SOME REMARKS ON HARMONIC PROJECTION OPERATORS
ON SPHERES
ALCUNE OSSERVAZIONI SUI PROIETTORI ARMONICI
SU SFERE

VALENTINA CASARINO

ABSTRACT. We give a survey of recent works concerning the mapping properties of joint
harmonic projection operators, mapping the space of square integrable functions on com-
plex and quaternionic spheres onto the eigenspaces of the Laplace—Beltrami operator and
of a suitably defined subLaplacian. In particular, we discuss similarities and differences

between the real, the complex and the quaternionic framework.

SUNTO. Presentiamo un sunto di alcuni risultati recenti relativi alle proprieta degli ope-
ratori di proiezione armonica, che mappano lo spazio delle funzioni a quadrato sommabile
sulla sfera unitaria complessa e quaternionica sopra gli autospazi congiunti per ’operatore
di Laplace-Beltrami e per un sublaplaciano. Discutiamo, in particolare, analogie e dif-

ferenze fra il caso reale, quello complesso e quello quaternionico.
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1. INTRODUCTION

According to a classical result (see [16, 14]), the space of square-integrable functions
on S~ where S9! denotes the unit sphere in R™, d = 1,2, 4, may be decomposed as
direct sum of certain orthogonal subspaces, that is,

(1) LS =P v,

pEF
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where F =Nifd=1, F=NxNifd=2 and F ={({,¢') e NxN: (>0 >0)}if
d=4.

The central concern of this paper consists in comparing the mapping properties of the

projection operators

(2) T, LQ(Sdn_l) — Vr

as operators from LP(S91) to L2(S%1), 1 < p < 2, in the real, complex and quater-
nionic framework.

At the present stage, such properties are well known in the real and in the complex case.
More precisely, if d = 1, then 7, is the projection operator mapping L?(S™') onto the
subspace of all spherical harmonics of fixed degree p, which is also, as is well known, an
eigenspace for the Laplace-Beltrami operator on the unit sphere S"~!. In this framework,
C. Sogge [17, 20] proved that the L? — L* norm of 7, may be controlled by a suitable
power of the corresponding eigenvalue.

If d = 2, then 7, is the projection operator mapping L*(S?"~!) onto the subspace
consisting of all complex spherical harmonics of fixed bidegree. It turns out that that V*
is also a joint eigenspace for the the Laplace-Beltrami operator Agz.-1 and for a suitably
defined subLaplacian Lg2n-1. Sharp estimates for ||m,||(,2) in terms on the corresponding
eigenvalues were proved by the author [5], [6].

If d =4, a “polynomial” description (that is, in terms of spherical harmonics) of V7 is
more involved; in the quaternionic framework V7 is instead usually characterized as the
joint eigenspace of the Laplace Beltrami operator Agsn—1 and of a subLaplacian Lgin-1.

Recently, in collaboration with Paolo Ciatti we started the study of the quaternionic
joint spectral projection 7,. In the quaternionic context the picture is much more involved
than in the complex framework, mainly due to the loss of symmetry between the indices
¢ and ¢'. In this note, we briefly review the results in [8] and discuss some interesting
differences and analogies with respect to the real and the complex case. In a forthcoming
paper [9] we shall provide a detailed proof of sharp estimates for ||7,||(y2) for all 1 <p <2

and for all possible values of p.
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The bounds for ||7,|(,2), interesting in themselves, also provide an essential tool to
approach some problems in harmonic analysis. In the real and complex framework, in
particular, they have been successfully applied in different contexts, such as the LP summa-
bility of Bochner—Riesz means [18, 10], the unique continuation problem [13, 19, 20], and

Strichartz estimates for solutions of dispersive equations [4, 11].

The plan of the paper is as follows. In Section 2 we briefly describe some classical
results concerning the analysis on the spheres S™~!. In Section 3 we recall what is known
about the norm of 7,, defined by (2), as an operator from LP(S% 1) to L*(S%~1), when
1 <p<2andd=1,2,4 In Section 4 we illustrate the numerology linking exponents
and critical points of the estimates, introduced in the previous section. Finally, in Section
5 we discuss the sharpness, highlighting the peculiarity of the quaternionic bounds with

respect to the real and the complex ones.

In the following, the symbol e; will denote the north pole of S**~!  that is e; :=
(1,0,...,0). The letter C' and variants such as C(n) denote constants, always assumed
to be positive, which may vary from one occurrence to the next. The symbol ~ between

two positive expressions means that their ratio is bounded above and below.

