ul]|xs — +oco. Hence, the functional J} is coercive in X .

¢ Existence of a (nontrivial) global minimum u) € X for the functional 7,.
Since J) is coercive and weakly lower semicontinuous in X, it is easy to see that
it admits a global minimum u) € Xj.

Let us show that u), is nontrivial. At this purpose, we observe that the first
eigenfunction e; s of (—A)® is in X and it is positive in 2 (see [31, Corollary 8]).
Moreover, by Proposition 3, one has that e 5 € C%(Q) for some « € (0,1). Let us
put

€1,s = maxej (),
e

so that, thanks to (h;), for every ¢t > 0 we have
h(te1s(x)) > h(ters) for all z € Qq,

where Qg C € is a set of positive Lebesgue measure.
Thus, for any t > 0 we get

t2
Slerali =2 [ Fitero(a))da
Q

t2
= Gllenali = [ hites @) tero(w) s

In(ters) =

(3.10) 5
" 2 127045 2
< Sllerslixg = At"h(ters) | lers(2)"dz

Q

1 A _
= t2||61,sH§(g <2 Y h(te1,s)> :

Now, suppose that 01 < +00 (see (3.1) for the definition of o1). Then, for every
e > 0 there exists a positive constant J. such that for every ¢ € (0, d.] we have

F(C)
C2

< o1 . Hence, there exists & > 0 such that

o1 —e< <01 +eE.

By (3.7) we know that )\21’5

)\175
2\

<oy —§&<oy,
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and so PO \
_ 1,s
<2 > 01 > j

for every ¢ € (0, 05].
On the other hand, if o1 = 400, one has

F
() | s
¢? 2\
for ¢ sufficiently small. In both cases, there exists ¢ > 0 sufficiently small such that
F(pél,s) S &
525173 20
Consequently, by this and (3.10) we get that J)(te1,s) < 0 and so
inf .
ulenxg Ta(u) <0

h(fél’s) =

This yields that uy # 0 in X and so the existence of a nontrivial global minimum
for Jy in X is proved.

Asymptotic behaviour of u) for \ sufficiently small. We claim that

lim Juxllxs =0,
A= pg
where, from now on, for simplicity, we set
Lo == >\1,s
0= 5
20’1

(1o := 0 if 01 = +00). This, of course, completes the proof of (hs) in Case 1.
To prove (3.11), let us take a real sequence {\;};jen such that

)\1,5 >\1,s
{)\]}]EN C <20_17 > )

20

where p is as in (3.7), and

A
lim \j = 2%,
j—o0 201
Also, let us denote by uy, the nontrivial global minimum for 7y in X§ when A = ;.
For each j € N, we have J);(uy;) < 0. Hence, by this and in view of (3.8), we
get

2 B
HuAj”Xg < <1 >\jQ> :

2 >\18

)

Observing that, by (3.13),
lim b = b
gotee (1 Aje 1 e
2 )\1,3 2 20’1

we have that the sequence {u A }jen is bounded in X§. Thus, up to a subsequence
still denoted by {uy, }jen, we deduce that there exists u, € X§ such that

€ (0, 4+00),

Uj — U weakly in X
and
uy, = U strongly in L”(Q)

as j — o0, for every v € [1,2}).
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We claim that u,, = 0 in X§. Indeed, arguing by contradiction, assume that
Uso Z 0 in X§. Now, note that for each ¢ € X§ and j € N, one has

0= 7}, (ux,)(p) = /R o (uy, () — T;Aj—(?ﬁl(r;(f) —eW) d

(3.16)
& [ flon, (@)pla)da
Assume that o is finite (the case 07 = +oo is similar). Taking into account
inequality (3.5), (3.14) and (3.15), passing to the limit in (3. 16) as j — +oo we have
Uso(T) —u x) —
(3.17) Rt
d
20_1 (:'E) ./I/‘,
for every ¢ € X§. Therefore, us, is a nontrivial critical point of J,,,, that is us is
a weak solution of the nonlocal problem (1.1) for A = py.
Testing equation (3.17) with ¢ = s, by using inequality £f(£) < 2F(£) for all
¢ € R, we obtain
0= el — 52 () oo (@)
A
(3.18) > el — 20 [ Pluse(o))dz
01 JQ
_ Als 2
= [lucollxg — (oo (2))|uco () dr.
01 JQ
Taking into account (hy), relation (3.18) yields
A
02 flusolliy — 222 / (1100 (2)) 110 () 2z
(3.19) t/g

