SEMIGROUPS GENERATED
BY FIRST ORDER DIFFERENTIAL OPERATORS

SEMIGRUPPI GENERATI
DA OPERATORI DIFFERENZIALI DEL PRIMO ORDINE

GIOVANNI DORE

ABSTRACT. The differentiation operator in a space of continuous or L? functions defined
on an interval generates a translation semigroup. Here we illustrate the generalization

of this result to general first-order operators, possibly singular.

SuNTO. L’operatore di derivazione in uno spazio di funzioni continue o LP definite su
un intervallo genera un semigruppo di traslazioni. Qui illustriamo la generalizzazione di

questo risultato a operatori generali del primo ordine, eventualmente singolari.
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1. INTRODUCTION

We consider a Banach space X of complex valued functions defined on an open interval I
of R. The space X can be LP or a space of continuous functions. We study the semigroup

(or the group) of operators in X generated by the (possibly singular) differential operator
G such that

[Gf](z) = a(x)f'(z) + b(x) f(2),

where a € C(I,R") b e C(I,C).
In particular we determine necessary and sufficient conditions on the coefficients a
and b for the operator G (possibly with suitable conditions at the boundary) to be the

infinitesimal generator of a strongly continuous semigroup (or group).
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The results we expose are obtained in collaboration with Simone Creo, Davide Guidetti,
Maria Rosaria Lancia and are contained in [2], where complete proofs and bibliographical

references can be found.

2. TRANSLATION SEMIGROUPS

We recall what happens in the simplest case, i.e. when Gf = f’. In this case the
operator G (with a suitable domain) generates a left translation semigroup, that is the

semigroup (71'(t)) , such that

te[0,00
[T@) fl(x) = f(z+1).

For a detailed treatment of translation semigroups see [4] Paragraphs I.4.c, 11.2.10,
11.2.11.
Let I be an open interval of R. We consider the Banach space X with X equal to:

e BUC(I,C), the space of bounded uniformly continuous functions from I to C,
endowed with the sup-norm, or a subspace of it;

e [P(I,C), the space of p-summable functions, with 1 < p < oc.
We must distinguish according to whether I is bounded or unbounded (above or below).

(1) Case I =R.
Fort € R and f € X let T'(t)f € X be such that

[T(0)f)(x) = [z +1).

Then (T'(t))

ter 18 @ strongly continuous group of isometries whose infinitesimal

generator is the operator GG such that

D) = {fexncY1,C)| f e X}, if X = BUC,

loc

[Gf](x) = f'(x).

{feXnW, IC)|feXx}, iX=Lr

(2) Case I = (a,00), a € R.
For t € [0,00) and f € X let T(t)f € X be such that

[T(8)f)(x) = flx+1).
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Then (T(t)) te[0,00) is a strongly continuous semigroup of contractions (that is

|T(t)|| < 1) whose infinitesimal generator is the operator G such that

D@%:{feXﬂ@ )| [ e X}, if X = BUC,
{feXnW, IC)|feXx}, ifX=Lr
[Gfl(z) = f'(2).

(3) Case I = (a,8), « € Ror a« = —o0, f € R.
For t € [0,00) and f € X let T'(t)f € X be such that

flz+1), ife+t<p,
[T(6) /(=) =
0, ifx+t>p,
where X = L? or X = BUC, = {f e BUC | lim, .5 f(x) = O}. Then
(T'(t)) 1e[0.00) is a strongly continuous semigroup of contractions whose infinites-

imal generator is the operator GG such that

@) {fexnc'(1,C)| f'e X}, if X = BUCy,
D =
{feXnwili, \feXhmﬂ) 0}, ifX=1rLr,
[Gf(z) = f'(=).

In case o € R the semigroup is nilpotent, that is 7'(t) = 0 for sufficiently large ¢
(t> 05— a).
The operator of left translation is bounded also in L*°, but in this case the semigroup

is not strongly continuous, not even strongly measurable.