Acknowledgement. I am grateful to the organizers and participants of the Bruno Pini
Mathematical Analysis Seminar. It is a pleasure to thank, in particular, Nicola Arcozzi

for the invitation and his kind hospitality.

2. THE SPHERES S9!

2.1. The real sphere. When d =1, (1) reduces to the classical decomposition
L2(Sn—1) _ @Hﬁ ’
=0

H' denoting the subspace of spherical harmonics of degree ¢ (that is, the space of the
restriction to S"! of polynomials P = P(zy,...,x,) homogeneous of degree ¢ and har-
monic). Each subspace H’ is an eigenspace for the Laplace-Beltrami operator Agn-1 for
the eigenvalue vy, = (({ +n — 2) and is invariant under the action of the orthogonal group

O(n). Moreover, the representation of O(n) on H* is irreducible (see [23, Ch. 4]).
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Define the harmonic projection operator
m s LA(S™Y) — HE.
It is well known [23, Ch. 4] that

(3) mof (x) = FWZP (y) do(y) ,

Sn—l

where the integral kernel of 7, is a zonal spherical harmonic of degree ¢ with pole x and

do represents the Lebesgue measure on S™7!, given, up to a constant, by
do,_1 =sin"260do,_s,

with respect to the standard system of spherical coordinates

;

1 = cos b,

(4)
Tp_1 =sinb;...sinb,,_ocosb,_q
Ty =sin#;...sinb,,_5 sin6,_1,

\
with 0; € [0,7], j=1,...,n—2, 6,_; € [0,27].
The zonal function Z, := Z;' only depends on z; and may be explicitly expressed as

204+n—2 n=2

Zi(6h) = C,? (costh)

(n—2)w,_1

5) _ il y (((n —3)/2 —i—@))lpz("g?”"zg (cosf)),

Wy 14

~—~

where
& dim 4’ (n+£—3)<n+2€—2
g .: pr— ————————————

-1 14 )

n—2 n=3 n—3
wy—1 denotes the surface area of S"™! and C,? and Pe( 2 7)) denote, respectively,
the Gegenbauer and the Jacobi polynomial of degree ¢ (we refer to [24] for the precise

definition).
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2.2. The complex sphere. For n > 2 we denote by S?*~! the unit sphere $?*~! in C",
that is,

S li={z=(21,...,2,) €C": (2,2) =1},

where (-, -) denotes the scalar product defined by (z,w) = z;w1 + ... + 2,W,, z,w € C".

The decomposition (1) reads in this case as

+oo

2 (Q2n—1 e

L* (82 7) g@ov :
where V¥ is the space of complex spherical harmonics of bidegree (¢,¢'), £, > 0, that
is, the space of the restrictions to $*"~! of polynomials P = P(z,%) harmonic in C",
homogeneous of degree ¢ in z and ¢ in z. It is easy to check that V¥ is invariant under
the action of the unitary group U(n) and that the representation of U(n) on H* is

irreducible.

Moreover, each subspace V¥ is a joint eigenspace for the Laplace Beltrami operator
Ag2n-1 and for a subLaplacian. Following Geller [12], we define the subLaplacian Lgzn-1
on &1 as

Lsmo ==Y My M+ MjMj,
j<k
where

Mjk = Ejazk - Ekﬁzj .

The eigenvalues of Agzn—1 and Lgzn—1 are given, respectively, by 1y, = (+0') (0 + ' + 2n — 2)
and Oy = 200+ (n — 1) (£ + 1').
Then we introduce the joint spectral projector Py, mapping L*(S?*~!) onto V¥ . It

turns out that

) Puof(w) = [ FCEREdo(),

S2n—1
for all f € L*(S*"'), where the integral kernel Zj, is the so called zonal spherical
harmonic of bidegree (¢,¢'), with pole w [15, Ch. 11]. Z}) may be explicitly written in

terms of certain orthogonal polynomials, called the Zernike polynomials [25]. To be more
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precise, we call Zernike polynomials or disc polynomials the polynomials

m+ «

P2 (2,7) = (1/( ))z"mfﬁfnmwgzz-1),

m

where z € C, |z| < 1, and P{*™ ™ denotes a Jacobi polynomial of degree n. The Zernike
polynomials are orthogonal in the unit disc with respect to the weight (1 — 22)“.

