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Abstract. In this note we will show that the injection of a suitable subspace of the space

of Legendrian loops into the full loop space is an S1-equivariant homotopy equivalence.

Moreover, since the smaller space is the space of variations of a given action functional,

we will compute the relative Contact Homology of a family of tight contact forms on the

three-dimensional torus.

Sunto. In questa nota mostreremo che l’inclusione di un opportuno sottospazio dello

spazio dei cappi Legendriani nello spazio totale dei cappi è un’equivalenza omotopica

S1-equivariante. Inoltre, poichè il primo sottospazio è lo spazio delle variazioni di un

dato funzionale azione, calcoleremo l’omologia di contatto per una famiglia di forme di

contatto tight sul toro tridimensionale.
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1. Introduction and statement of the result

Let M be a 3-dimensional smooth, orientable, and compact manifold without boundary,

and let α be a 1-form on it. The couple (M,α) is called a contact manifold if the form

α ∧ dα is a volume form on M . We denote by H1(S1,M) the Sobolev space of the maps

from S1 to M ; a curve x ∈ H1(S1,M) is called legendrian if its tangent vector is in the

kernel of α, that is α(ẋ) = 0. We denote by Lα the space of legendrian closed curves on

M : this space is a subset of the free loop space of M denoted by Λ(S1,M). Let us recall

a result of S.Smale [21]:
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Theorem (Smale). Let (M,α) be a contact manifold. Then the injection

j : Lα ↪→ Λ(S1,M)

is an S1-equivariant homotopy equivalence.

In a joint paper with A.Maalaoui [18], we proved a result similar to the above theorem:

the framework is slightly different and the space Lα is replaced by a smaller space Cβ, that

appears in some variational problems in contact form geometry (see for instance [3],[4]

and [5]). Let us introduce the following assumption:

(A) there exists a smooth vector field v ∈ ker(α) such that the dual

1-form β = dα(v, ·) is a contact form with the same orientation than α.

Under hypothesis (A), we normalize v onto λv so that α ∧ dα = β ∧ dβ.

By Smale’s theorem, then we know that the injection Lβ in Λ(S1,M) is an S1-equivariant

homotopy equivalence. We are interested in a space that is smaller than Lβ and it is

defined in the following way:

(1) Cβ = {x ∈ Lβ;αx(ẋ) = c > 0}

where c is a constant that depends on the curve x.

As example, let us consider the framework of (S3, α0), where

S3 = {(x1, x2, x3, x4) ∈ R4 : x21 + x22 + x23 + x24 = 1}

and

α0 = x2dx1 − x1dx2 + x4dx3 − x3dx4

is the standard contact form on S3, and let

v = −x4∂x1 − x3∂x2 + x2∂x3 + x1∂x4

be a Hopf fibration vector field in kerα0. The space Cβ can be identified as the lift to

S3 (see [3]) of the space Imm0(S
1;S2) of immersed curves from S1 into S2 of Maslov

index zero. Smale’s theorem [21] asserts then that the injection Cβ ↪→ Λ(S1, S3) is an S1-

equivariant homotopy equivalence. In [18], we extend this result to a general framework of
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contact manifold (M,α) under (A) and an additional assumption that we will introduce

below. We need, in order to state this second assumption, to define the one-parameter

group generated by v, that we will denote by φs, namely the diffeomorphism generated

by the flow

(2)


d

ds

(
φs(x)

)
= vφs(x)

φ0(x) = x.

By [3] and [5] we know that the kernel of a contact form rotates monotonically in a frame

transported by φs along v. Based on this fact we give the following definition.

Definition 1.1. We say that kerα turns well along v, if starting from any given x0 in

M , the rotation of kerα along the v-orbit in a transported frame exceeds π.1

This last condition can be explicitly checked by using the map φs (see for instance [8]).

Our second assumption is therefore:

(B) kerα turns well along v.

We prove the following

Theorem 1.1. Let (M,α) be a contact compact manifold with no boundary. Then under

the assumptions (A) and (B), the injection

Cβ ↪→ Λ(S1,M)

is an S1-equivariant homotopy equivalence.