3. CONSTRUCTION OF THE SEMIGROUP

Let —co<rog<r; <o0,ac C((ro,rl),R+), be C’((ro,rl),C).

To construct the semigroup (T(t)) generated by the operator Gf = au’ + b, we

te[0,00)
study the Cauchy problem associated to such operator.
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Given f: (ro,r1) — C, the function u(t,z) = [T'(t)f](x) satisfies, in some sense, the

Cauchy problem
w(t, x) = a(x)u,(t, x) + b(z)u(t, x), (t,x) € [0,00) X (r0,71),

U(O,JZ) - f(:L‘), T € (TO7T1)-

Let v(t,z) = c(z)u(t, ), with c: (r9,71) — C\ {0} to be determined later. We have

, ca
v — avy = cuy — a(cu, + du) = cluy — auy — —u).
c

If da/c = b, that is ¢/ /c = b/a, then the equation u; = au, + bu is equivalent to v; = av,.
If B: (ro,r1) — C is a primitive of b/a, then the function ¢ defined by ¢(z) = exp(B(z))

satisfies the equation ¢’/c = b/a. With this choice v is solution of the problem
ve(t, ) = a(z)v(t, x), (t,x) € [0,00) X (19,71),

v(0,2) = exp(B(2)) f(z), = € (ro,m).
We solve this problem with the method of characteristics, that is we search for a curve

in the (¢, x) plane, of equation « = r(t), on which the solution v is constant. It must be

d
Ev(t, r(t)) =0,

that is
v (t, () + ' (t)vg (¢, 7(t)) =0,
or equivalently
a(r(t)) v (t,r(t)) + ' (t)v, (¢, 7(t)) = 0.
Hence if r satisfies the differential equation 7'(t) = —a(r(t)), then v(¢,r(¢)) does not

depend on ¢. If A: (rg,71) — R is a primitive of 1/a, then this equation is equivalent to

d
ZAr®) = -1,

hence there exists d € R such that the solution r satisfies A(r(t)) = d — t. Since a is

positive, A is strictly increasing, hence it has an inverse A™': (sq,s1) — (1o, 71), where

sp = inf A = lim A(x), sy =sup A = lim A(x).

T—ro Tr—T1

Therefore we get r(t) = A~ (d —t).
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Since v(t,7(t)) is constant, taking into account the initial condition, we have
v(t, A7 d —t)) = v(0, A"(d)) = exp(B(A™(d))) f(A~(d)).
If 2 = A7 (d —t), then d = A(z) + t, therefore
u(t,x) = exp(B(A(A(z) + 1)) f (A (A(z) + 1))

and

u(t,z) = Ugé’xf) =exp(B(A ' (A(z) +t)) — B(z)) f(A7 (A(z) + 1)).

This is well defined if (¢, ) is such that A(x) + ¢ belongs to (s, s1), the domain of A~

Hence, formally, the operator Gf = af’ + bf generates a semigroup defined by

[T(t)f](x) = exp(B(A_l(A(x) + t)) - B(x))f(A_l(A(x) + t))

As already noted, this is meaningful if A(x) 4+ ¢ < s;. In case s; = oo this condition is
always satisfied, otherwise it must be z < A™!(s; — t).
We are in the same situation as the translation semigroup on the interval (sg, s1), that is:
(1) Case sp = —00, 1 = 00.
We get a group of operators if, for £ € R and f in some function space from

(rg,71) to C, we define

[T(t) f](z) = exp(B(A™ (A(z) + 1)) — B(z)) f (A (A(z) +1)).

(2) Case sy > —00, 51 = 0.
We get a semigroup of operators if, for ¢t € [0, 00) and f in some function space

from (rg,71) to C, we define

[T(t) f](z) = exp(B(A (A(z) + 1)) — B(x)) f (A" (A(z) +t)).