Let us introduce the following coordinates system on S?"*

(
z1 = €"1 cos 6,

29 = €2 sin 0, cos O

Z, = €Prsinfy ...sinf,_o sinf,_1,
\

with ¢, € [0,27], k=1,...,n,and 0; € [0,7/2], j =1,...,n — 1. Then the normalized

invariant measure dos2.—1 on S**~! in these coordinates is, up to a constant C' = C(n),
(8) sin2"_3 91 COS 01 d91 ngl d0'52n—3 .

By taking w = e;, the zonal function Zy» = Z¢} in V¥, which only depends on (2, e;),

may be expressed as

dy o
Zop (01, 01) = o X PeT'L,ZQ(Zl, z1)
2n—1
9
( ) du/ E’(n - 2)'

el =0¢1 (cos «91)6_[/ Pe(,n_Q’Z_é,) (cos 20;)

- Woan—1 (6, +n— 2)'
where ¢ > ¢’ > 1, wy,_; denotes the surface area of S?"~!, and

(10) dpp == dimV"* = (n—1) - w<£+”—2) (ﬁ -2

for all £,¢ > 1.
17z /-1 01 ) orel bt =

If ¢ < ¢, we use the fact the Z,p = Zuy.

Recall finally that V° consists of holomorphic polynomials and V%¢ consists of polyno-
mials whose complex conjugates are holomorphic. The dimension of the spaces is given
by

dim V0 = (é T 2)

14
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and the zonal function is

1 {4+n—2\ _.
ZK,O(Hla(pl) = ( / )6 hn (COS@l)g, P1 € [0727T]a 91 € [07 g]

Won—1

2.3. The quaternionic sphere. Let H denote the skew field of all quaternions ¢ =

To + x11 + x9j + x3k over R, where xg, 1, T2, x3 are real numbers and i, 7, k fulfill
=P =k==1,ij=—ji=k,ik=—ki=—j, jk=—kj=1.

For n > 1 the symbol H" shall denote the n-dimensional vector space over H, consisting
of all vectors ¢ = (q1,...,¢n), ¢; € H, j =1,...,n. The conjugate g and the modulus |q|
are, respectively, defined by

3
G =9 — 15 — o) — 23k and |¢]* = q7 = Zzi
=0

We endow H" with the inner product ((¢,¢)) == q1¢’y + ... + @, ¢, ¢ € H™.
Let S*"~! denote the unit sphere S*~1 in H", that is,

S i={g= (a1, ) €H" : {{g,9)) =1},

The decomposition (1) reads in the quaternionic framework as

“+oo

L2 (S4n71) _ @ HM’

0,0=0

where H®' is the joint eigenspace of the Laplace Beltrami operator Agin—1 and of a sub-
Laplacian Lgin—1, with eigenvalues given, respectively, by e = (¢ + €')(0 + ' + 4n — 2)
and Agp = 4(00'+ (n— 1)l +nl’). For a precise definition of Lgin—1 we refer to [2, p. 250]
and [3, Section 2.2]; we only recall that £ is a positive definite, selfadjoint, subelliptic
operator. We also recall here that H*' is irreducible under the action of Sp(n) x Sp(1),
Sp(n) denoting the quaternionic unitary group.

It is worth noticing that H is also an eigenspace (with respect to the eigenvalue
Yoo = (0 — ") (£ — ¢+ 2)) for the operator I', which may be defined in the following way.
We write ¢ € H" as

(11) q= (214 J2n11, 22+ JZns2s -y 20+ J3220),  21,---, 2, € C,



8 VALENTINA CASARINO

and set
(12) I'=(D— D)*>—-2D,D, — 2D, Dy,

where D = Z?Zl 2000, D1 = | Z00n10—Zn1 000, D = Z?Zl %0y, and Dy = >y 200 40—
Zn 400y

By the symbol 7y we denote the joint spectral projector mapping L*(S**~1) onto H*'.
It turns out that

(13) mof(w) = [ FETRE o).

for all f € L*(S*!), where the integral kernel ZY, is called quaternionic zonal function
of bidegree (¢, (") with pole w.

S4n71

A system of spherical coordinates on the sphere is given by

q1 = cosf (cost + gsint)
14 | (

gs = 0gsin@,

where 0 € [0,7/2], ¢t € [0,7], ¢ € Hwith |[§]* =1and R§ =0, 05 € Hwith >_"_, |o4]* = 1.
Then the normalized invariant measure dogin-1 on S**~! in these coordinates is, up to a

constant C' = C'(n),
(15) sin*™? 0 cos® 0 df sin® t dt dogan-—s .