Here we are going to explain the main ideas of the proof and we will give some applications;

we refer the reader to [18] for the details.

1It is in fact then infinite.



48 VITTORIO MARTINO

Let us recall some properties that we will use in the sequel. Given the contact form α,

we will let ξ be its Reeb vector field. Namely, ξ is the unique vector satisfying

α(ξ) = 1, dα(ξ, ·) = 0

Under the assumption (A), if w denotes the Reeb vector field of the 1-form β, then there

exist two functions τ and µ such that:

[ξ, [ξ, v]] = −τv, w = −[ξ, v] + µξ,

where µ = dα(v, [v, [ξ, v]]). We explicitly observe that with the previous notation, the

following holds:

(3) ẋ = aξ + bv, ∀x ∈ Lβ.

Moreover, if x is in Cβ then a is a positive constant. One can show (see [3]) that Cβ \M

has a Hilbert manifold structure. For x ∈ Cβ, the tangent space at the curve x is given

by the set of vector fields

Z = λξ + µv + ηw,

with the coefficients λ, µ and η satisfying the following equations:

(4)


˙︷ ︸︸ ︷

λ+ µη = bη −
∫ 1

0
bη,

η̇ = µa− λb

where λ, µ and η are 1-periodic.

The proof of the main theorem requires several steps. We first apply Smale’s theorem

to conclude that the injection Lβ ↪→ Λ(S1,M) is a homotopy equivalence. Next, we

introduce an intermediate space C+β defined by

C+β = {x ∈ Lβ;α(ẋ) ≥ 0} ,

and we show that we can deform Lβ to C+β : this deformation is not continuous because

“Dirac masses” along v are created through this procedure; we will “solve the Dirac

masses”, showing how they are created along a smooth deformation in Lβ.

In the last step we “push” the curves of C+β into Cβ: this will be completed by constructing
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a flow that brings curves with a ≥ 0 to curves with a > 0.

Now we want to make some comments about the assumptions and we give some examples

of contact structures for which they hold.

Assumption (A) holds for a number of contact structures with suitable vector fields v in

their kernels. For instance it is satisfied for the standard contact form α0 on S3, and also

for the family of contact structures on T 3 given by

αn = cos(2nπz)dx+ sin(2nπz)dy

All the contact forms in the previous examples are tight: there are also overtwisted contact

forms satisfying (A) (see for instance [11] about the definition of tight and overtwisted).

This is the case of the first non-standard 1-form on S3, given by Gonzalo-Varela in [15]:

α1 = −(cos(
π

4
+ π(x23 + x24))(x2dx1 − x1dx2) + sin(

π

4
+ π(x23 + x24))(x4dx3 − x3dx4))

where the (explicit) existence of a suitable v satisfying (A) is proved in [20].

The assumption (B) holds also for the previous mentioned examples; moreover this as-

sumption has a deeper meaning. In fact, it was proved in a paper of Gonzalo [14], that

(B) holds if and only if α extends to a contact circle, namely there exists another contact

form α2 transverse to α (their kernels intersect transversally) with intersection the line

spanned by v, such that

cos(s)α + sin(s)α2

is a contact form for every s ∈ R.

Let us observe that α1 defined above represents the first example of an overtwisted contact

circle on a compact manifold. In fact, in [13] Geigs and Gonzalo give an example of an

overtwisted contact circle on R3 and they point out that they do not know an explicit

example of overtwisted contact circle on a compact closed manifold: α1 with the v found

in [20] is such an example.

Moreover, using this criteria we can give some conditions under which (B) holds:
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Lemma 1.1. Assume that (A) holds, then (B) holds if one of the following conditions is

satisfied:

(i) |µ| < 2

(ii) there exists a map u on M such that µ = uv.

where we denoted by uv := du(v) the derivative of u along the vector field v. Moreover, if

µ = 0 then α is tight.

