LANZANI-STEIN INEQUALITIES IN HEISENBERG
GROUPS
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ABSTRACT. Lanzani & Stein consider a class of div-curl inequalities in
de Rham’s complex. In this note we examine the natural counterpart of
that kind of inequalities for differential forms in Heisenberg groups H*
and HZ.

SUNTO. Lanzani & Stein considerano una classe di disuguaglianze tipo
div-rot nel complesso di de Rham. In questa nota si esamina la naturale
controparte di questo tipo di disuguaglianze nei gruppi di Heisenberg
H' e H.
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1. INTRODUCTION

Suppose Z is a smooth vector field, Z(z) = (Z1(z), Z2(x), Z3(x)), of com-
pact support in R3. Consider in R? the system

curl Z = f
{ divZ =0,

it is well known that Z = (—A)"!curl f is a solution of the system. Then,
by the Calderon-Zygmund theory we can say that

IVZ|pr3y < Cpll fllLr@sy, for 1<p<oo.
Using the Sobolev inequality we have then for 1 < p < 3,

|Z|| o3y < I fll e w3y

where ]% = ]% — % When we turn to the case p = 1 the first inequality fails.
The second remains true. This is exactly the result proved in [BB04] by
Bourgain & Brezis.

More precisely, in [BB04], Bourgain & Brezis establish new estimates for
the Laplacian, the div-curl system, and more general Hodge systems in R"
and they show in particular that if Z is a smooth vector field, of compact
support in R”, with n > 3, and if curl Z = f and div Z = 0, then there

exists a constant C' > 0 so that

(1) 12 -1 ey < NNl Loy -
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This result does not follows straightforwardly from Calderon-Zygmund the-
ory and Sobolev inequality. The inequality (1) is a generalization of the clas-
sical sharp Sobolev inequality (the so-called Gagliardo-Nirenberg inequality)
valid for all n > 1: let u be a scalar smooth function of compact support in
R"™ then

(2) 1wl pr/-n@n) < CHVUHLl(Rn)-

In [L.S05] Lanzani & Stein proved that the classical Gagliardo—Niremberg
inequality (2) is the first link of a chain of analogous inequalities for com-
pactly supported smooth differential A-forms in R"

(3 lullgnsovny < C (ldullpsan + [0ull i) i h# 1n—1;
(@) el grsovgen < C (ldullzagm + [Sullragn) i h=1;
() Nl oo < C (ldullpaeny + IFullpaen) i£h=n—1,

where d is the exterior differential, and ¢ (the exterior codifferential) is its
formal L?-adjoint. Here H!(R") is the real Hardy space (see e.g. [Ste93]).
In other words, the main result of [LS05] provides a priori estimates for a
div-curl systems with data in L!'(R"). This result contains in particular the
well-known Burgain-Brezis inequality [BB03], [BB04] (see also [VS04]) for
divergence-free vector fields in R™. Related results have been obtained again
by Burgain-Brezis in [BB07].

We refer the reader to all previous references for an extensive discussion
about the presence of the Hardy space in (4), (5).

Recently, in [CVS09], Chanillo & Van Schaftingen extented Burgain-
Brezis inequality to a class of vector fields in Carnot groups. Some of the
results of [CVS09] are presented in Theorems 2.3 and 2.4 below.

Among Carnot groups, the simplest but, at the same time, non-trivial
instance is provided by Heisenberg groups H", with n > 1, and, in particular,
by the first Heisenberg group H!. Precise definitions will be given later
(see Section 2); let us remind that H' is a Carnot group of step 2 with
2 generators, and that it is in some sense the “model” of all topologically
3-dimensional contact structures.

More formally, the Heisenberg group H' can be identified with R3, whith
variables (x,y,t). Set X := 0, — %y@t, Y =0, + %x@t, T := 0. The
stratification of its algebra b is given by h = V1 ®V;, where V; = span {X, Y}
and V, = span {T'}.

In spite of the extensive study of differential equations in Carnot groups
(and, more generally, in sub-Riemannian spaces) carried on the last few
decades, very few results are known for pde’s involving differential forms in
groups (see, e.g., [Rum94|, [Rum01], [BFT08], [BFTT10], [FT12], [BF12al,
[BF12b], [FOV12]).

As a contribution in this direction, in this paper we attack the study
of inequalities (3), (4), (5) for differential forms in Heisenberg groups H",
n > 1.

The scalar case, i.e. the Gagliardo-Nirenberg inequality in Carnot groups,
is already well known, as well as its geometric counterpart, the isoperimetric
inequality: see [FGW94], [FLW95], [CDG94], [GN96], [MSC95], [Pan82].
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A natural setting for div-curl type systems in Heisenberg groups is pro-
vided by the so-called Rumin’s complex (Ef, d.) of differential forms in H".
In fact, De Rham’s complex (2*,d) of differential forms, endowed with the
usual exterior differential, does not fit the very structure of the group, since
it is not invariant under group dilations, basically since it mixes derivatives
along all the layers of the stratification. Rumin’s complex is meant precisely
to overcome this difficulty.

As a matter of fact, the construction of the complex (Ej,d.) is rather
technical and will be illustrated in Section 3. However, it is important to
stress here that Rumin’s differential d. may be a differential operator of
higher order in the horizontal derivatives. This property affects crucially
our results, that are therefore a distinct counterpart of those of Lanzani &
Stein.

This note is organized as follows: in Section 2 we fix our notations and we
collect some known results about Heisenberg groups. Moreover, we present
two crucial estimates proved by Chanillo & Van Schaftingen ([CVS09]) for
“divergence free” horizontal vector fields in Carnot groups, as well as the
classical Cartan’s identity that we use in this paper to reduce ourselves pre-
cisely to the case of “divergence free” horizontal vector fields. In Section
3, we sketch the construction of Rumin’s complex of differential forms in
Heisenberg groups, and we remind some properties of the fundamental solu-
tion for a suitable Laplace operator on Rumin’s forms ([BFT08], [BFT09]).
In Section 4 we collect our main results in H' and H2and we discuss also
their sharpness. At same time, we show how they can be improved for
special choices of the data.

2. PRELIMINARY RESULTS

2.1. Notations. We denote by H" the n-dimensional Heisenberg group,
identified with R?"*! through exponential coordinates. A point p € H" is
denoted by p = (z,y,t), with both 2,y € R” and t € R. If p and p’ € H",
the group operation is defined as

1 n
pp=@+2y+y,t+t — 3 Z(xjy; — yjxy)).
j=1

If we denote by p~! the inverse of p, we remind that p—!

