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TEOREMI DI LIOUVILLE PER OPERATORI NON LOCALI CON
DIFFUSIONE CONICA

GIULIO GALISE

Abstract. We consider linear stable operators whose spectral measure is assumed to

be positive only on a relatively open subset of the unit sphere, the aim being to present

semilinear Liouville-type results for positive supersolutions in a half-space.

Sunto. Vengono presentati risultati di tipo Liouville, nel semispazio, per soprasoluzioni

positive di operatori lineari stabili la cui misura spettrale è supposta essere positiva

soltanto in un aperto relativo della sfera unitaria.
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1. Introduction

The aim of this note is to review recent results, jointly obtained with I. Birindelli and

L. Du [9], about Liouville type theorems for positive supersolutions of semilinear integral

equations in the half-space RN
+ :=

{
x = (x′, xN) ∈ RN−1 × R : xN > 0

}
. We also include

an additional new result related to this framework.

We focus on the existence/nonexistence of classical solutions of the problem−Lu ≥ up, x ∈ RN
+ ,

u ≥ 0, x ∈ RN ,
(1)
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where p ≥ 1 and L is a linear stable operators of order 2s, with s ∈ (0, 1), of the form

(2) Lu (x) = (1− s)
∫
RN

u (x+ y) + u (x− y)− 2u (x)

|y|N+2s
a

(
y

|y|

)
dy,

with a (θ) ∈ L∞
(
SN−1

)
nonnegative function supposed to be positive only on a relatively

open subset of the unit sphere SN−1 of RN .

The study of such operators, which originated in the context of Lévy-type stochastic

processes (see e.g. [6]), has given rise to numerous analytical questions concerning exis-

tence of solutions, interior and boundary regularity and general qualitative properties of

solutions (see e.g. [21]).

Liouville type theorems play a fundamental role in the theory of integro-differential

elliptic and parabolic equations. In addition to the their intrinsic interest concerning

classifications results establishing rigidity properties of the set of solutions, they are also

employed to get a priori estimates and compactness results via blow-up procedure, see

[23]. As a consequence, nonexistence results in the whole space and in half-spaces corre-

spond, via topological methods, to existence results in bounded domains.

The existence of positive solutions to elliptic inequalities involving a power-like depen-

dence in the zero-order term u has been treated and generalized in various contexts:

cone-like domains for linear and quasilinear operators [2, 5, 22, 25], fully nonlinear in-

equalities, both uniformly elliptic and degenerate, [3, 4, 10, 17, 26], systems [7, 11, 29],

Heisenberg Laplacian [8, 27]. In the context of fractional operators, various results have

been established concerning solutions, see e.g [12, 13, 14, 15, 18, 30, 31, 33], while com-

paratively little is known about supersolutions of semilinear-type equations in half-spaces.

In the recent paper [28], the existence of fundamental solutions for extremal fully non-

linear integral operators in conical domains was proved and, as application, the authors

obtained the nonexistence of nontrivial supersolutions for the Lane-Emden-Fowler equa-

tion in a subcritical regime for p. In the special case where the cone is the half-space

RN
+ , they find that problem (1) with −L ≡ (−∆)s possesses no positive solutions for any

−1 ≤ p ≤ N+s
N−s . It is important to note that the kernels of the operators considered in

[28] are bounded from below and from above, up to ellipticity constants 0 < λ ≤ Λ, by

that of the fractional Laplacian, which corresponds to the case a(θ) constant function in
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(2). By contrast, the operators considered in [9] have anisotropic diffusion, since the con-

dition infθ∈SN−1 a(θ) = 0 is consistent with the following hypothesis: there exist positive

constants 0 < d ≤ D, 0 < τ0 ≤ 1 and ν0 ∈ SN−1 such that

0 ≤ a(θ) ≤ D in SN−1(3)

and

a(θ) ≥ d > 0 in Σν0,τ0 (0) ∩ SN−1,(4)

where

Σν0,τ0 (0) :=
{
y ∈ RN : |y · ν0| ≥ (1− τ0) |y|

}
(5)

is the closed two fold cone centered at 0, with axis ν0 and aperture arccos(1− τ) ∈
(
0, π

2

]
.