Proof. We use the characterization stated above for contact circles. Let s be a real number,

and consider the 1-form

αs = cos(s)α + sin(s)β;

then

αs ∧ dαs = cos2(s)α ∧ dα + sin2(s)β ∧ dβ + cos(s) sin(s)(α ∧ dβ + β ∧ dα)

Notice now that α ∧ dβ(ξ, v, w) = −µ, thus we have

αs ∧ dαs(ξ, v, w) = 1− sin(2s)

2
µ

and the conclusion follows for (i).

For (ii) we consider

αs = cos(s)α + sin(s)euβ

and same computation as before yields

αs ∧ dαs = cos2(s)α ∧ dα + e2u sin2(s)β ∧ dβ + sin(s) cos(s)eu(α ∧ dβ + α ∧ du ∧ β).

Evaluating at (ξ, v, [ξ, v]) we get:

αs ∧ dαs = cos2(s) + e2u sin2(s) + eu sin(s) cos(s)(uv − µ)

and therefore (ii) follows.

Now notice that if µ = 0 then we have what it is called a “taut” contact circle, therefore

based on the result of Geigs-Gonzalo [13], we have that α and β are tight. �
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2. Applications

Here we will consider a family of contact structures on the torus T 3 and we will compute

their relative Contact Homology. We will set the problem in a suitable variational frame-

work and we will use the techniques developed by A.Bahri in his works [3], [1], [2] and

with Y.Xu in [8].

Let us then define the torus T 3 = S1 × S1 × S1, parameterized with coordinates

(x, y, z) ∈ (0, 2π)× (0, 2π)× (0, 2π)

and by identifying 0 and 2π. On the torus we consider the family of infinitely many

differential one-forms defined by

αn = cos(nz)dx+ sin(nz)dy, n ∈ N.

A direct computation shows that

dαn = n sin(nz)dx ∧ dz − n cos(nz)dy ∧ dz

and consequently

αn ∧ dαn = −ndx ∧ dy ∧ dz.

Therefore, for every n ∈ N, (T 3, αn) is a contact manifold, with contact structure given

by σn = ker(αn). In particular by a classification result due to Y.Kanda [16], we have

that every tight contact structure on T 3 is contactomorphic 2 to one of the αn; moreover

for n 6= m, the contact structures σn and σm are not contactomorphic.

Our main result is the following:

Theorem 2.1. Let g be a homotopy class of the two-dimensional torus T 2, then for every

n ∈ N, we have

(5) Hk(αn, g) =

 Z⊕ . . .⊕ Z n times, if k = 0, 1

0, if k > 1

2Two contact forms α1, α2 on M are contactomorphic if there exists a diffeomorphism ϕ : M → M ,

that preserves the kernels, namely: ϕ∗(α1) = λα2, for some non-zero function λ on M .
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Moreover we prove that the homology is locally stable, namely we consider small pertur-

bations of the forms in the family {αn} and we show that our computations still hold.

We also show some additional algebraic relations between the contact homologies of the

family {αn}: in particular we exhibit an equivariant homology reduction under the action

of Zk, that is, for every integer k, we prove the existence of a morphism

f∗ : H∗(αkn, g) −→ H∗(αn, g)

that corresponds to an equivariant homology reduction under the action of the group Zk,

namely

H∗(αn, g) = HZk
∗ (αkn, g).

Finally, we consider the case of a more general 2-torus bundles over S1

T 2 × R/(x, y, z) = (A(x, y), z + 2π)

where A is a given matrix in SL2(Z), with the contact forms introduced by Giroux [12]

αh = cos(h(z))dx+ sin(h(z))dy

where h is a strictly increasing function. We prove that for the related contact structures

Theorem 2.1 still holds.

Again, here we will discuss these computations and we will explain the basic strategy to

get the results: we refer the reader to [19] for a detailed proof.

First, we notice that there are other results on contact homology computations, see

F.Bourgeois [9] and F.Bourgeois-V.Colin [10], where the authors compute the homol-

ogy using the cylindrical contact homology and also E.Lebow [17] which computed the

embedded contact homology for 2-torus bundles.