Sometimes, we write also pg for p - q.

For a general review on Heisenberg groups and their properties, we refer to
[Ste93], [Gro96] and to [VSCCI2]. We limit ourselves to fix some notations,
following [FSSCO07].

For fixed ¢ € H" and for r > 0, left translations 7, : H" — H" and non
isotropic dilations 9, : H® — H" are defined as

= (—l‘, -Y, _t)'

(6) T4(p) ' =q-p and as  d,(p) := (rz,ry, T2t).

The Heisenberg group H" can be endowed with the homogeneous norm
(Koranyi norm)

(7) o(p) = (2% + y*)* + )",
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and we define the gauge distance (see [Ste93], p.638) as
®) d(p,q) = o(p™" - q).

It is well known that the topological dimension of H" is 2n 4+ 1, since as a
smooth manifold it coincides with R?"*1, whereas the Hausdorff dimension
of (H",d) is @ = 2n + 2.

We denote by h the Lie algebra of the left invariant vector fields of H™.
The standard basis of § is given, for i = 1,...,n, by

1 1
Xi = O — §yiatv Y =0y, + 5551'815, T := 0.

The only non-trivial commutation relations are [X;,Y;] =T, forj = 1,...,n.
When n =1 we just write X := X; and Y := Y.

The horizontal subspace by is the subspace of h spanned by Xi,..., X,
and Y7, ...,Y,. Coherently, from now on, we refer to X1,..., X,,Y1,..., Y,
(identified with first order differential operators) as to the horizontal deriva-
tives. Denoting by ho the linear span of T', the 2-step stratification of b is
expressed by

b =b1 @ bo.

The vector spaces f) can be endowed with an inner product, indicated by
(-,-), making X7,..., X,, Y7,...,Y, and T orthonormal.
Throught this paper, to avoid cumbersome notations, we write also

(9) Wi = XZ‘, Wi+n = Y;, W2n+1 = T, for i = 1, e, N.

If f:H" — R, we denote by Vg f the horizontal vector field

2n

Vaf =Y (Wif)Wi,

=1

whose coordinates are (Wi f, ..., Way, f). Moreover, if ® = (¢1, ..., da2y) is an
horizontal vector field, we define divy ¢ as the real valued function

2n
(10) dive (®) := ) W;d,.
j=1

If f is a real function defined in H”, we denote by v f the function defined
by Vf(p) := f(p~1), and, if T € D'(H"), then VT is the distribution defined
by ("T'|¢) := (T|"¢) for any test function ¢.

Following e.g. [FS82], we can define a group convolution in H": if, for
instance, f € D(H") and g € L} (H"), we set

loc

(11) fg(p) = / F@glg™ -p)dg for g € H",

We remind that, if (say) g is a smooth function and L is a left invariant
differential operator, then

L(f*g)=f*Lg.
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We remind also that the convolution is again well defined when f,g €
D'(H"), provided at least one of them has compact support (as custom-
ary, we denote by &'(H™) the class of compactly supported distributions in
H" identified with R?"*1). In this case the following identities hold

(12) (fxglo)={g]"f=¢) and (f=*g|p)= (flp*"g)
for any test function ¢. A ‘
If I =(i1,...,02n41) is a multi-index, we set wl = Wit Wy Tien+1

Furthermore, we set |I| := 141 + -+ - + d2y, + G241 the order of the differential
operator W1, and d(I) := iy + - -+ + i2;, + 2ion41 its degree of homogeneity
with respect to group dilations.

Suppose now f € &'(H") and g € D'(H"). Then, if ¢» € D(H"), we have

(WTF)* glw) = (W FlpxVg) = (=DM (fly = (W Vg))

(13)
= (=D + W gly).

Following [Fol75], we remind now the notion of kernel of order a, as well
as some basic properties.

Definition 2.1. A kernel of order « is a homogeneous distribution of degree
a — @ (with respect to group dilations ¢, as in (6)), that is smooth outside
of the origin.

Proposition 2.2. Let K € D'(Q) be a kernel of order .

i) VK is again a kernel of order «;
il) WyK is a a kernel of order ao—1 for any horizontal derivative Wy K ,
0=1,...,2n;
iii) If @ >0, then K € LL _(H").

loc

2.2. Multilinear algebra. The dual space of b is denoted by /\1 h. The
basis of /\1 b, dual to the basis {Xi,...,Y,, T} is the family of covectors
{dx1,...,dzy,dy1,...,dyy,0} where § := dt—% Z;L:l(a:jdyj—yjda:j) is called
the contact form in H".

We indicate as (-, -) also the inner product in /\1 h that makes dz1,. .., dy,, 0
be an orthonormal basis.

Coherently with the previous notation (9), we set

0; :=dx;, Oixp :=dy;, Oopp1:=0, fori=1--- n.
We put Agh:=A’h=Rand, for 1 <k < 2n +1,
/\kh::span{Wil/\~--/\W/Z~k:1§i1<---<ik§2n+1}::span®k,
/\kbzzspan{&-l/\---/\ﬂik:1§i1<---<ik§2n—|—1}::span@k.

The volume (2n + 1)-form 61 A - - - A 625,41 Will be also written as dV.

The action of a k-covector ¢ on a k-vector v is denoted by (p|v).

The inner product (:,-) extends canonically to A, b and to /\kf) making
both bases O}, and ©F orthonormal. We denote by 05 the i-element of the
orthonormal basis ©F, 1 < i < (2”; 1).
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The same construction can be performed starting from the vector sub-
space h1 C b, obtaining the horizontal k-vectors and horizontal k-covectors

/\kbl ::Span{Wil/\~--/\Wik:1§i1<-~-<ik§2n}
k
/\ b :=span{f;, A--- A0 1 <ip <--- < < 2n}.

The symplectic 2-form df € N\ by is df = — Yo dxi A dy;.
If 1 <k <2n+1, the Hodge isomorphism

e /\kh - /\2n+1—kh and /\kh - /\2”“*’“ b,

is defined by
VA xw = <U,w>W1 Ao AWang,

O N*p = ()01 N+ NOapyr.

If v € A\, b we define v* € A"h by the identity (v¥w) := (v,w), and
analogously we define ¢f € A, b for ¢ € A b.