The prototype to keep in mind is

a(θ) =

1 if θ ∈ Σν0,τ0 (0) ∩ SN−1

0 otherwise,

which justifies the terminology conical diffusion, as the structure of the operator corre-

sponding to this choice of a(θ)

Lu(x) = (1− s)
∫

Σν0,τ0 (0)

u (x+ y) + u (x− y)− 2u (x)

|y|N+2s
dy

reflects the underlying conical geometry.

Other results concerning qualitative properties of solutions to nonlocal operators with

anisotropic diffusion ca be found in [19, 24, 32].

Inspired by the pioneering proof used by Berestycki, Capuzzo Dolcetta and Nirenberg

in [5] to prove semilinear Liouville-type results in cones, we obtain the following

Theorem 1.1 ([9, Theorem 1.1]). Let s ∈ (0, 1) and let L be any operator of the form

(2) satisfying (3)-(4). If 1 ≤ p ≤ N+s
N−s and u ∈ C2

(
RN

+

)
∩ Ls is a solution of (1), then

u ≡ 0.
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In the above theorem, Ls denotes the functional space

Ls =

{
u ∈ L1

loc

(
RN
)

: lim sup
|x|→+∞

|u(x)|
|x|2s−δ

< +∞ for some δ ∈ (0, 2s]

}

and the requirement u ∈ C2
(
RN

+

)
∩ Ls is a sufficient condition ensuring both that Lu(x)

is well defined for every x ∈ RN
+ and that the integration by parts formula stated in

Proposition 2.1 holds.

It is worth emphasizing that the key ingredients used in [5] need to be completely

reconsidered, due to both the nonlocal character of the operators we consider and their

weak diffusion.

A Liouville result in the whole space can be produced by means of the arguments used

in the proof of Theorem 1.1, in a simplified form due to the absence of the boundary of

the domain which, by contrast, introduce extra challenges in the half-space setting.

Theorem 1.2. Let N ≥ 2 and 1 ≤ p ≤ N
N−2s

. If u ∈ C2
(
RN
)
∩ Ls is a nonnegative

solution of

−Lu ≥ up in RN ,(6)

then u ≡ 0.

The upper bound on p in Theorem 1.2 is sharp for the fractional Laplacian and extends

to the fully nonlinear extremal operatorsM±, which are the integro-differential analog of

Pucci’s operators. In [20] it is proved that the equation −M±u = up, with p > 1, has no

entire positive (viscosity) supersolutions if, and only if, p < N±

N±−2s
, N± being dimensional-

like numbers reducing to the dimension N when −M± = (−∆)s. The exponent p =

N
N−2s

, which serves as a threshold number separating the existence from the nonexistence

regimes, is the nonlocal analogue of the celebrated Serrin’s exponent N
N−2

.

As far as the half-space RN
+ is concerned, the bound on p in Theorem 1.1 is sharp for

−L ≡ (−∆)s, as the following theorem shows.
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Theorem 1.3 ([9, Theorem 4.1]). For any p > N+s
N−s , the problem

(−∆)s u ≥ up, x ∈ RN
+ ,

u > 0, x ∈ RN
+ ,

u = 0, x ∈ RN
− :=

{
x ∈ RN : xN < 0

}(7)

admits solutions u ∈ C2
(
RN

+

)
∩ Ls.

In accordance with a stability principle, one finds that N+s
N−s converges, as s → 1−, to

the critical exponent N+1
N−1

associated to the inequality −∆u ≥ up in RN
+ .

An explanation of the main results will be provided in the next section, with a focus

on the underlying ideas of the proofs and on the differences encountered in the transition

from the local to the nonlocal framework.