(3) Case s1 < 0.
We get a semigroup of operators if, for ¢t € [0,00) and f in some function space
from (79, 71) to C, we define
exp(B(AY(A(z) +t)) — B(z)) f (A (A(z) + 1)), if A(z)+1t < sq,

[T() f1(x) =
0, if A(z)+1t> s.
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We recall that A is a primitive of 1/a, hence we have s; = sup A = oo if and only if 1/a
is not integrable near ry, sg = inf A = —oo if and only if 1/a is not integrable near ry.

It is clear that if f is continuous, then 7'(¢) f is continuous (with some caution if s; < 00).

Since A is a diffeomorphism it preserves measurability, hence it is easy to show that
if f is measurable then T'(¢)f is measurable.

In case b = 0 the formula defining the semigroup goes back to [5], Example 2.

4. ESTIMATES OF THE SEMIGROUP

To estimate the semigroup we defined in the previous section it is fundamental the
following condition, concerning real valued functions ¢ defined on an interval I C R; here

L€[0,00), N €R:
(CLnN) Veg,x1 €1, 1> 10 = @(x1) — @(x0) < L+ N(x1 — 20).

The condition is satisfied if ¢ is

e Lipschitz continuous (L = 0, N = Lipschitz constant);
e decreasing (L = N = 0);
e bounded (L = sup ¢ — inf ¢, N = 0);
e r— ¥ with0<a<1l(L=N=1).
We say that a semigroup of operators (T(t))te[(),oo) is of type (M,w), with M € [1,00)
and w € R, if V¢ € [0, 00) we have

1T < Me,

Analogously we say that a group of operators (T(t))teR is of type (M, w), with M € [1, c0)
and w € [0, 00), if ¥t € R we have

1T < Met,

If the semigroup or the group is of type (1,0) then we say that it is a contraction
semigroup or group.

We recall that every strongly continuous semigroup or group is of type (M,w) for
some M and w (see [4], Proposition 1.5.5).

It is not difficult to estimate || 7°(¢)|| in LP spaces in case b = 0 and s; = oc.
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For p = oo we have
1T(t) flloe = Sl;pr(A‘l(A(x) + )| < [ flloe-

Obviously if f is identically 1 then T'(t)f = f, hence || T'(t)|| = 1.
If p < oo we have

o= [ 1547w + o) de

T0
With the substitution £ = A~ (A(z) +t), that is x = A1 (A(£) — t) and

A'()

M= T AAG© )

we get

< sup LF115-
ge(A~ (so+0)m1) a(€) Y
Therefore ||T'(t)||? can be estimated by
a(AHA©) - 1) _ G(A’l(n—t)) _
sup = sup =
ce(A—1(so+t),r1) a(f) €(so+t,s1) CL(A )

= sup exp( log((aoA H(n)) +log((ao A7) (n — ))>

ce(A—1(so+t),r1)

Hence, if —loga o A™! satisfies condition (Cf, y) for some L and N, then
L Nt
|T(t)[|h < exp(L + Nt) =e~e"".

That is, 7'(t) transforms L? in LP and the semigroup is of type (el, N).

195

Vice versa suppose T(t) transforms L? in L? and ||T(t)|[5 < Me“". Let 19,11 € (S0, 51),
with 79 < m, and h € RY. If f is the characteristic function of [A™(m), A7 (m + h)],

then

1f1D = A7+ h) — A7 (m)
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and
I = m) = [ 1A A ) e =
= /0 |F(A (i +m = o)) ["a(A™(n)) dn = /:M a(A7'(n)) dn.
Hence
w5 ITOS
- T :Ma(A-l(n)) d— “(54’4_1;,([’;1))) =
= % — exp(—log((a 0 A™)(1m)) + log((a o A™) ()

Therefore —loga o A™! satisfies condition (Clogar)-
Similar arguments hold also when s; < 0o and/or b # 0, allowing to prove the following

theorems.

Theorem 4.1. The semigroup (T(t))te[o o) is of type (M,w) in Lp((ro, r1), C) if and only
if the function (Re B — p~tloga) o A7 satisfies condition (Clog )

In case s; = 0o a necessary and sufficient condition in a different form was obtained in
[1] Theorem 1.
When (sg,$1) = R we know that T'(t) is defined also for negative values of ¢t and we

have a group of operators.