> sl = Mo [ fio() P

that is

R xR" T — |” i

|
JACIEE

in contradiction with (2.4). Therefore, it must be us = 0 in X§.
Finally, choosing ¢ = uy,; in (3.17), we have

(3.20) s = [ s (@) (o)

for each j € N. Now, note that, by (3.5), (3.12) and the fact that us, = 0, the right
hand side in (3.20) converges to 0 as j — 4o00. Thus

)\175 >

1. . s =
jggOHUA]HXO 0,
so that (3.11) is proved. This fact concludes the proof of Case 1.

Case 2: a < +oo. First of all, note that h'(a@) = 0. Thus, the function hg : (0, +c0) — R
given by
h if £€(0,a
iy — { 19 1 £< (0

is of class C'! and non-increasing in (0, +00).
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Denote by Fy the function defined as
0 if €€ (—00,0]
F = .
ol&) { ho(§)E if € € (0. +oo).
Then, Fp is a C! function and Fy(&) = F(€) for every & € (—o0, al.
Now, consider the truncated problem
(—A)*u = Afo(u) inQ

(3.21) u>0 in €
u=0 in R™\ Q,
where
0 if £ €] —00,0]

fo(§) = Fy(§) = f(§) if £€(0,a
2ho(a)¢  if € € (a,+o0).

Note that in the setting of problem (3.21) we have that
sup {77 > 0: hg is non-increasing in (0, 77]} = 4o00.
e Existence of one weak solution of the truncated problem (3.21). By using
what we did in Case 1, for any r > 0, we can find an open interval
J := (po, po +€0), €0 >0

such that for every A € J there exists a weak solution uy € X§ of (3.21), that is for
every ¢ € X

(3.22) /R . (@) = WD) = eW) gy /Q folux(z))p(x)d,

|z — y[rt2e

which satisfies uy = 0 in R™ \ 2 and
(3.23) Hu)\”XS <r.
e A weak solution of problem (1.1). Our aim consists in proving that w) is, in fact,

solution of problem (1.1) for suitable values of the parameter A. At this purpose,
we claim that for any 7 > 0 there exists K, > 0 such that

(3.24) Jo(§) S K¢+ 7
for any £ € R. Indeed, let 7 > {m{gx} fo(&): in this case the claim is obvious by the
€lo,a

definition of fy. Now, assume that 7 < gm[gx] fo(&) and denote by
€lo,a

& :=min{& >0: f(§) =7}.

Then, by the continuity of fy and the fact that fo(0) = 0 we deduce that
fo(§) <7 forall € [0,&)

and

fo(§) < H;¢ for all £ € [£,al

for a suitable positive constant H,. Hence, by these inequalities and the definition
of fo we get that the claim holds true.
By [5, Proposition 2.2] and (3.24) we have that

(3.25) uy € L*(Q).
Now, fix ¢ > 223 and apply Lemma 2, with &k(x) := A fo(ux(x)), to problem (3.21).

This choice of k is admissible, thanks to (3.24) and (3.25). Thus, we have that there
exists M, > 0 such that

(3.26) [urllLos (@) < Mgl[Afo(ur)l|La(o)-
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a

Choosing 7 :=
& T 20 + c0) M|

in (3.24) and using (3.26) we easily obtain

a
lurllzoo @) < AMoEr[[uallza) + 5
(3.27)
< (ko + 80)-]\4qKT||7~‘)\HL‘1(Q) +

N QI

for every A € J.
Fix p € (0,1) such that gu < 2%. We have that

1/q
luall ey = ( / ruqux)
/(qu)
= ([ @@ o
(3.28) Q

a(1—p0) w/(ap)
<(/ Hunrmmrm(@wx)

= Juall =y luall o -

By (3.28) and using the Sobolev embeddlng X§ — L(€), one has
luall ooy < luall =gy 1Al
< CQN”U)\HLOO Hu)\HXSv

for some positive constant ¢y, so that, combining this inequality with (3.27), we
obtain

a
2

for any A € J, for some positive constant K independent of A\. Hence, (3.11) and
(3.29) give that