We shall conclude this note by presenting a new result (Proposition 2.2), not contained

in [9], concerning the existence of positive one-dimensional solutions to problem (1) in

the case p > 1+s
1−s , for general linear operators of the form (2) satisfying the assumptions

(3)-(4).

2. Description of the results

The arguments used in the proofs of Theorems 1.1 and 1.2 rely on a rescaled test

function method, suitably adapted to our nonlocal setting with weak diffusion.

2.1. Nonexistence of supersolutions in RN . Denote by Br =
{
x ∈ RN : |x| < r

}
the

open ball of radius r > 0 centered at the origin. Let ϕ ∈ C∞0 (RN) such that 0 < ϕ ≤ 1 in

B1 and

(8) ϕ =

1 if x ∈ B 1
2

0 if x /∈ B1.

The idea is to use the “conical diffusion” to prove the following inequality: there exists

M > 0 such that

(9) −Lϕ(x) ≤Mϕ(x) ∀x ∈ RN .
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Figure 1.

The above inequality is trivially satisfied for |x| ≥ 1, independently of M , due to the sign

of the quantities involved in the definition of the operator −L and the definition of ϕ. For

|x| < 1, the inequality (9) is equivalent to prove that

inf
x∈B1

Lϕ(x)

ϕ(x)
> −∞.

By a contradiction argument, taking a sequence (xn)n∈N of points of B1 such that

lim
n→+∞

Lϕ (xn)

ϕ (xn)
= −∞ and lim

n→+∞
xn = x ∈ B1,

it is easy to exclude the case |x| < 1 since

lim
n→+∞

Lϕ (xn)

ϕ (xn)
=
Lϕ(x)

ϕ(x)
.

On the other hand, if |x| = 1, using (4) we infer that

lim
n→+∞

Lϕ (xn) =

∫
RN

ϕ (x+ y) + ϕ (x− y)

|y|N+2s
a

(
y

|y|

)
dy

≥ d

∫
Σν0,τ0 (0)

ϕ (x+ y) + ϕ (x− y)

|y|N+2s
dy.

(10)

The last integral in (10) is positive, since

y ∈ Σν0,τ0(0) ⇒ x± y ∈ Σν0,τ0(x) := x+ Σν0,τ0(0)

and the cone Σν0,τ0(x) has a full measure intersection with the support of ϕ, see FIGURE

1.
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This leads to the contradiction

lim
n→+∞

Lϕ (xn)

ϕ (xn)
= +∞.

We now consider the rescaled functions ϕR(x) = ϕ
(
x
R

)
for R > 0. Multiplying both

sides of the inequality −Lu ≥ up by ϕR, using Fubini’s theorem and the inequality (9),

we obtain

(11)

∫
RN
upϕR dx ≤ −

∫
RN
uLϕR dx ≤MR−2s

∫
RN
uϕR dx,

the term R−2s being a consequence of the 2s-homogeneity of the operator −L.

Since ϕR → 1 locally uniformly as R→ +∞, we immediately get u ≡ 0 from (11) in the

case p = 1. If instead p > 1, an application of the Hölder inequality yields∫
RN
upϕR dx ≤ C RN− 2sp

p−1 ,(12)

with C a positive constant independent on R. Then u ≡ 0 in RN by letting R→ +∞.

At this point, we wish to emphasize that the inequality (9) has allowed us to work directly

with the test function ϕ in the application of the rescaled test function method, without

the need to consider suitable powers of ϕR, as is usually required in the local setting.

As far as the critical case p = N
N−2s

is concerned, then (12) implies

(13) up ∈ L1(RN).

An additional difference, due to the nonlocal nature of the problem we are considering,

emerges when compared to the local case. If −L ≡ −∆, one has Lϕ(x) = 0 for |x| ≤ 1
2

and for |x| ≥ 1. Hence, the corresponding integrals on the right hand side of (11) is in

fact computed only in the spherical shell R
2
≤ |x| ≤ R. Then Hölder inequality yields

∫
RN
upϕR dx ≤ C

(∫
R
2
≤|x|≤R

upϕR dx

) 1
p

and, in view of (13), the integral on the right hand side of the above inequality vanishes

as R→ +∞.