Theorem 4.2. If (sg, s1) = R, then the group (T(t))te]R is of type (M, w) in LP((ro,r1),C)
if and only if the function ‘(ReB —pltloga)o Ail‘ satisfies condition (Clog pmw)-

When b = 0 this characterization was obtained in [3] Proposition 3.1.

By Theorem 4.1, the semigroup (T(t)) te[0,00) is a contraction semigroup if and only if
Re B — p~!loga is decreasing. When p = oo this is equivalent to the fact that Reb is
non-positive.

Suppose (so,s1) = R. By Theorem 4.2, the group (T(t))teR is a contraction group
if and only if Re B — p~!loga is constant. If p < oo this is equivalent to the fact that
a € C' and Reb = p~ta’. If p = oo this is equivalent to the fact that Reb = 0.
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5. STRONG CONTINUITY OF THE SEMIGROUP
Every strongly continuous semigroup is of type (M,w) for some M and w. Therefore
the fact that (Re B — p~tloga) o A™! satisfies condition (Cf, ) for some L € R* and

N € R is necessary for the strong continuity of the semigroup.

As in the case of the translation semigroup, the semigroup is never continuous in L.

Theorem 5.1. If the semigroup (T(t))te[o 00) is of type (M,w) in Lp((ro,rl),C), with

1 <p< oo, for some M and w, then it is strongly continuous.

The theorem follows from the fact that for every f continuous and with compact support

in (rg,71) we have
fgl7(0)s — 1], =0

and the space of compactly supported continuous functions is dense in LP.

It is easy to prove the following theorem.

Theorem 5.2. In case b = 0 the semigroup <T<t))te[0 00) 1s strongly continuous in the
space
{f €L>*((ro,r1),C) | fo A" € BUC}, if $1 = 00,

{f €L>*((ro,r1),C) | fo A" € BUGCy}, if s1 € R.

6. INFINITESIMAL GENERATOR

To determine the infinitesimal generator of the semigroup we calculate its resolvent
operator and we invert it.

For every strongly continuous semigroup of type (M,w) the set {\ € C | Re A > w}
is contained in the resolvent set of the infinitesimal generator G and (A — G)~! is the

Laplace transform of the semigroup, that is

(M —G)'f = / TN .
0

(see [4], Theorem I1.1.10). This fact allows to easily obtain a representation of the resol-

vent operator.
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Theorem 6.1. Suppose that the semigroup (T'(t))ico,00) 95 strongly continuous of type
(M,w) in LP((ro,r1),C), with 1 <p < oo, and let G be its infinitesimal generator. If
A € C is such that Re A > w, then A € p(G); moreover Vf € LP((ro,r1),C) we have

(M — Q) f](x) = / " exp(B(€) — Blx) — MA(E) — A@)))Wz) (€) d.

In case a = 1 and b = 0 we get again the standard form of the resolvent of a translation

semigroup:

(-6 = | " exp (A€ — ) F(€) de.

Theorem 6.2. Suppose that the semigroup (T(t)) 18 strongly continuous of type

t€[0,00)
(M,w) in Lp(<T0,T1), C), with 1 < p < oo, and let G be its infinitesimal generator. Put

Y = {f € Lp((T’(),Tl),C) N VVloc ((7’0,7”1 ) { le + bf S Lp}

Then

Y7 Z'fslzoo

{f€Y|hma VWP f(x) —O} if s €R

T—rry

D(G) =

and, for f € D(G),
Gf=af +bf.