As pointed out in the Introduction, the Lie algebra h can be identified
with the tangent space at the origin e = 0 of H"”, and hence the horizontal
layer h; can be identified with a subspace of TH} that we can still denote
by A;bi. By left translation, /\; b1 generates a subbundle of the tangent
bundle, called the horizontal bundle, that, with a slight abuse of notations,
we still denote by A; bi. A section of A; by is called a horizontal vector
field.

We recall now the following two results due to Chanillo & Van Schaftingen
that are keystones in our proofs.

Theorem 2.3 ([CVS09], Theorem 1). Let & € D(H", A, b1) be a smooth
compactly supported horizontal vector field. If F' € L%OC(H", A b1) is H-di-
vergence free, then

[(F, @) roan A v0)| < ClIF N prgan p, ) I VE®RI L0 0 A, 5)-

Let k > 1 be fixed, and let F' € L'(H", ®* A, b1) belong to the space of
the horizontal k-tensors. We can write

F= Y Fy oWy® oW,
115000k

We remind that F' can be identified with the differential operator

u— Fu:= g iy o Wi Wi .
i

Moreover, we denote by D(H",Sym(®*A, h1)) the subspace of compactly
supported smooth symmetric horizontal k-tensors.
Then Theorem 2.3 is a special instance of the following more general
result.
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Theorem 2.4 ([CVS09], Theorem 5). Let k > 1, F € LY(H",®@"A, h1),
& € D(E", Sym(2F A\, by)).
Suppose
FydV =0 for all ¢y € D(H"),
Hn

i.e. suppose that

N Wi Wiy i =0 in D/(H").

21, ﬂk

Then

‘ /n<(b, F> dV‘ S C’k”FHLl(H",@k/\l h1)||VH¢HLQ(Hn7®k/\1 hl)

We close this Section by recalling the following classical Cartan’s formula
in H" (see, e.g., [Hel01], identity (9) p. 21, though with a different normal-
ization of the wedge product).

Theorem 2.5. Let w be a smooth h-form of (Q*,d) (the usual de Rham’s
complex), and let Zy, Z1, ..., Z be smooth vector fields in H". Then

h
<dw’ZQ VANRERIAN Zh> = Z(—l)iZi<w’ZQ VAR Zz EERIAN Zh>
+ Y (UMW [Z Z N NZi N N L),

0<i<j<h

3. INTRINSIC COMPLEX AND FUNDAMENTAL SOLUTION

We summarize now very shortly Rumin’s construction of the intrinsic
complex. Though this theory can be naturally formulated in any Carnot
group, we restrict ourselves to Heisenberg groups. For a general approach,
we refer, for instance, to [Rum01] and [BFTT10].

Definition 3.1. If « # 0, a € /\1 b1, we say that o has weight 1, and we
write w(a) = 1. If a = 6, we say w(f) = 2. More generally, if a € /\hh,
we say that o has pure weight k if « is a linear combination of covectors
Oi, A+ A Qih with w(&il) + o4 w(&ih) = k.

Notice that, if a, 3 € A" b and w(a) # w(B), then (o, B) = 0.

We have ([BFTT10], formula (16))

/\h b= /\h,h - /\h,h-i-l b

where A" b denotes the linear span of @M := {a € O", w(a) = p}.
Similarly, if we denote by QP the vector space of all smooth h-forms in
H" of weight p, i.e. the space of all smooth sections of /\h’p b, we have

(15) Qh _ Qh,h ® Qh,thl.

The following crucial property of the weight follows from Cartan identin-
tity: see [RumoO1], Section 2.1:
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Definition 3.2. Let now a = Y gnognp @ 0 € Q"P be a (say) smooth form
of pure weight p. Then we can write

da = dya + dia + dsa,
where dya has still weight p, dja has weight p+ 1, and daa has weight p+ 2.

By Cartan’s formula (14), w(df?) = w(6%) (because of their left-invariance),
and then we can write explicitly

doa= > db)
oheohp

that does not increase the weight,

2n
dia = Z Z(Wjai)GjAQ?

oheohr j=1

that increases the weight by 1, and
docx = Z (TO[Z')Q AN Gzh,

oheohr

that increases the weight by 2.
Theorem 3.3 (see [Rum94], [Rum00]). We have:

[ Eé - /\1 hl;

o if2<h<n then Bl = N"bi 0 (A""2h1 A dB)";

e ifn<h<2n+1then E} ={a=pN0, B € /\h_lbl, aNdf = 0}.
We refer to the elements of E(})‘ as to intrinsic h-forms on H". Notice E(I}
inherits from /\h[j the scalar product on the fibers. Observe also that all
forms in EY have weight h if 1 < h <n and weight h+1 ifn < h < 2n+1.

We denote by Eg = {f;l} an orthonormal basis ong. We can take 5]1. =0;

forj=1,...,2n.

Remark 3.4. From now on, we shall refer to the components of a form o € £
with respect to the basis = tout court as to the components of o without
further specifications.

Definition 3.5. If 0 < h < n, 1 < p < oo, we denote by LP(H", E}) the
space of all sections of E(})‘ such that their components with respect to the
basis = belong to LP(H"), endowed with its natural norm. Clearly, this
definition is independent of the choice of the basis itself. If h = 0, we write
LP(H™) for LP(H", EY).

The notation D(H", E%) has the same meaning.

We define now a (pseudo) inverse of dy as follows (see [BFTT10], Lemma
2.11):

Lemma 3.6. If 3 € /\thl b, then there exists a unique o € /\h b (ker dg)*
such that
doa — 3 € R(dp)™*.
We set o := dalﬁ. We notice that dgl preserves the weights.
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The following theorem summarizes the construction of the intrinsic dif-
ferential d. (for details, see [Rum01] and [BFTT10], Section 2) .

Theorem 3.7. The de Rham complex (2%, d) splits in the direct sum of two
sub-complezes (E*,d) and (F*,d), with
E:=kerdy' Nker(dy'd) and F :=R(dy")+R(ddy").
We have
i) Let Il be the projection on E along F (that is not an orthogonal
projection). If a € El, then
° HEoz:a—daldla if 1< h<n;
o [lpa=aifh>n.
ii) g is a chain map, i.e.
dllp = T gd.
iii) Let Ilg, be the orthogonal projection from \* b on E§, then
(16) U, = Id —dy 'dy — dody ', e = dy*do + dody ™
iv) U JIpllg, =g, and Hgllg Il = 1.
Set now
d. =g, dllg: B} — B h=0,...,2n.
We have:
v) d?2=0;
vi) the complex Ey = (Eg,d.) is exact;
vii) de : E{f — Eg“ is an homogeneous differential operator in the hor-
izontal derivatives of order 1 if h # n, whereas d. : B} — Eg“ is

an homogeneous differential operator in the horizontal derivatives of
order 2.