LIOUVILLE THEOREMS FOR NONLOCAL OPERATORS WITH CONICAL DIFFUSION 127

In the nonlocal setting, a more refined analysis is required, since Lϕ(x) < 0 for all |x| ≤ 1
2
.

It turns out that∫
RN
upϕRdx ≤ C

[
R−s

(∫
RN
updx

) 1
p

+

(∫
√
R≤|x|≤R

updx

) 1
p

]
.

Using (13) and s > 0, we still conclude that u ≡ 0 by letting R→ +∞.

2.2. Nonexistence of supersolutions in RN
+ . In the local setting (see e.g. [5]), the

test function used in the half-space case is typically of the form Φ(x) = w(x)ϕ(x), with

w(x) = xN . The function w, which is a positive harmonic function in RN
+ vanishing on

the boundary ∂RN
+ , is a natural choice, suggested both by the geometry of the domain

in which the problem is posed and by the integration by parts. The following lemma is

useful in our setting.

Lemma 2.1 ([9, Lemma 2.4]). Let 0 < α < 2s and wα (x) = (xN)α+. For any x ∈ RN
+ ,

Lwα (x) = Cαx
α−2s
N ,(14)

where

Cα


< 0, 0 < α < s,

= 0, α = s,

> 0, s < α < 2s.

As far as the integration by parts is concerned, it is worth stressing that this step is

not straightforward, given that the test functions used in the proof of Theorem 1.3 lack

regularity on ∂RN
+ , and the operator −L involved may be regarded as singular there.

Proposition 2.1 ([9, Proposition 2.2]). Let (2s − 1)+ < α < 2s, ψ ∈ C2
0

(
RN
)

and

vα (x) = (xN)α+ ψ (x). Then for any u ∈ C2
(
RN

+

)
∩ Ls satisfying

u = 0 in RN
− and ‖u‖C2(K∩RN+) < +∞, ∀ compact K ⊆ RN

+ ,

we have ∫
RN
uLvα dx =

∫
RN
vαLudx.
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Figure 2.

In analogy with the case of RN , our goal is to derive an inequality of the form

(15) −LΦs(x) ≤MΦs(x) ∀x ∈ RN
+ ,

where Φs(x) = (xN)s+ϕ(x), M is a positive constant and ϕ ∈ C∞0 (RN) is a suitable cut-off

function. Then, we apply a rescaled test function argument with the use of Lemma 2.1

and Proposition 2.1.

A crucial property in deriving such estimate is that, for each x ∈ ∂B1 ∩ RN
+ , the cone

Σν0,τ0(x) should intersects the support of the function Φs in a set of full measure. But

differently from the case of RN and ϕ as in (8), in the half-space RN
+ there might that for

some x ∈ ∂RN
+ ∩ ∂B1 then ∣∣Σν0,τ0 (x) ∩B1 ∩ RN

+

∣∣ = 0,

see FIGURE 2.

Accordingly, we introduce a test function ϕ ∈ C∞0
(
RN
)

such that 0 < ϕ ≤ 1 in

B1 ((1− γ0) eN) and

ϕ (x) =

1, x ∈ B1− γ0
2

((1− γ0) eN) ,

0, x /∈ B1 ((1− γ0) eN) ,

where γ0 = γ(ν0, τ0) is chosen in such a way that for any x ∈ ∂B1 ((1− γ0) eN) ∩ RN
+ it

holds ∣∣Σν0,τ0 (x) ∩B1 ((1− γ0) eN) ∩ RN
+

∣∣ > 0,
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Figure 3.

see FIGURE 3.

Then inequality (15) follows. As a matter of fact, in the proof of Theorem 1.3, a

stronger variant of (15) is used, in particular to deal with the critical case p = N+s
N−s : for

α0 ∈ (s,min {1, 2s}) then

−LΦα0 (x)− LΦs (x) ≤MΦs (x) ∀x ∈ RN
+ .(16)

After establishing this inequality, then the rescaled test function method, together with

a careful application of the integration by parts formula, yields the proof of Theorem 1.1.