By choosing e; as pole, an explicit formula for the zonal function Zj, in HY was

obtained in [14]. We have

PZ(IZn—&E—K’-H)(COS 20)

PE(/QTL—&[—Z,-FI) (1)

DKZ’ sin ((ﬁ - £/ + 1)t)

1 (0,t) ==

(cos§)Y x

Y

where ¢ > (' > 0,t € [0,7/2], 6 € [0,%], wyp—1 denotes the surface area of S,
Pg(?"*g’z*elﬂ) is the Jacobi polynomial and

(0+2n—2)! (¢'+2n—3)!
(04 D!(2n—3)! ¢1(2n—1)!

Dgg/2:<£+gl+2n—1)(€—6/+1)2 628/20,
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is the dimension of H%'. Observe that

(=0 +1)2005  if (1—eg)l <0<V
(17) Dy = { 4n=3 if eol! < (1 —eo)l
npren? if 1 <0 <egl,
which yields a first clue to the symmetry breaking occurring in the harmonic analysis in

the quaternionic context.

When ¢ = 0, the dimension of the space H* is given by

dim H" = <€ + 271)
g Y

and the zonal function is

1 [+ 2n\sin((£+ 1)) ¢ T T
Zo(0,t) = o ( / ) (1) st (cos®)", te|0, 2], 6 € 0,

]

Do |

3. THE ESTIMATES

In this section, we briefly recall the estimates which are known for the norm of the
projector 7,, defined by (2), as an operator from LP(S%~1) to L?(S9~1), when 1 < p < 2
and d = 1,2, 4.

In the real case C. Sogge proved the following sharp result.

Theorem 3.1. [17, 20] For 1 <p <2 and for all ¢ € N
(18) |7el|(p,2) < C(n,p) go/en)

where

U(_vn = P
p (a1 - ) if pa(n) <p<2,
with pr(n) := nQ_fQ

In the case of the complex spheres sharp estimates for || Py ||(p,2), Where Py is defined

by (6), were obtained by the author in [5, 6].
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Theorem 3.2. For 1 <p <2 and for all 0 < ' < {, we have

1Peollpay < Cln,p) (1+ €)@ (14 ) VG-32)

where

2n—1
2n+1"°

with pc(n) := 2 These bounds are sharp.

It is worth mentioning that there is an intimate connection between the reduced Heisen-
berg group b, and the unit complex sphere. By exploiting the fact that b, is a contraction
of 8§71 in [7] we deduced from Theorem 3.2 sharp bounds for analogous joint spectral
projectors in the Heisenberg framework.

Let us consider now the quaternionic case. In [8] we proved sharp bounds for the
L? — L? norm of the projector my, defined by (13), in two particular cases. First of all,

we considered the case when ¢ — ¢ < ¢, for some non negative constant cg.

Theorem 3.3. Letn > 2,1 <p <2, and let £,{' be integer numbers such that £ > ¢ > 0,
{— 1 < ¢y for some non negative constant co. Then there exists some constant C', only

depending on n, p and cgy, such that the following estimate holds

(19) llmee fll2 < C(n, p, o) (14 02 (14 £)PE (¢ + 1)EE || 7], ,
with
1 1 1 1 1
A(=,n) =2(n—-1)(-—=), C(-)=2(-—=), forall1 <p <2, and
() =21 -3), ¢()=2(-3)
B(l ) 2n—1)(;—3) —35 i1 <p<pun)
Loy
P W3- if pu(n) <p<2.
where py(n) == 2725,

Then we considered the case when ¢/, the minimum between ¢ and ¢, is bounded.
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Theorem 3.4. Letn > 2,1 <p <2, and let £,{' be integer numbers such that £ > ¢’ > 0,
0" < ¢, for some non negative constant c¢y. Then there exists some constant C, only

depending on n, p and c1, such that the following estimate holds

(20) 7o fll2 < Cn,p, 1) (1+ O (1 + )62 | 7],
where
. n+1)(;—-3)—5 #1<p<pe
p 2n—1)(: 1) if pe <p <2,

with p. = % and constants C(n,p,c1) only depending on n, p and c;.

The proofs of Theorems 3.2, 3.3, 3.4, are inspired by Sogge’s proof of Theorem 3.1.
They are both quite long and technical and can not be summarized here. Anyway, they
are essentially based on two ingredients: interpolation arguments and fine estimates for

the Jacobi and Zernike polynomials. We briefly sketch the main steps.