Remark 3.8. if f € EJ (i.e. f is a smooth function), then

dof =Y X;fda;+ Y Y;fdy;.

j=1 j=1
Proposition 3.9. Denote by 6. = d;: the formal adjoint of d. in L*(G, Ef).
Then 8. = (=1)" x do* on E}.

Example 3.10. Let H' = R3 be the first Heisenberg group, with variables
(z,y,t). We have:

E} = span {dz, dy};
E2 = span {dz A 6,dy A 0};
E3 = span {dz A dy A 6}.
Thus, if a = ajdr + asdy € Eé, then
(a) dea = (X% —2XY o1 +YXap)dz A0+ (2Y Xag — Y1 — XY ag)dy A0
(b) dcax = Xy + Y.
On the other hand, if & = ayzdx A 0 + agsdy A O € EZ, then
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(¢) dea = (X o3 — You3)dx Ady A6,
(d) dea = (XY g — 2Y Xays — Y2ao3)dz + (X213 4+ 2XYags — Y Xags)dy.

Example 3.11. Choose now H? = R®, with variables (x1, 2, y1,¥2,t). In
this case (see e.g. [BFTT10], Appendix B)

Eé = span {dz1,dz2, dy1, dy2 };
Eg = span {dz1 A dzxa, dzx1 A dy2,dxs A dy1, dyr A dya,

1
\ﬁ(d%’l Ady; —dxo A dy2)}.

The classes ES’ and Eé are easily written by Hodge duality:
E3 = span {dy; Adya A6, dxo Adyy A O, dzy Adys NG, dzy Adag A6,

1
—=(dz1 A dy1 — dxo N dy2) N6}

2
Ej = span {?d/l; Adyr ANdys A0, dxi Adyy Adys A O, dxy A dxo A dys NG,
dxy N dzo Ndyr N6}
Eg = span {dz1 Adxa Ady; ANdys A0 = dV}.
Thus, if @ = adzr; + asdxs + azdy; + asdys € Eé, we have
(a) dea = (X100 — Xoag)dxy Adxo + (Yiag — Yoas)dy; A dys
+ (X104 — Yooy )dzy A dys + (Xoag — Yiag)dza A dyy
Xio3 — Ylal\;gX2a4 + Yoo %(dml Adyr — das A dyp).

(b) 0cv = X171 + Xoag + Yias + Yoou.

Definition 3.12. In H", following [Rum94], we define the operator Ay 4
on El by setting

dcéc + 6cdc if h ?é n,n+1;
Agp = (dc5C)2 + bede if h=mn;
dc(Sc + (5cdc)2 lf h =N —|— 1

Notice that —Ag o = Z;LZI(XJ2 + YJQ) is the usual sub-Laplacian of H".
Set Ny, := dim E%. For sake of simplicity, once the basis =} of EX is fixed,

the operator Ay j, can be identified with a matrix-valued map, still denoted
by A p

(17) Agp = (AF )ijet,...N, : D/(H", RM) — D/ (H?, RVH).

This identification makes possible to avoid the notion of currents: we refer
to [BETT10] for this more elegant presentation.
Combining [Rum94] and [BFT09], we obtain the following result.

Theorem 3.13. If 0 < h < 2n + 1, then the differential operator Am p, is
hypoelliptic of order a =2 if h #n,n+ 1 and of ordera =4 if h=n,n+1
with respect to group dilations.
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Moreover for j = 1,..., Ny there exists
(18) Kj=(Kyj,....Kn,j), j=1,...Ny
with K;; € D'(H") N EM™ \ {0}), 4,5 =1,..., N such that

i) we have
i o if =]
Satusa={ g 17]

(2

ii) if a < Q, then the K;j’s are kernels of type a in the sense of
[Fol75], for i,j = 1,...,Ny (i.e. they are smooth functions out-
side of the origin, homogeneous of degree a — @), and hence belonging

to LL (H"), by by Proposition 2.2). If a = Q, then the K;;’s sat-
isfy the logarithmic estimate |K;;(p)] < C(1+ |Inp(p)|) and hence
belong to Llloc(H”). Moreover, their horizontal derivatives WK;;,
£=1,...,2n, are kernels of type QQ — 1;

iii) when o € D(H",RM), if we set

(19) ICO(:Z(Zaj*Klj,...,ZOéj*KNhj),
J J
then A Ko = a. Moreover, if a < Q, also KAg po = a.
iv) ifa = Q, then for any o € D(H",RN®) there exists B = (B1,---,8n,) €
RNw | such that
ICAH,hOz — o= ﬁa.

Remark 3.14. Coherently with formula (17), the operator K can be identified
with an operator (still denoted by K) acting on smooth compactly supported
differential forms in D(H", E}).

4. MAIN RESULT

Theorem 4.1. Denote by (Ej,d.) the complex of intrinsic forms in H'.
Then there exists C > 0 such that for any h-form v € D(H', E%), 0 < h < 3,
satisfying
deu=f

{ 50“ = ga

we have
lull per@-n @y < Cllfllpr@ gy o h=0;
lull Las@-» @ gy < C (Il @ g2y + ldegllmpeny)  if h=1;
lull Ler@-2 @n g2y < C(ldefllre @ gy + N9l @ g2y) o =2
lull per@-v @ g3y < Cllgllpr@n g2y i h=3.

Proof. First of all, we notice that, since the complex (Ef,d.) is invariant
under Hodge-star duality, we may restrict ourselves to forms in Eg, with
h =0,1. The case h = 0 is well known ([FGW94], [CDGY94], [MSC95]). On

the other hand, keeping in mind Theorem 3.13, if u, ¢ € D(H!, E}), we can
write

(u, ) L2, 51y = (U Au 1K) L2 1)

= (u, (0cdc + (dcéc)Q)K¢>L2(H1,E6)'
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Consider now the term
(U, 5cdch¢>Lz (Hl,Eé) = (dcu, dCK¢>L2(H1,E8)-

If we write f := d.u, then f is a 2-form in E3 and therefore it can be
written as f = fidx A 0 + fody A 6. Analogously, we can write d.K¢ =
(deKp)1dx N O+ (dCp)ady A 6. Thus

(U, 6edeCo) 2emt g1y = (f15 (deK ) 1) L2y + (f2, (deKP)2) 2(gm)-

Let us estimate, for instance, the first term of the sum. We remind that,
since f is closed, we have X fo — Y f; = 0 (by Example 3.10, (c)), i.e. if

F :=(fa,—f1) then divygF =0.