All the details can be found in [9, Theorems 3.4 and 1.1].

2.3. Optimality of the exponent N+s
N−s . The existence of nontrivial solutions to problem

(7) in the supercritical regime p > N+s
N−s is established by applying the fractional Kelvin

transform to the one-dimensional functions of Lemma 2.1 (see [9, Proof of Theorem 4.1]).

The question if the exponent p = N+s
N−s is optimal for any linear operator L in the class

(2)-(3)-(4) is an open question.

On the other hand, we establish that one-dimensional solutions of−Lu = up, x ∈ RN
+ ,

u = 0, x ∈ RN
− ,

(17)

for general L, appear as soon as p > 1+s
1−s . This result therefore shows that the critical ex-

ponent associated with the operator L, which separates the range of existence from that of
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nonexistence of supersolutions to (17), can be bounded from above by 1+s
1−s , independently

of the choice of the function a ∈ L∞
(
SN−1

)
satisfying assumptions (3)-(4).

Proposition 2.2. Let s ∈ (0, 1) and let L be any operator of the form (2) satisfying the

assumptions (3)-(4). Then, for any p ∈
(

1+s
1−s , +∞

)
, problem (17) has a positive solution

u ∈ C2
(
RN

+

)
.

Remark 2.1. It is worth emphasizing that the solutions provided by the above proposition

do not belong to the functional space Ls. Nevertheless, we point out that the operator L

is still well defined on such functions, as will become clear from the proof.

It remains an open question whether solutions (or supersolutions) in Proposition 2.2 can

be found in Ls, and whether the assumption u ∈ Ls in Theorems 1.1 and 1.2 can be

replaced by the more general condition u ∈ L1
s(RN) (see, e.g., [1, (1.15)] for the definition

of L1
s(RN)).

Since Proposition 2.2 establishes a new result not covered in [9], we include a detailed

proof.

Proof of Proposition 2.2. For α ∈ (−1, 0), let uα : RN 7→ R be the function defined by

uα(x) := hα(xN) :=

x
α
N if xN > 0

0 if xN ≤ 0.

We first note that the operator Luα(x) is well defined for any x ∈ RN
+ . For this, it is

sufficient to consider the case x = eN = (0, . . . , 0, 1), since by the homogeneity properties

of L and uα one has

(18) Luα(x) = xα−2s
N Luα(eN).

The map y 7→ uα(eN + y) + uα(eN − y)− 2uα(eN) is smooth in B 1
2
, hence

(19)

∣∣∣∣uα(eN + y) + uα(eN − y)− 2uα(eN)

|y|N+2s
a

(
y

|y|

)∣∣∣∣ ≤ C

|y|N−2(1−s) ∀y ∈ B 1
2
\ {0} ,
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where C is a positive constant depending only on α and D, with D defined in (3).

Moreover, the integrals

(20)

∫
RN\B 1

2

|uα(eN ± y)|
|y|N+2s

∣∣∣∣a( y

|y|

)∣∣∣∣ dy and

∫
RN\B 1

2

1

|y|N+2s

∣∣∣∣a( y

|y|

)∣∣∣∣ dy
are finite. This is evident for the last one, since s > 0 and by (3). As far as the first one

is concerned, denoting by

Ω1 =

{
y = (y′, yN) ∈ RN−1 × R : −1 < yN < −1

2

}
and by

Ω2 =

{
y = (y′, yN) ∈ RN−1 × R : yN ≥ −

1

2
, |y| ≥ 1

2

}
,

we have

(21)

∫
RN\B 1

2

|uα(eN + y)|
|y|N+2s

∣∣∣∣a( y

|y|

)∣∣∣∣ dy ≤ D


∫

Ω1

(1 + yN)α

|y|N+2s
dy︸ ︷︷ ︸

=:I1

+2−α
∫

Ω2

1

|y|N+2s
dy︸ ︷︷ ︸

=:I2

 .