(1) The estimates for p = 1 and p = 2 are trivial, as a consequence of Young’s
inequality and of the fact that Py and 7y are projectors.

(2) Thus, by the Riesz-Thorin Theorem, it suffices to prove the bounds for p equal to
the critical point, that is, p = pc(n) in Theorem 3.2, p = pg(n) in Theorem 3.3
and p = 4/3 in Theorem 3.4.

(3) We use the Stein-Tomas trick to reduce the L?— L? bound to a L?— L bound (here
p is one of the critical points). Then, we introduce a suitable family of analytic
operators {7}, which are related to the convolution with the zonal functions Z»
and Zgy, defined for z € C, Rz € [0, 1], and invoke the Stein theorem on analytic
interpolation [23].

For ez = 0 we prove a L' — L*> bound for 7%, while for Rez = 1 we have
to prove a L? — L? bound for T'*%. Thus we need both pointwise and integral
estimates for the zonal functions, and therefore for the Jacobi polynomials.

(4) In the complex case, we fix f§ = ¢ — ¢’ and use the classical bounds for P,Ea’ﬁ )
holding for o and g larger that —1 and fixed, which may be found, for instance,
in [24]. Since the estimates we obtain are independent of ¢ — /', we may easily

deduce uniform bounds.
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(5) In the quaternionic case,by fixing § and applying the classical bounds for P}ga,g )

we get estimates for the L? — L? norm of T'*%, that strongly depend on ¢, ¢, and
¢—/'. Thus we need some more refined and recent estimates for Jacobi polynomials

with variable indices. We refer to [8] for a discussion of the problem.

4. THE CRITICAL POINTS

A recurrent thread among the estimates for different joint harmonic projection operators
is the occurrence of critical points in the interval (1,2) (denoted, respectively, by pr(n),
pc(n), pu(n) and p.), where the behavior of ||m,||(,2) changes. In this section we shall try
to illustrate the numeralogy linking these different exponents.

Since the existence of such critical points is strictly related to the Stein—Tomas restric-

tion theorem, we start by recalling it.

52 02
PR

On the Euclidean space R? the spectral resolution of the Laplacian A = —
may be expressed in terms of convolution with the Fourier transform of the measures do,,
induced on the spheres centered at the origin by the Lebesgue measure, since Af x 7, =
r?f * &,. The Stein-Tomas theorem [22, Ch. 9], which primarily concerns the restriction
properties of the Fourier transform, also yields therefore the mapping properties of the

spectral resolution of the Laplacian.

Theorem 4.1. Suppose that 1 < p < p.(m), where

m—+1
21 N =2——,deN,
1) palm) = 22
and let % + 1% = 1. Then the estimate
(22) 1f* ol < Coll £l

holds for all Schwartz functions on R™ and all r > 0.

According to the Knapp example [22], estimate (22) fails if p > p,.

Let us consider now the real case. According to Sogge’s bounds, the exponent in (18)

is a piecewise affine function changing its slope at a point pgr(n) = nz—erQ Calling m
the dimension of the real sphere (that is, setting n — 1 = m), we get pr(m + 1) = 2%:31),

corrisponding to the restriction exponent p,(m). This fact is not surprising, since Theorem
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3.1 may be considered for all intents and purposes a discrete version of the restriction

estimates of Stein and Tomas (we refer to [21] for a thorough discussion of this analog).

2n—1
2n+1

Then we observe that the critical point in the complex case pc(n) = 2 coincides

with the critical point pr(2n — 1), as could be heuristically expected from the fact that
Hiy = D V"
o=k
where ”Hén) denotes the space of real spherical harmonics of degree k in R?".

The quaternionic case is more involved, due to the existence of two critical points, one,
pu(n), depending on n, the other one, p., independent of the dimension of the sphere. A
possible interpretation is the following.