Thus, if we choose ® := (0, (d.K¢)1), we can apply Theorem 1 in [CVS09]
to obtain

[(F, @)| = [(f1, (deK)1) 2| < Clldeul| 1 e g2y [ VideK ol Lo @ m2)-
The term (f2,(dcKd)2) 2@y can be handled in the same way, choosing
® = ((d:Kp)2,0). After all, we obtain

[(u, 5cch¢>L2(H1,E3)| < CHdCUHLl(Hl,ES)”deCICd)HLQ(Hl,Eg)'
Furthermore, Vigd K¢ can be expressed as a sum of terms with components
of the form 3

o * WK, with d(I) = 3.
By Theorem 3.13, iv) and Proposition 2.2, ii) WIR'Z-]- are kernels of order 1,
so that, by [Fol75], Proposition 1.11 we have

(21) |(u, 5cdc’C¢>L2(H1,E3)| < C||f”L1(H1,Eg)||¢||LQ/2(H1,E5)'
Consider now the second term in (20)
<U, (d650)2K¢>L2 (Hl,Eé) == <dc5cu, dcéc’CQS)L?(Hl,Eé)-

By Theorem 3.13, formula (19), keeping in mind that J. is an operator of
order 1 in the horizontal derivatives when acting on 1-forms, as well as d,
when acting on O-forms, the quantity d.6.K¢ can be written as a sum of
terms with components of the form

¢;j * WIK,;, with d(I) = 2 and ¢; € D(H").

On the other hand, if d.d.u = deg = (deg)1 dx + (deg)2 dy, then we are
reduced to estimate

((deg)i, &5 * W' Kij) 2y = ((deg)i * ¥ (W Ky), 65) 2,
for ¢ = 1,2. Moreover,

[((deg)is &5+ W' Kij) pogany| < II(deg)i * ¥ (W' Kij)ll par@- @y I 05ll Larqeny.

Notice the WIINQj’s and hence the V(W]K'Z-j)’s are kernels of type 2 since
d(I) = 2. Thus, by Theorem 6.10 in [FS82],

[((dcg)is ¢j * WIf{iﬂL?(H?)\ < C||dc9||H1(H1,E5)Héf)HLQ(Hl,Egy
Thus

(22)  [(u, (debe)?Co) 2 gy | < Clideglla o 10l orzgen gy -
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Thus, combining (21) and (22), by duality we obtain eventually
HUHLQNQ*?)(H%E&) < C(Hf”Ll(Hl,Eg) + ||dcg||H1(H1,E5))v
which cocludes the proof. O

Theorem 4.2. Denote by (Ej,d.) the complex of intrinsic forms in H2.
Then there exists C > 0 such that for any h-form v € D(H?, E}), 0 < h < 5,

such that
deu = f
{ Octt =g
we have
lullper@-n@ey < Cllflloi@e,g1) if h=0;
HUHLQ/(Q—l)(Hz,Eg) < C||g||L1(H27E3) if h = 5;
[ullLas@-n e, B S C(||f”L1(H2,Eg) + ”g||7-£1(H2)) if h=1;
lull Lor@-v @2, g1y < C(”fHHI(H2,Eg) + ”g”Ll(H2,ES)) if h=4;
[ull Les@—2) (H2,E2) < C(Hf”Ll(H?,Eg) + HdchLl(W,Eg)) if h =2;
lull per@-2 @z 3y < C(Idef | @e,z5) + 9l 1 @2,52)) if h=3.

Proof. As in Theorem 4.1, the cases h = 0 and h = 5 are well known, and
we may restrict ourselves to forms in E{}, with h = 1, 2, since the complex
(E§,dc) is invariant under Hodge-star duality.

Case h = 1. If u, ¢ € D(H?, E}), we can write
(u, @) 22, 51y = (U, Au 1K D) L2 (w2 1)

= (u, (8cdc + dcéc)’CQS)L?(H?,E},)'
Consider now the first term in the previous sum,

(u, 6cdcKCP) 2 (H2,E}) = (deu, dc’C¢>L2(H2,Eg)-

If we write f := d.u, then 0 = d.f := llg,dllgf = Illg,1lEgdf, by Theorem
3.7, ii). If we apply IIg to this equation, we get
(24) 0 =llgllg,Ilgdf = llgdf = dllgf,

by Theorem 3.7, iv), i.e, Il f is closed in the usual sense. Moreover, since
f,dK¢ € E3, we can write f = S o_, fe€7, dKo = Y p_,(dcK) i€}, and

hence we can reduce ourselves to estimate

(25) (fo, (deKo)e) 12 @2y for £=1,...,5.
Consider now the horizontal 2-tensors F, G € D(H?, @2\, h1) defined as
e Fi=-1A(X1®Xo+ X2 ®X1) — 3f3(X1 0 Y2+ Y2 ® X7)
+3h(X0YI+Y10X) —3ii®@Ye+ Y@ V1),
o G:= ffs(X1®X2+X2®X1)*f3X1®X1+f2X2®X2
- i1 ® X1 + X2 ®Ya),
that are identified with the following differential operator
o Fi=—f1Xo X1 — fsYoa X1+ foXo Y1 — fiYoY1,

o (G = ﬂf5X2X1 — f3X12 + f2X22 - fl(Yle + XQb)v
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since the only nontrivial commutation rules are [ X1, Y] = [X2,Y2] =T. We
claim that

(26) / FydV = - Gy dV =0 for all ¢ € D(H"),

Suppose for a while (26) holds, and let us achieve the estimate of (25).
Suppose for instance fy = fi. We consider now the symmetric horizontal
2-tensor :

= (ch¢)1(Y1 RYe+Ye® Y1)7
so that
(f1, (deKd)1) 22y = (F @) L2z 02, 1)
By Theorem 2.4

@) |(f1, (deKCd)1) 2@y < I1F I prme,e2 A, 00y I VE (KD || o e
< Wz, m2) IVEAKD| Lo 2, 52) -

On the other hand, Vygd K¢ can be expressed as a sum of terms with com-
ponents of the form

¢j* WKy with d(I) = 2.

