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ABSTRACT. Some LP-Liouville theorems for several classes of evolution equations are
presented. The involved operators are left invariant with respect to Lie group composition
laws in RV*!. Results for both solutions and sub-solutions are given.
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1. INTRODUCTION

We present some LP-Liouville Theorems for solutions and sub-solutions to a class of

evolution equations containing:
heat-type equations on stratified Lie groups
L=Ly—0:=) X;—0,
j=1
where X1, ..., X,, are smooth first order linear Partial Differential Operators gen-
erating the Lie algebra of a stratified Lie group in R¥;
heat-type equations on stratified Lie groups of the kind

L=Ly— 0 :=div(AV) + (Bz, V) — 0y,

where A and B are N x N matrices, A is nonnegative definite possibly degenerate;

Fokker-Planck equations of Mumford type:

L=Ly— 0 := 851 + sen x10,, + cos x10,, — O.
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All these operators have in common that are hypoelliptic and left translation invariant
w.r.t. a suitable Lie group composition law in RV*!,

They appear in several contexts, both theoretical and applied: Kinetic Fokker-Planck
equations [HNO05], Kolmogorov operators of stochastic equations [DP04], PDEs model
in finance [Pas05], computer and human vision [Mum94], curvature Brownian motion
[WZMCO06], phase-noise Fokker-Planck equations [AZ03].

For operators of this kind we prove the following LP-Liouville theorem:
Lu=0in R o e [P(RYT) —= u=0.

We also show LP-Liouville type theorems for solutions (in the weak sense of the distribu-
tions) to
Lu >0 in RN
These last results seem to be useful to give necessary conditions for semilinear equations
like
Lu = f(u) in RV
have non-trivial solutions. We plan to address this issue by using ideas by Caristi,

D’Ambrosio and Mitidieri as presented in the paper [CDMO0S|.

2. THE HEAT EQUATION SETTING
For simplicity, we would like to show our results in the case of the classical heat operator:
L=H:= A — 8,5,

where A = Zjvzl 8§j is the classical Laplace operator in RY. The points of RV*! will be

denoted by
z=(z,t) = (z1,...,2N,1).
As far as we know, even in the classical setting, several of our results are new.
They can be seen as the evolution counterpart of some results related to the classical
Laplacian contained in [CDMO08]. We would like to stress, however, a crucial difference

between the heat and the Laplace operators:

the lack of the positive Liouville Theorem.



L? -LIOUVILLE THEOREMS FOR INVARIANT EVOLUTION EQUATIONS 3

More precisely, nonnegative caloric functions in RN*! are not necessarily constant:
Hu=0in RV u >0 =A u = const.

This is proved, e.g., by the following function

ez1+---+xN+Nt
)

which is strictly positive, caloric and non constant in R¥*1. Nevertheless, LP-Liouville
theorems, in a suitable form, hold true for caloric and sub-caloric functions.

To show our results we use:

the mean value characterization of caloric functions;
a Poisson-Jensen formula for sub-caloric functions;

some results and devices from Parabolic Potential Theory.

2.1. Some recalls from Parabolic Potential Theory.
We start recalling some results from Parabolic Potential Theory that we will use in our
proofs:

The existence of the fundamental solution for the heat operator H

0 ift <0
[:RY R, I(z,t) =

2
||

(4mt) 2 e~ it ift>0
that allows to define the heat ball or caloric ball of center z = (x,t) and radius r

0.0 = {z e 1e-0 > 1)

r

and, over this ball, the Watson kernel

Ko(2) = Ko(w, ) = %% _ % (%) |

Now, we say that a function u € C*(O,R) is caloric in an open set O C RVT! if
Hu =0 in O

and we recall the following theorem characterizing the caloric functions.

Pini-Watson Theorem. If u is caloric in O then



4 ALESSIA E. KOGOJ

Viceversa: if u € C(O,R) satisfies (%), then

uwe C*(O,R) and H(u)=01inO.

We need to recall as well the definition of sub-caloric function and some results related
to sub caloric functions:

A function u : O — [—o0, 00 is sub-caloric if

(i) u is upper semicontinuous;

(1) u > —oo in a dense subset in O;

(111) u(z) < M,(u)(2) vV Q.(z) CO.
Proposition 2.1. Let u : O — [—00,00] be u.s.c. Then u is sub-caloric in O if and
only if

(%) u€ L (0), Hu>0inD(0), u(z)= }{% M, (u)(2).

Moreover, if u € Li,.(O) is a weak solution to

Hu > 0,
there exists a sub-caloric function @ in O s.t.
u(z) = u(z) a.e. in O.
The function u is given by

w(z) == 71"1\1"1(1) M, (u)(2), z € 0.

Remark 2.2. By Riesz-Schwartz Theorem, if u is sub-caloric there exists a nonnegative

Radon measure p in RN such that
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For the sub-caloric functions a caloric Poisson-Jensen formula holds.

If u is sub-caloric in RVN*! and p = Hu, then

(PJ) u(z) = My(u)(2) = No(u)(2) V2 € RV

where M, is the Pini-Watson average operator () and

N [ T ( / . (m— 0 - %) du(C)) ap.