We give a sketch of the proof of this theorem.
Let A € C be such that ReA > w and f € Y. For a. e. £,z € (r9,r1) we have

(1) L exp(B(E) - Blx) — MAE) — A@)) £(€) =

dg
— exp(B(E) - Blo) - MA(©) - ) (710 + D=2 519).
hence, by Theorem 6.1, we have
(M = G (M —af = b)) =
= [ (86 - Ba) ~ 246 — 4) (9 + 22 rig) ) e -

= — lim exp(B(z) — B(xz) — MA(z) — A(x)))f(Z) + f(z).

zZ—T1
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Therefore, if

(2) lim exp(B(2) — B(x) — MA(z) — A(2))) f() =0,

Z—Tr1
then f € D(G) and (A — G)"*(\f —af' —bf) = f.
The proof of (2) is different depending on whether it is s; = oo or s; € R.
Suppose s; = oo and let 6 € R be such that ReA — § > w. For z € (rg,r;) and

z € (x,ry) from (1) we get
exp(B(2) = B(a) ~ (A = 0)(A(=) — A())) £ (2)] =
|+

+ [ exp(BO) — Bla) - (= 5)(A©) - AW)) (f’(i) n Wﬂa) dgl.

Since (Re B — p~'loga) o A™! satisfies condition (Clog s, ), Holder’s inequality allows to
estimate this quantity with

Mllaf'+ (b = A+ 0) fllwr

)l + PP (Re X — 6 — w) /P a(x)t/re’

Hence

exp(B(2) = Blw) = MA(2) = A@)) f(2)| <

< eXp(—(S(A(Z) - A(I‘))) <’f($)| + pllj/\f’|(|§J;/)\+_(b§__i\d;/i?§(|5pl/l7) z—r] O’

since A(z) — s1 = oc.

Suppose s; € R and let f be such that lim,_,,, a(z)"/? f(x) = 0. We have

lexp(B(2) = Blw) = MA(2) — A(2))) f(2)] =

= exp(Re B(z) — Re B(z) — Re A(A(2) — A(z)) — p~ ' (log(a(z)) — log(a(z)))) -
a(z)l/p
a(x)l/p
e < MO e 0
()17 ey T
This proves that Y or {f € Y| li_)m a(z)'/? f(z) = 0} is contained in D(G) and for f
in such space Gf = af’ + bf.

IF(2) <

< Mexp((w —Re))(A(z) — A(f)))
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With similar arguments it is possible to show that D(G) is contained in Y or in
{fGY‘lima VWP f(x) —0}
r—r1

Theorem 6.3. Suppose b =0 and put
{f € L>((ro,m1),C) | fo A™ € BUC}, if 81 = 00
{fGLOO((TQ,T’l )‘foA 1€BUC'0} if s1 € R.

Let G be the infinitesimal generator of the semigroup (T(t))te[o o) Then

D(G):{fGXﬂCl((ro,rl )‘af GX}

and, for f € D(G),
Gf =af'

7. EXAMPLES

In this section we study some examples of operators Gf = af’ 4+ bf in L? spaces, with

1<p<oo.

Example 7.1. Let (ro,r1) = (=1,1), a(z) = 1 — 2%, and b(z) = Bz, with 8 € R. A
primitive of 1/a is the function A(z) = (1/2)log((1+ z)/(1 — x)) = arctanhz hence the
image of A is R and, for y € R, we have A7'(y) = tanhy. A primitive of b/a is the
function B(z) = —(8/2) log(1 — x?).

For x € R we have

|(ReB —p tlog a)(A’l(y))‘ = )(— g — %) log(1 — tanh? y)‘ = ‘ﬁ + %) log(coshy).

This function is Lipschitz continuous with Lipschitz constant |8 + 2/p|, hence it satisfies

condition (Cy ), with N = |#+2/p|. By Theorems 4.2 and 6.2 the operator G defined by
= {f € I((=1,1).€) N W (-1, 1),C) [z = (1 — a®) () + B f(x) € L},
[Gf](z) = (1 —2*) f'(x) + Baf(x),

generates a strongly continuous group in Lp((—l, 1), (C) for every p € [1, 00).
We have

tanh(arctanhz) +tanht  xcosht 4 sinht
1 + tanh(arctanh ) tanht  cosht + zsinht

A Y A(x) +t) = tanh(arctanh z + t) =
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and

: 2
B(A_I(A(x) + t)) — B(z) = —g log(l — Efoiilsiliz ziigz) + g log(1 — 22) =

= [log(cosht + = sinh t).