Now, let us briefly introduce the general framework. In order to apply the theory devel-

oped by A.Bahri, we first need to show that condition (A) holds true in our setting. Next,

we define the action functional

(6) J(x) =

∫ 1

0

α(ẋ)

on the subspace Cβ of H1(S1,M) defined by (1). Then the following result by A.Bahri-

D.Bennequin holds [3]:
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Theorem 2.2. J is a C2 functional on Cβ whose critical points are of finite Morse index

and are periodic orbits of ξ.

Therefore, we compute the Morse homology related to Cβ, but due to our main result

(1.1), we compute the Morse homology of the full loop space indeed.

The second derivative of J at a critical point x (i.e. b = 0, see (3)) reads as:

(7) J ′′(x) · z · z =

∫ 1

0

η̇2 − a2η2τ

The major difficulties in this variational analysis are the lack of compactness (that is the

Palais-Smale condition does not hold) and the loss of the Fredholm condition. In fact, the

linearized operator is not Fredholm in general and this means that in the Morse theoretical

methods one cannot apply the implicit function theorem anymore and therefore the Morse

lemma does not hold. For instance, we know that the Fredholm assumption is violated for

the standard contact structure on S3 and the first exotic structure of Gonzalo and Varela

[15]. Anyway, there is a simple criteria to check whether a violation occurs or not based

on some properties of the transport map φ of the special legendrian vector field v. First,

by looking at the functional J in the larger space C+β , we notice that it is not affected by

the introduction of a “back and forth” v piece (that is, J does not change if ±v pieces are

added to the curves). So, let us take a curve that is transverse to v, and at a point x(t0)

we introduce a “back and forth” v piece of length s and let us call xε the curve obtained

by introducing a small “opening” piece of length ε between the two v pieces. Then we

have

J(xε) = J(x)− ε(αx(t0)(dφ−s(ξ))− 1) + o(ε).

Thus if there exists s > 0 such that α(φ−s(ξ)) > 1, then we would have a decreasing

direction from the level J(x) and we would be able to bypass a critical point without

changing the topology even though it has a finite Morse index, and this is due exactly to

the loss of the Fredholm condition. Hence we can state the following:

Lemma 2.1 (Bahri [7]). If φ∗−s(α)(ξ) < 1, for every s 6= 0, then J satisfies the Fredholm

condition.
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We will show that in our framework the Fredholm property does not hold. In fact, we will

see that we will have situations for which there will exist s 6= 0, such that φ∗−s(α)(ξ) = 1.

Now, in order to prove Theorem 2.1, we need first to compute explicitly all the quantities

defined in this variational framework for our family of contact forms {αn}.

Later, since we show that the second derivative of J has a direction of degeneracy corre-

sponding to the action of [ξ, v], the critical points come in circles. This degeneracy can

be removed by a small perturbation of the functional in a neighborhood of the critical

points in order to “break the symmetry”.

Then, in order to compute explicitly the homology in our framework, we need to worry

about the non-compactness due to the presence of asymptotes. To deal with that, we

show that the the critical points at infinity have always higher energy so that they cannot

interact with our critical points, that is, cancellations cannot occur. Hence we have only

to count the number of periodic orbits. The idea is the same as in the theory of critical

points at infinity, namely after compactifying the space, by adding the asymptotes, the

classical Morse theory tells us that indeed ∂2 = 0: in this situation the boundary operator

∂ has two components ∂ = ∂per + ∂∞. The operator ∂per counts the number of pseudo-

gradient flow lines between periodic orbits (actual critical points) and ∂∞ counts the flow

lines between critical points at infinity and periodic orbits. Therefore to show that we

have compactness in our homology theory, we need that ∂2per = 0. Now, since

∂2 = ∂2per + ∂2∞ + ∂per∂∞ + ∂∞∂per,

the proof reduces to showing that

∂per∂∞ + ∂∞∂per = 0

when applied to periodic orbits, so that compactness holds.

Finally, even if the Fredholm condition is violated, we are nevertheless able to show that

the homology is locally stable along isotopies.
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