We observe that, up to some detail, the quaternionic zonal function Zgx(6,t), defined
by (16), is essentially given by the product between the real spherical harmonic in R

from now on denoted by Zég, (t), and the complex spherical harmonic 2, in C*"~!, from

now on denoted by Zf;fl).
To justify our claim, we recall from (3) and (5) that on the real sphere S"~! C R"™ the

spectral projector associated to the k-th eigenvalue is given by
1/2 p(252,%52)
Tef = Ly f o~ k™ )/ P27 xf,

where we refer to [17] for an appropriate definition of a convolution product on the sphere.
In particular, as a consequence of [24, (4.1.7)] for n =4 and k = ¢ — ¢’ we have

o sin (0 — 0+ 1))
(0 —0+1)sint ’

Zﬁ)@, (t)~ (-0 + 1)3/2Pe(3,§)(cos )y~ ((—0+1)
for all t € [0, 7], so that we may write

Zuo(0,1) = CuZi, (1) x (C+ £+ )+ 1)(E + 1)>2n_3(cos oy

(23) Pg(/2n—3,€—€’+1) (cos 26)

PZ(,2n—3,£—€’+1) (1)

L U>0>0,te0,7], ee[o,g].

Now we observe from (10) that the dimension of the subspace V¥ of L?(S*"~3) has the

2n—3
same order of growth as (4 ¢ +1) ((f +1)(¢ + 1)) . Recall moreover that the critical

4in—3
in—1

point in C*"! is pc(2n — 1) = 2 and that the Lebesgue measure on the unit sphere

in C*"~1 is essentially given by (sin 6)*"~° cos 6 d6.
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Indeed, a standard recursive formula for the Jacobi polynomials (see, e.g., (22.7.16) in
[1]) yields
(2n + €+ ') cos* 0 Pé(,ang’HIH) (cos26) = (¢ + 2)P15,2n73’£74/)(cos 20)
+ (¢ + l)Pg(,Tl_?”g_El)(cos 20) .
042

I+l
measure (15) on S~ C H".

V41

smrire are bounded, multiplying by cos? 6, we recover the

and

Since the factors

In [9] we shall prove, in particular, that the bounds for ||m||(,2) in the general case

may be deduced from a combination between Theorem 3.1 in R* and Theorem 3.2 in

CQn—l

5. OPTIMALITY

In order to prove the optimality of the estimates for the joint harmonic projection

operators 7,, defined by (2), we are led by the inequality

Y.,
(24) Imllos = Mol s gy e )
%2

to study the L9 norms of the eigenfunctions Y, € V?, for ¢ > 2.

In the complex case, a careful analysis of the Lebesgue norm (see [5, 6]) of the Zernike
polynomials shows that the zonal functions Z,» yield the sharpness on the interval
(1/pc(n),1). while the “highest weight spherical harmonics” Qg = 2¢Z% yield the sharp-
ness on the interval (1/2,1/pc(n)).

Moreover, it is not difficult to check that the zonal functions are pointwise concentrated
at the North Pole, while the highest weight spherical harmonics are concentrated in a small
neighborhood around the Equator. Thus, as in the real case, we observe that for small
p the estimates for || Py ||(p2) are sensitive to a high pointwise concentration, while for
large p bounds in Theorem 3.2 are more sensitive to a “scattered” concentration along
the Equator (or, more generally, to a high concentration along closed geodesics, as proved
also in more general contexts by Sogge).

This scheme is true in the quaternionic framework as well, with some extra disadvan-

tages due to the occurrence of two critical points.
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To be more precise, when p is small, we prove that the estimates in Theorem 3.3 and
in Theorem 3.4 are optimal by considering the quaternionic zonal functions Zg. When p
is close to 2, we prove the sharpness by computing the Lebesgue norm of the quaternionic
highest weight vectors in H%', which may be expressed, by using the coordinates (11), as

!/

(25) Qur = Zﬁ:ﬁ/(zl%w — 29Zn11)"

Just to give an idea of the results, we present one of the results proved in [§].

Proposition 5.1. Let 0,0 be integer numbers such that £ > ¢ >0, { — V' < ¢o for some

non negative constant cg, both sufficiently large. Let Qe be the highest weight vector
defined by (25). For all ¢ > 2 we have

(' +1)2 :
(26) ”Qé,ﬁ’”q > C(n, Q>CO) ((g_i_g/ + 1)27172 (g — U+ 1)) :

Moreover, for ¢ =2 in (26) the symbol > may be replaced by ~.

Then in the light of (24) Corollary 5.1 entails optimality for large p, at least when
¢ —/"is bounded. In the general case, anyway, when ¢ — ¢’ is variable, the picture is much
more tangled and we have to prove optimality on the intermediate interval p € (%, pu(n))
as well. This case in treated in full generality in [9], where we prove the sharpness, by
considering other joint eigenfunctions for the Laplace Beltrami operator Agsn—1 and for

the subLaplacian Lgan-1, different from Z,» and Qg .
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