Therefore the group is such that

[T(t)f](z) = (cosht + zsinht)? (x cosht + sinht> :

cosht + xsinht
Example 7.2. Let (ro,r1) = R, a(x) = 1 + 2%, and b(z) = Bz, with f € R. A prim-
itive of 1/a is the function A(x) = arctanx hence the image of A is (—7/2,7/2) and,
for y € (—m/2,7/2), we have A™'(y) = tany. A primitive of b/a is the function
B(z) = (8/2)log(1 + 22).

We have

(ReB —p~'loga)(A™'(y)) = glog(l + tan?y) — %log(l + tan?y) = (% - 5) log(cosy).

Since the domain of A™! is bounded, condition (Cf y) is satisfied for some L and N if

2
-—p log(cosy1> L <p<y<o
P COs 1o 2 2

is bounded from above. If 2/p — 8 = 0, that is § = 2/p, condition (Cyp) is obviously
satisfied. If 2/p — 8 < 0 then

2
lim <— — 6) log(cosyl) =00
yo——m/2\ P COS Yo

2
lim (— — ﬁ) 1Og<cos yl) = 00
y1—=7/2\ P COS Yo

Hence if 2/p — 5 # 0, then condition (C}, y) is not satisfied.
By TheoremS 4.1 and 6.2 the operator G defined by

and only if the set

and if 2/p — 8 > 0 then

D(G) =
={f € R,C)NWy (R,C) : & = (1+2°) (&) + Paf(x) € L?, lim 2”7 f(z) = 0},

[Gfl(x) = (1+2°)f'(z) + Bz f(z),
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generates a strongly continuous semigroup in LP(R,C) if and only if 8 = 2/p. The
semigroup is a contraction semigroup.
Ift <mand z < A~ (7/2 —t) = tan(n/2 — t) = cot ¢, we have

A Y A(x)+t) = tan(arctan z-+t) = an(arctanz) + tant ~ x +tant  xcost +sin

1 —tan(arctanz)tant 1 —axtant cost — wsint’

Hence

B(AY(A(x) + 1)) — B(x) = glog(l T Efo‘;‘):f; 523) g1 +4) =

= —[log(cost — xsint).

Therefore the semigroup is such that

xrcost+sint

(cost—xsint)_ﬂf( ), if t <mand z < cott,

cost —xsint

[T(8)f)(x) =
0, otherwise.
Ezample 7.3. Let (ro,m1) = (1,00), a(z) = zlogx, and b(z) = flogx with § € R. A
primitive of 1/a is the function A(x) = log(logz) hence the image of A is R and, for
y € R, we have A~ (y) = e®’. A primitive of b/a is the function B(z) = Blogz.
We have

(ReB —p~'loga)(A™"(y)) = Blog(e”) — %log(eey log(e“’)) = Be¥ — %ey — %y.
Obviously this function satisfies condition (Cf, n) for some L and N if and only if 5 < 1/p.
If 3= 1/p then |(ReB —p'loga)(A~*(y))| = y/p, and this function satisfies condition

(Co,1/p). Therefore, by Theorems 4.1, 4.2 and 6.2, the operator G defined by

D(G) = {f € Lp((l, oo),(C) N Wl’l((l, oo),(C)]x — xlog(x) f'(x) + Blogz f(x) € Lp},

loc

(G fl(x) = xlogx f'(x) + Blogx f(z),

generates a strongly continuous semigroup in Lp((l,oo),(C) if and only if 8 < 1/p. In
case § = 1/p it generates a group.

We have

A7 (A(z) 4+ t) = exp(exp(log(log z) + t)) = exp(e’ log z) = .
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Hence
B(A Y (A(z) + 1)) — B(z) = Blog(z®) — Blogz = B(e! — 1)log .

Therefore the semigroup is such that
[T(t) f)(w) = 2”1 f(a).
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