By Theorem 3.13, iv) and Proposition 2.2, ii) Wlkij are kernels of type 0,
so that, by [Fol75], Proposition 1.9 we have

(28) (s (deKd)) 2| < OISl e, 2 19l e -

The same arguments applies to fa, f3, f1. As for f5, we can use the same
argument, replacing F' by G and considering (G, ®) with the symmetric
horizontal 2-tensor ®:

D = V2 (dK)5 (X1 ® Xo + Xo @ X7).
We obtain eventually
(29) [(f, deKd) Loz, 52)| < Cllf N L1 w2, 22) 19| e e, 52 -
Consider now the second term in (23)
<’LL, d660K¢>L2 (H27E6) = <5CU7 5C’C¢>L2(H2).

By Theorem 3.13, formula (19), keeping in mind that J. is an operator of
order 1 in the horizontal derivatives when acting on Eé the quantity 0./C¢
can be written as a sum of terms such as

¢j * WeK;j, with £ =1,2,3,4.
On the other hand,
(Ocut, b * WeKij) 22y = (9, &5 * Wekij) 22y = (g * ¥ (WeKij), &;) p2(me)

Notice the ng(ij’s and hence the V(Wg.f(ij)’s are kernels of type 1. Thus,
by Theorem 6.10 in [FS82],

(e, &5 % WeKij) 22| < Cllgllra @) 191 Lo gz, 5y -
Combining this estimate with the one in (29), we get eventually

[(u, &) p2(m2, 1) | < C(HfHLl(H2,E3) + HQHHl(H?))”¢HLQ(H2,E5)7
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and hence

lull per@-v @z gy < C(1F | @e.g2) + N9l @2)-

Thus, to achieve the proof in the case h = 1 we are left to prove the claim
(26).
We prove first that

/ FydV =0 for all ¢ € D(HM).

To this end, we apply Cartan’s formula (14) with w = IIgf and Zy = T,
Zy = X1,Z5 = Yy. Since llgf = f — dgldlf, and keeping in mind that
dllgf =0 (by (24)), we can write

(30)
0= Z()<f|Z1 A Z2> — Z1<f’Z() VAN ZQ> + Zg<f|Zo A Zl>

- (Zo<d61d1f|Zl A Zo) — Zy(dy ' dy f|Zo N Zo) + Zo{dy  dy f| Zo A Z1>>

— (fl[Zo, Z1] N\ Za) + (f|[Z0, Za2] N Z1) — (f|[Z1, Za] N Zo)

— (= (5 1 [ Zo, 20) A 22) + {dg v f|[Zo0, Za) A 20) = (i du 1121, Za) A Z0))
= A1+ A2 + A3z + Ay

By our choice of Z;, trivially, A3 = A4 = 0, since each term of the sum
vanishes. Indeed, we have [T, X;] = [T,Y1] = 0 and [ X1, Y1|]AT =T AT = 0.
Moreover, in A; the second and the third term vanish since T'A X7 and T'AY;
have weight 3 whereas f has weight 2. In As the first term vanishes since
dy Ld, f has weight 3 whereas X; A Y] has weight 2. Then

0= A1+ Ay = T{f|1X1 A Y1) + X1 (dy 'di fIT A Y1) — Yi(dy ' di fIT A X3).
Keeping in mind that
(31)
& =day Ndry, &G =dui Adys, & =daa Ndyy, & = dyy Adys,

1
¢2 = ——(dxy AN dy; — dxo A dyp),

V2
(see Example 3.11) a straightforward computation gives:
Tfs
A= ——.
T2
On the other hand, let us compute explicitly d; f. We have:
X
dif = (X1fs— 2/s + Y1 f1)dzy A dze A dy
V2
X1fs
— + Xofo —Yofi)dey ANdxa A d
( NG 2f2 — Yaf1)dr 2 A dya
Yo /s
+(Xifa —Yifo+ —=)dz1 Ndy1 AN d
(Xifs—Y1f 3 )dx1 A dyr A dys
Yi/s
+ (Xofs+Yafs + W)dm Adyr A dya
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Moreover,
do(dxy N O) = —dxy ANdxo A dys, do(dxe A0) = dxy Adxa Ady,
do(dyy N 0) = dxo Adyy Adye, do(dya A 0) = —dzq A dyr A dya,
so that
dry A0 = —dy (dzy A doa Adys),  dao A0 = dyt (doy A dze A dyy),
dyr A0 = dyt(dwa A dyr A dya),  dya A0 = —dgt(dey A dyr A dyo).
Hence
Ay = Xy {dydi fIT A YY) — Yildg tdi fIT A Xy)

= Xy (Xafa 4 Yafs + C25ay, noiT A vy)

V2
X
— Y (( \}55 + Xofo — Yaf1)day AT A Xq)
XiYifs YiXifs
= X1 Xafs — X1Yafs — + +YiXofy — VY
1X2.f4 1Yo f3 NG 7 1Xafo —Y1Yafi
Tfs

=-X1Xofs — X1Yofs — + Y1 Xofo —Y1Ya fi

V2
Therefore,
0=A41+A4=-X1Xofs — XiYofs + Y1 Xofo — V1Yo f1.

Hence the first identity in (26) is proved. The second identity in (26) can
be proved analogously by choosing, in the Cartan’s formula (14), w = g f
and ZO = T, Zl = Xl, ZQ = XQ.

Case h=2. If u,¢ € Eg are smooth compactly supported forms, then we

can write
(32) (u, ) L2822, 52) = (U Ar 2K D) L2w2 2
= (u, (0cdc + (dcéc)Q)K¢>L2(H2,E§)'

Consider now the term
(u, 0cdcK ) 1 (H2,E3) = (deu, dchd))L?(H?,ES’)'
Let us write f := d;u. We can write f =Y, f¢£3, where
€ =dry Ndeg N0, €5 =dxy Adys N0,

(33) 2 =dro Ndyr N0, €3 =dy; Ndys A,
1

2 —_

65 \/i

As above, 0 = d.f = llg,dllgf, and hence dllgf = 0. But, on 3-forms

g f = f, since f has weight 4, that is already the maximum weight among
all (even not intrinsic) 3-forms in HZ, so that eventually df = 0. Again

(e, deKd) 22,3y = D _(fos (deKd)e) L)
¢

(d(El Ady; — dxo A dyg) A6,

As above, we prove that for any ¢ = 1,2,3,4,5, f; is one of the components
of an horizontal vector field with vanishing horizontal divergence. However,
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the subsequent estimates are different from the case h = 1 because of the
different order of the operators involved.
Consider now the following horizontal fields in H?:

o ['= (2f37_\/§f572f170);
o (G = (—\/§f57_2f2707 2f1);
o K = (0,2f4a\/§f572f3)‘
We claim that
(34) divyg F = divg G = divg K = 0.