(3.29) lualloe ) < K lJuall =gy lualls +

l\')\@l

hm Hu)\HLoo Q) <
)\—>u0

As a consequence of this, there exists some €1 € (0,e9) such that
(3.30) ur(z) < a ae. z e

for every A € J' := (uo, po + €1) -

In conclusion, thanks to (3.30) and the definition of fy, the function uy € X§ is
a weak solution of problem (1.1) for every A € J'. Finally, note that u) satisfies
(3.23) for any A € J', since €1 < 9. This completes the proof of Theorem 1.

3.2. Condition (h;) is necessary for (hy). In order to prove our result we argue by
contradiction. We assume that h is constant in some interval [0, b], that is there exists two
positive constants b and ¢ such that

F(¢) = e
for every & € [0,b]. Consequently, one has
f(&) = 2c§

for every ¢ € [0,b] and assumptions (1.3) and (1.4) are satisfied.
Let {r;}jen C (0,4+00) be a sequence such that lim r; = 0. Then, thanks to (hy), for

j—00
every j € N there exists £; > 0 such that for every

A€ Jj = (po, o +€5)
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problem (1.1) has a weak solution wy; € X§ satisfying [luy j]|xg < 7;. In particular, we
have

(3.31) lim sup |luy ;]|xg = 0.
J—=0 \eJ;

Now, since f is subcritical and [5, Proposition 2.2] holds true, we get that uy ; € L>().
Moreover, arguing as in Subsection 3.1, we can find a positive constant K (independent of
j and ) and p sufficiently small such that

b

17
(3.32) lursllze@) < Kllun gl lursli; + 5

for every A € J; and j € N.
From (3.31) and (3.32), we deduce that

| o

lim sup [lux ;L) <
J—00 /\GJ]'

In particular, we can fix jo € N such that
[wrjoll Los (@) < b
for every A € Jj,. Consequently, for every A € (o, po + €5,) we get that
(3.33) 0 <wuyjo(xz) <bae ze
and so uy j, solves the following problem

{ (—A)*u=2Acu in Q

(3.34) u=0 in R"\ Q.

This is a contradiction, since problem (3.34) has solution only for countably many positive
value of the parameter A (see [11, Proposition 2.1]). The proof of Theorem 1 is now complete.

4. AN EXAMPLE AND SOME FINAL COMMENTS

In conclusion, in this section we present a direct application of our main result. As a
model for f we can take the nonlinearity

f(€) := /€ for all £ € [0, +00).

Indeed, the real function

/gx/fdt 9
_ Jo _
he) = &2 3¢

for any ¢ € (0, +00)

is strictly decreasing in (0, +00).
Hence, Theorem 1 ensures that for each r > 0 there exists £, > 0 such that for every
A € (0,&,) the nonlocal problem

(—A)Yu=M\/a inQ
(4.1) uw>0 in Q
uw=0 in R"\ Q

admits a weak solution uy € H*(R"), such that uy = 0 in R™ \ 2, and

B 2
[ mOn0r e
RoxRe |7 —y|rtEs
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Remark 4. It is easily seen that the statements of Theorem 1 are still true if, instead of
(1.1), we consider the following nonlocal problem

(=A)*u = Aa(z)f(u) in Q
(4.2) u>0 in

where o : 2 — R is continuous and positive. In such a case, if we set

2
[ @ty
RoxRe | — y|vTEs

)\ga) ‘= min

) ueX3\{0} / a(l’)|u($)|2dx
Q

condition (hg) assumes the form
(hoo) f is subcritical with lim+ h(§) > 0 and for each r > 0 there exists €, > 0 such that

£—0
for every
)\ga) )\ga)
A€ = ) = +er |,
2 lim h 2 lim h
[ h(€) "2 Tim, h(€)

the problem (4.2) has a weak solution uy € Xg, satisfying ||ux||x; <.

We think that an interesting open problem is to study of an analogous version of Theo-
rem 1 for problem (4.2) assuming that « is continuous and sign-changing.
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