Next proposition will play a crucial role in what follows.

Proposition 2.3. Let pu be a nonnegative Radon measure in RN*Y such that, for everyr,
N (p)(2) =0 VzeT, T=RNT
Then p = 0.

The last formula we would like to recall is a global representation formula for bounded

above sub-caloric functions.

Let u be sub-caloric in RVt such that

U := sup u < oo.
RN+1

Then, if p = Hu,
u@%:U—AQHNz—QdMO+h@) Vs € RN,
where h is a caloric function in R¥*1, h < 0.
3. LP-LIOUVILLE THEOREMS FOR CALORIC FUNCTIONS
We begin with proving the following theorem:
Theorem 3.1. Let u € C®°(RN*Y) be a caloric function
Hu=0 in RV

Suppose u € LP(RN*Y) for a suitable p € [1, ).
Then u = 0.
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Remark 3.2. The analogous result for harmonic functions is an easy consequence of the
Gauss mean value property. Indeed, let Au = 0 in RV,

Ifue LP(RY) and 1 < p < oo:

1 P
lu(z)| = ‘][u(y) dy‘ < (M) |ul|pp@yy — 0 asr —s 00, VxRV

This argument does not work for the heat equation because the kernel K, in the Pini-
Watson mean value Theorem for caloric function is unbounded.

Our approach, for the heat equation, is based on the caloric Poisson-Jensen formula (PJ)
u = M,.(u) — N,(Hu).

Here is a detailed sketch of the proof of Theorem 3.1.

I step
Lemma 3.3. Let u € C*(RYTY R) be such that

Hu>0 (or <0) in RV
u € YRV,
Then,
Hu =0 in RN

Proof. An easy exchange of integrals shows that

M, (u)(2) dz = /]RN+1 u(z) dz  ¥r>0.

]RN+1

Then, from (PJ) we get
N.(Hu)(z) dz=0  Vr>0.
RN+1
Since Hu > 0 (< 0) everywhere, this gives

N, (Hu)(z) =0 a.e. in RN,

so that, keeping in mind Proposition 3.4,

Hu =0 in RV,
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11 step
A simple direct computation shows that if u € C?(RY*! R) and F' € C*(R,R), then

H(F(u)) = F'(u)yH(u) + F"(u)|Vul*.

11T step
Let Hu = 0 in RY*! and

we PRV, 1< p < 0.

Define
v = F(u),

where
t2 p
F:R—R, FO)=(WV1+2-1P=(—n==—| .
-5 )

Since

O0<F@) <[t and F"(t)>0 Vt=#£0,
we have

0<ov<|uf = wvelPRN),
H(v) = F"(u)|Vul> >0 in RV
Then, by Lemma 3.3, H(v) =0, i.e.,

F"(u)|Vaul* =0 in RV

\
|Voul> =0 in Uy = {u # 0}
\
Au=0 inUy = (Hu=0)du=0 inU
\’
|V.u| =0 in Uy
\

w=0 in RVt

This proves our LP-Liouville theorem for 1 < p < oc.
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3.1. LP-Liouville theorems for 0 < p < 1.
In a similar way to the proof of the previous theorem we can prove that nonnegative

solutions to the heat equation satisfy also a LP-Liouville property for 0 < p < 1.

Theorem 3.4. Let u be a smooth solution to Hu = 0 in RN u > 0 and
u? € LYRYTY)  for  p€lo, 1]
Then u = 0.

3.2. Some applications.
The devices used in the proofs of our LP-Liouville theorems allow to get Liouville-type

theorems for semilinear equations.

Theorem 3.5. Let f : R — R be an increasing C'-function such that f~'({0}) = 0.
Define
t
F:R— R, F(t) :/ f(s) ds.
0
Let u € C*(RN*L R) be a classical solution to

Hu = f(u) in RV

If F(u) € LY(RN*1) then

Proof. Define

Then v € C?*(RV ™! R) and
Ho = F'(u)Hu + F"(u)|V,|?
=(f@)+ f(WVa* >0 (f.7)

Since v € L'(RM*1) from Lemma 3.3 we obtain

Hov=0 < (f(u))?*+ f/(uw)|Vu* =0 = f(u)=0 = u=0.
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Corollary 3.6. Hu=Au, A>0, ue€ L*R"") = u=0.
Corollary 3.7. Hu = |[ulP'u, 1<p<oo, weLlP'(R") = u=0.

4. LP-LIOUVILLE THEOREM FOR SUB-CALORIC FUNCTIONS

We begin proving the following theorem that we will extend later to all the weak

solutions to Hu > 0 in LP(RN ).
Theorem 4.1. Let u € L'(RY ™) be a weak solution to
Hu>0 in RN

Then

u(z) =0 a.e in RNVTL

Proof. Let 4 be a sub-caloric representative of u and let u € MT(RY*) 1 = Hu. By

caloric Poisson-Jensen formula we have
= M, (@) — N.(p).

Since @ = u a.e., we have @ € L*(RN¥*!). On the other hand,

/ udz = M, (q) dz.
RN+1 RN+1

Therefore N, (1) € LY'(RN*1) and

N, (p) dz = 0.