Notice each component of f appears at least once as a component of one of
the horizontal vector fields F, G, K.

Suppose now for a while (34) holds, and let us achieve the estimate of
(fe, (deK@)e) L2m2). Suppose for instance f; = f1. We define a new horizon-
tal vector field ® as

Q= (07 07 (dCIC¢)17 O)a
so that
(f1, (deKd)1) 22y = (F, @) 212, w2 -
By Theorem 2.3
|(f1, (deKo)1) 2| < NLfll o e 2 I Vi de K|l o e, )

On the other hand, Vyd.K¢ can be expressed as a sum of terms with com-
ponents of the form

¢;j* WIK;;,  with d(I) = 3,
since d, : Eg — ES’ is an operator of order 2 in the horizontal derivatives.

By Theorem 3.13, iv) and Proposition 2.2, ii) Wf.f(ij are kernels of type 1,
so that, by [Fol75], Proposition 1.11 we have

|[(f1, (deKd)1) 2uz)| < Cllfll Ly w2, 53) |91l Lorz w2, £2)-
The same argument can be carried out for all the components of f, yielding
(35) [(f, ch¢>L2(H2,Eg)| < CHf||L1(H2,E8)”QZ)HLQ/?(H?,ES)'
Consider now the second term in (32). We have
(u, (dcéc)QlCé)Lz(HzEg) = (dcbcu, dcécK¢>L2(H27E§)
= <dcg, dcéchb)LQ(HQ,E‘g)-

We notice now that d.g is a d.-closed form in Eg, and then we can repeat
the arguments leading to (27) for f in the case h = 1, obtaining

(36) ’<dcgvdcéclc¢>L2(H2,E3)} < HdchLl(H?,Eg)||VHdc5c’C¢HLQ(H2,E§)

As above, Vd.0:.K¢ can be expressed as a sum of terms with components
of the form

oj * WKy, with d(I) =3,
since d.. : E3 — E} is an operator of order 1 in the horizontal derivatives, as
well as d. : B} — E3. By Theorem 3.13, iv) and Proposition 2.2, ii) Wlf(ij
are kernels of type 1, so that, by [Fol75], Proposition 1.11 we have

}<dcgad650K¢>L2(H27E§)‘ < Clldegll Lz, 52) |91l Lor2 2, 52y -
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Combining this estimate with the one in (35), we get eventually

|(u, ¢>L2(H2,Eg)\ < C(Hf”Ll(H?,Eg) + ”dchLl(Hz,Eg))||¢||LQ/2(H27E§)7

and hence

||UHLQ/<Q—2>(H2,E3) < C(HfHLl(H?,Eg) + ||dchL1(H2,E§))'

Thus, to achieve the proof in the case h = 2 we have to prove the claim
(34).

To prove that divyg F' = 0, we apply now Cartan’s formula (14) with w = f
and Z() = Xl, Z1 = XQ,ZQ = Yl, Z3 =T.

Keeping in mind the commutation rules, we have

0= 2Zo(f|Z1 N Za N Z3) — Z1(f|Zo N\ Za N Z3)

+ Zo(f|Z0 N Z1 N Z3) — Z3(f1Zo N Z1 N Za)

— ([[Zo, Z1] N Za N Zs) + (f1[Z0, Za] N Z1 N Z3)
— ([[Z0, Zs] N Z1 N Za) — (fI[Z1, Za] N Zo N Z3)
+ (fl[Z1, Zs) N Zo N Za) — (fl[Z2, Z3] \ Zo N Z1)
= Z0(f|Z1 N Za N Z3) — Zr(f|Zo N\ Z2 N\ Z3)

+ Zo(f|Z0 N Z1 N Z3) — Z3(f1Zo N Z1 N Za)

+ {(fITANX2AT)

= Xi{(f[Xa AYIAT) = Xo(f[X1 AYIAT)
V(X0 AXo AT) = T(f[ X1 A X A YY)
By (33), identity (37) becomes

1
V2

This proves the first identity in (34). To prove the remaining two identities
in (34), we apply again Cartan’s formula as above with Zy = X3, Z; =
XQ,ZQ = }/2, Zg =T and Zo = }/1, Zl = XQ, ZQ = YQ, Zg = T, respectively.
This achieves the proof of the theorem. O

0= X1f3 — X2f5 + Ylfl; i.e. divg F=0.

We coclude this section with some remarks about the sharpness of previ-
ous results.

Let us consider, for instance, the following estimates in H' stated in The-
orem 4.1: there exists a constant C' > 0 so that

lull Lar@-» @, gy < C(Ifll @ g2y + ldegllr @) i h=1;

lull per@-2 @ g2y < C(ldef @, g3) + 9l 1@ gy) i b =25
The presence of the terms d.g and d.f might seem somehow artificial, but
is due to the fact that, on 1-forms, d. has order 2, whereas . has order 1
(dually, on 2-forms, d. has order 1, whereas 0. has order 2). By the way, also
the norm in L9/(@=2) in the left hand side is due to the presence of a second
order operator in the right hand side. We notice also that if we consider, for
instance, co-closed 1-forms (i.e. we assume g = 0), then a straightforward
homogeneity argument shows that the exponent Q/(Q —2) is sharp. On the
other hand, if f = 0 or g = 0, then the statement can be sharpened. More
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precisely, as shown in [BF13], Theorem 5.1 and Theorem 5.2 for the case H!
and H? respectively, the following results hold:

Theorem 4.3. Let u € D(H', E}) solve the system

deu=f
{(5Cu:g.

If h=1 and f =0, then
lull s @ g1y < Cllglla -
If h=2 and g =0, then

[ull par@-v @, z2y < Clfllrr 13-

Theorem 4.4. Let u € D(H?, E}) solve the system
dou=f
{ e = g.
If h=2 and f =0, then
lull Lar@-v @2, m2) < Cllgll iz g)-
If h =3 and g =0, then
ull per@-v @2 m3) < ClIfll L1 2,53y

The results presented in this note are obtained in a joint work with Bruno
Franchi, [BF13].

REFERENCES

[BB03] Jean Bourgain and Haim Brezis. On the equation divY = f and application
to control of phases. J. Amer. Math. Soc., 16(2):393-426 (electronic), 2003.