The integral I2 is finite since s > 0. As for I1, using first the Fubini-Tonelli theorem for

nonnegative functions and then the change of variables z′ = y′

|yN |
, we obtain

I2 =

∫ − 1
2

−1

(1 + yN)α
(∫

RN−1

dy′

(|y′|2 + y2
N)

N+2s
2

)
dyN

=

∫
RN−1

dz′

(1 + |z′|2)
N+2s

2

∫ − 1
2

−1

(1 + yN)α

|yN |1+2s
dyN

≤ 21+2s

∫
RN−1

dz′

(1 + |z′|2)
N+2s

2

∫ − 1
2

−1

(1 + yN)α dyN < +∞,

(22)

since α ∈ (−1, 0) and N + 2s > N − 1.

A symmetric computation yields

(23)

∫
RN\B 1

2

|uα(eN − y)|
|y|N+2s

∣∣∣∣a( y

|y|

)∣∣∣∣ dy < +∞.

Using (18)-(23) we obtain that, for any x ∈ RN
+ ,

y 7→ uα(x+ y) + uα(x− y)− 2uα(x)

|y|N+2s
a

(
y

|y|

)
∈ L1(RN).
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Passing to polar coordinates

(24)

Luα(x) = (1− s)
(∫

SN−1

(∫ +∞

0

hα(1 + θNr) + hα(1− θNr)− 2hα(1)

r1+2s
dr

)
a(θ) dθ

)
xα−2s
N .

Applying the change of variable |θN |r = t, with θN 6= 0, we then obtain∫ +∞

0

hα(1 + θNr) + hα(1− θNr)− 2hα(1)

r1+2s
dr = |θN |2s

∫ +∞

0

hα(1 + t) + hα(1− t)− 2hα(1)

t1+2s
dt.

The above equality still holds in the case θN = 0. By (24) we have

(25) Luα(x) = Cαx
α−2s
N

with

(26) Cα = (1− s)
(∫

SN−1

a(θ)|θN |2s dθ
)(∫ +∞

0

hα(1 + t) + hα(1− t)− 2hα(1)

t1+2s
dt

)
.

Using the assumptions (3)-(4), the sign of Cα is given by latter integral in (26), which coin-

cides, up to a positive multiplicative constant, to the one-dimensional fractional Laplacian

−(−∆)sRhα(1). By [1, Lemma 2.1] we then infer that

(27) Cα


< 0 for α ∈ (s− 1, 0)

= 0 for α = s− 1

> 0 for α ∈ (−1, s− 1).

For k positive constant to be fixed, using (25), we obtain that for any x ∈ RN
+

(28) L (kuα) (x) + (kuα)p(x) = kxα−2s
N

(
Cα + kp−1x

α(p−1)+2s
N

)
.

Taking α = − 2s
p−1

, by (28) we have

(29) L (kuα) (x) + (kuα)p(x) = kxα−2s
N

(
Cα + kp−1

)
∀x ∈ RN

+ .

Moreover, Cα < 0 if, and only if, p > 1+s
1−s . Hence, choosing k = |Cα|

1
p−1 in (29), the result

follows. �
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C Anal. Non Linéaire 17 (2000), 219-245.

[18] M. M. Fall. Entire s-harmonic functions are affine. Proc. Amer. Math. Soc. 144 (2016), 2587-2592.

[19] M. M. Fall, T. Weth. Liouville theorems for a general class of nonlocal operators. Potential Anal.

45 (2016), 187-200.

[20] P. Felmer, A. Quaas. Fundamental solutions and Liouville type theorems for nonlinear integral

operators.. Adv. Math. 226 (2011), 2712-2738.

[21] X. Fernández-Real, X. Ros-Oton. Integro-differential elliptic equations. Progr. Math., 350
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zale Aldo Moro 5, 00185 Rome, Italy

Email address: galise@mat.uniroma1.it