RN+1

Since N,(u) > 0, this implies N,(u) = 0 a.e. in RN*! and, by Proposition 2.3, pu = 0.
Thus Hu = 0. By Theorem 3.1, & = 0 hence

u(z) =0 a.e. in RV

From this Theorem we obtain,
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Theorem 4.2. Let u € L (RYT) be a weak solution

loc
Hu >0 in D'(RN*).

Let F: R — R be a convex increasing function.
If F(u) € LYRNTY), then
Fu)=0 a.e inRV*L

Proof. Let 4 be the sub-caloric representation of u. Define
v:= F(a).

Then, v : R¥T! — [—00, 00[ is w.s.c., v(2) > —o0 a.e. in RN and, for every z € RVT!

and r > 0,
v(z) =F(u(2)) < F(M,((2)))
(since u < M, (1) and F' ")
< M, (F())(2)
(by the convexity of F' and the Jensen inequality)
= M, (v)(2)
Then, v is sub-caloric. Moreover, since
v(z) = F(i(2)) = F(u(z)) a.e.  in RN,
we have v € L'(RN*!). By Theorem 4.1, v = 0 so that

F(u)(z) =0 ae. in RVTL

The following theorem can be proved exactly as the previous one.
Theorem 4.3. Let u € L} (RN*1) be a nonnegative weak solution of
Hu >0 in RV

Let F : [0,00[— R be a conver increasing function. If F(u) € L*( RN T, then

F(u)=0 ae inR¥TL
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Corollary 4.4. Let u € LP(RVT1) 1 < p < oo, be a nonnegative solution of
Hu >0 in RV

Then

u=0 ae inRVFL
Proof. Just apply Theorem 4.3 by taking

F(t) =17,

5. OPERATORS TO WHICH OUR RESULTS EXTEND

As we wrote in the introduction, our results hold for heat-type equations on stratified Lie
groups, heat-type equations on stratified Lie groups, Fokker-Planck equations of Mumford

type. Actually, these techniques work for a general class of operators
N N
L= a;(2)0,00, + Y _bj(2)0s, — 0,  in RN
ij=1 j=1

where A = (a;;) is a N x N symmetric and positive semidefinite matrix and the coefficients
a;j, b; are smooth functions. If the operator is hypoelliptic and not totally degenerate, the
results we need from parabolic potential theory apply to £ (see [LP99]). If we require that
there exists a a Lie group composition law o in R¥*! s.t. £ is left translation invariant
w.r.t. o, all the Liouville-type theorems that we stated for the heat operator until here

still hold.

5.1. LP-Liouville Theorems for homogeneous operators.

If we suppose, moreover, that there exists a group of dilations
5A($1,...,$N,t) = ()\Ul,...,AUN,)\Qt), A > 0, Q =01+ -0on+ 2.

such that operators to which our results extend are homogeneous of degree two, we can

improve our results.
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5.1.1. LP-Liouwille Theorems for subsolutions.
In the corollary 4.4 we can drop the sign restriction on v and prove the caloric analogue

of Theorem 4.5 in the quoted paper by Caristi, D’Ambrosio and Mitidieri [CDMOS].

Theorem 5.1. Let u € L (RYTY) be a weak solution of

loc

Lu>0 in RN

If u € LP(RN*Y) for a suitable p € [1, &], then

u=0 ae in RN

Proof. Let 4 be the sub-caloric representative of w.
Then
" = min{u, 0} is sub-caloric

and, being 4™ = u" a.e.,

at € LP(RNT) for some p € [1, %} :

By Corollary 4.4, u™ = 0. Then, u < 0.
Then,
G=U—-Txp+h,
where U = sup@ (< 0), u = Hu, h is caloric and < 0 in RVN*!. Since & = u a.e. and

u € LP(RNTY) 4 € LP(RNT) for some p € [1, %] As a consequence, being

a<U<0, 0<-Txp<0, 4<h<O0,

we have

A

U=0, Txpe PRV, he PR,

By Theorem 3.1, h = 0. Moreover, by next lemma,

Summing up
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Lemma 5.2. Let o be a nonnegative Radon measure such that

[*pe LP(RVT

for some p € [1, %] Then p = 0.

Remark 5.3. For every fixved p > % there exists u # 0 such that
[ p € LP(RNT.

5.1.2. L*°-Liouwville Theorems. In the case that L is also homogeneous Theorem 3.1 can

be extended to p = oo:
Theorem 5.4. Let u be a solution to

Lu=0 in RV
If u € L®(RN*1) then u = const.

We remark that if £ is not homogeneous in general this last result does not hold. In

fact, for example, consider the Kolmogorov-type operator in R* = R? x R,

L= 8; + <£L‘1 — %l’g) 85,;1 + (%xl - 372) 83[:2 - at-

This operator belongs to our class of operators and satisfies all the results of the previous
sections but is not homogeneous and, by a result by Priola and Zabczyk, has a bounded

solution in R?® which is not constant (see [PZ04, Theorem 3.1]).
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