[BB04] Jean Bourgain and Haim Brezis. New estimates for the Laplacian, the div-
curl, and related Hodge systems. C. R. Math. Acad. Sci. Paris, 338(7):539-543,
2004.

[BBOT] Jean Bourgain and Haim Brezis. New estimates for elliptic equations and Hodge

type systems. J. Eur. Math. Soc. (JEMS), 9(2):277-315, 2007.

[BF12a]  Annalisa Baldi and Bruno Franchi. Maxwell’s equations in anisotropic media
and Maxwell’s equations in Carnot groups as variational limits. preprint, 2012.

[BF12b]  Annalisa Baldi and Bruno Franchi. Some remarks on vector potentials for
Maxwell’s equations in space-time Carnot groups. Boll. Unione Mat. Ital. (9),
5(2):337-355, 2012.

[BF13] Annalisa Baldi and Bruno Franchi. Sharp a priori estimates for div-curl systems
in Heisenberg groups. J. Funct. Anal., 265(10):2388-2419, 2013.

[BFT08] Annalisa Baldi, Bruno Franchi, and Maria Carla Tesi. Compensated compact-
ness in the contact complex of Heisenberg groups. Indiana Univ. Math. J.,
57:133-186, 2008.

[BFT09] Annalisa Baldi, Bruno Franchi, and Maria Carla Tesi. Hypoellipticity, fun-
damental solution and Liouville type theorem for matrix—valued differential
operators in Carnot groups. J. Eur. Math. Soc., 11(4):777-798, 2009.

[BFTT10] Annalisa Baldi, Bruno Franchi, Nicoletta Tchou, and Maria Carla Tesi. Com-
pensated compactness for differential forms in Carnot groups and applications.
Adv. Math., 223(5):1555-1607, 2010.

[CDGY4] Luca Capogna, Donatella Danielli, and Nicola Garofalo. The geometric Sobolev
embedding for vector fields and the isoperimetric inequality. Comm. Anal.
Geom., 2(2):203-215, 1994.

74



[CVS09]
[FGW94]

[FLW95]

[Fol75)]

[FOV12]

[FS82]

[FSSCO7]

[FT12]

[GNY6]

[Gro96]

[HelO1]

[L.S05]
[MSC95]
[Pan82]
[Rum94]
[Rum00]

[RumO1]

[Ste93]

[VS04]

[VSCC92)

Sagun Chanillo and Jean Van Schaftingen. Subelliptic Bourgain-Brezis esti-
mates on groups. Math. Res. Lett., 16(3):487-501, 2009.

Bruno Franchi, Sylvain Gallot, and Richard L. Wheeden. Sobolev and isoperi-
metric inequalities for degenerate metrics. Math. Ann., 300(4):557-571, 1994.
Bruno Franchi, Guozhen Lu, and Richard L. Wheeden. Representation formu-
las and weighted Poincaré inequalities for Hormander vector fields. Ann. Inst.
Fourier (Grenoble), 45(2):577-604, 1995.

Gerald B. Folland. Subelliptic estimates and function spaces on nilpotent Lie
groups. Ark. Mat., 13(2):161-207, 1975.

Bruno Franchi, Enrico Obrecht, and Eugenio Vecchi. On a class of semilinear
evolution equations for vector potentials associated with Maxwell’s equations
in Carnot groups. Preprint, 2012.

Gerald B. Folland and Elias M. Stein. Hardy spaces on homogeneous groups,
volume 28 of Mathematical Notes. Princeton University Press, Princeton, N.J.,
1982.

Bruno Franchi, Raul Serapioni, and Francesco Serra Cassano. Regular subman-
ifolds, graphs and area formula in Heisenberg groups. Adv. Math., 211(1):152—
203, 2007.

Bruno Franchi and Maria Carla Tesi. Wave and Maxwell’s equations in Carnot
groups. Commun. Contemp. Math., 14(5):1250032, 62, 2012.

Nicola Garofalo and Duy-Minh Nhieu. Isoperimetric and Sobolev inequalities
for Carnot-Carathéodory spaces and the existence of minimal surfaces. Comm.
Pure Appl. Math., 49(10):1081-1144, 1996.

Mikhael Gromov. Carnot-Carathéodory spaces seen from within. In Sub-
Riemannian geometry, volume 144 of Progr. Math., pages 79-323. Birkh&auser,
Basel, 1996.

Sigurdur Helgason. Differential geometry, Lie groups, and symmetric spaces,
volume 34 of Graduate Studies in Mathematics. American Mathematical Soci-
ety, Providence, RI, 2001. Corrected reprint of the 1978 original.

Loredana Lanzani and Elias M. Stein. A note on div curl inequalities. Math.
Res. Lett., 12(1):57-61, 2005.

Pierre Maheux and Laurent Saloff-Coste. Analyse sur les boules d’un opérateur
sous-elliptique. Math. Ann., 303(4):713-740, 1995.

Pierre Pansu. Géometrie du group de Heisenberg. PhD thesis, Université Paris
VII, 1982.

Michel Rumin. Formes différentielles sur les variétés de contact. J. Differential
Geom., 39(2):281-330, 1994.

Michel Rumin. Sub-Riemannian limit of the differential form spectrum of con-
tact manifolds. Geom. Funct. Anal., 10(2):407-452, 2000.

Michel Rumin. Around heat decay on forms and relations of nilpotent Lie
groups. In Séminaire de Théorie Spectrale et Géométrie, Vol. 19, Année 2000—
2001, volume 19 of Sémin. Théor. Spectr. Géom., pages 123—-164. Univ. Greno-
ble I, 2001.

Elias M. Stein. Harmonic analysis: real-variable methods, orthogonality, and
oscillatory integrals, volume 43 of Princeton Mathematical Series. Princeton
University Press, Princeton, NJ, 1993. With the assistance of Timothy S. Mur-
phy, Monographs in Harmonic Analysis, III.

Jean Van Schaftingen. Estimates for L'-vector fields. C. R. Math. Acad. Sci.
Paris, 339(3):181-186, 2004.

Nicholas Th. Varopoulos, Laurent Saloff-Coste, and Thierry Coulhon. Analysis
and geometry on groups, volume 100 of Cambridge Tracts in Mathematics.
Cambridge University Press, Cambridge, 1992.

Annalisa Baldi and Bruno Franchi

Dipartimento di Matematica

Piazza di Porta S. Donato 5, 40126 Bologna, Italy.
e-mail: annalisa.baldi2@unibo.it, bruno.franchi@unibo.it.

75



