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Abstract. General potential theories concern the study of functions which are subhar-

monic with respect to a suitable constraint set F in the space of 2-jets. While interesting

in their own right, general potential theories are being widely used to study fully nonlinear

PDEs determined by degenerate elliptic operators F acting on the space of 2-jets. We will

discuss a powerful tool, the correspondence principle, which establishes the equivalence

between F–subharmonics/superharmonics u and admissible subsolutions/supersolutions

u (in the viscosity sense) of the PDE determined by every operator F which is compati-

ble with F . The crucial degenerate ellipticity often requires the operator to be restricted

to a suitable constraint set G, which determines the admissibility. Applications to com-

parison principles by way of the duality-monotonicity-fiberegularity method will also be

discussed.

Sunto. Teorie potenziali generali si occupano dello studio di funzioni che sono subar-

moniche rispetto un vincolo opportuno F nello spazio dei 2-jet. Pur essendo interessante

in sé, recentemente teorie potenziali generali giocano un ruolo fondamentale nello studio

di equazioni alle derivate parziali determinate da operatori ellittici degeneri F che agis-

cono sullo spazio dei 2-jet. Discuteremmo uno strumento potente, detto il principio di

corrispondenza che stabilisce l’equivalenza tra funzioni F-subarmoniche/superarmoniche

u e subsoluzioni/supersoluzioni ammissibili u (nel senso viscoso) della equazione deter-

minata da ogni operatore F compatibile con F . La proprietà cruciale che F sia ellittico

degenere spesso richiede che l’operatore venga ristretto ad un vincolo opportuno G, che

determina l’ammissibilità. Applicazioni ai principi di confronto tramite il metodo di

dualità-monotonia-fiberegularità saranno anche discusse.
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1. Introduction

Our aim is to discuss a bridge between two seemingly different realms. The first realm

is that of general potential theories which concern the study of generalized subharmonics
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u with respect to a given constraint set (subequation) in the 2-jet bundle

(1.1) F ⊂ J 2(X) := X × (R× Rn × S(n)), X ⊂ Rn open;

as well as generalized superharmonics and harmonics. Here S(n) is the vector space

of all real symmetric n × n matrices (equipped with the natural partial ordering of the

associated quadratic forms). The second realm is that of nonlinear elliptic differential

operators F : domF ⊆ J 2(X) → R, where one is interested in generalized solutions of

the PDE determined by F

(1.2) F (J2u) = 0 on Ω;

that is,

(1.3) F (x, x, u(x), Du(x), D2u(x)) = 0, for each x ∈ Ω,

as well as generalized subsolutions and supersolutions of (1.2). The precise notions of F -

subharmonics and superharmonics will be recalled in section 3 and those of subsolutions

and supersolutions to (1.2) will be recalled in section 4. See also the discussion below

following formula (1.8).

Beginning with the trio of papers of Harvey and Lawson [10], [11] and [12], a rich

interplay between the two realms is underway. Much can be said about this interplay

and the reader is invited to consult the recent survey paper [22]. Here we note only a

few aspects of this fruitful interplay. On the one hand, the potential theory for a given

constraint F can simplify, clarify and unify the operator theory for every operator F

which is compatible with F . Moreover, natural results in the potential theory can suggest

interesting questions in the operator theory which at first glance might not come to mind.

On the other hand, the operator theory of a “nice” operator F yields useful information

on a potential theory determined by a constraint F compatible with F . For example, if

F is smooth, one can differentiate the equation (1.3) to study regularity of F -harmonics.

In this interplay, an important part of the story is to establish the validity of the

correspondence principle; that is, to determine conditions on an operator-constraint pair



44 F. REESE HARVEY AND KEVIN R. PAYNE

(F,F) for which one has the equivalences

(1.4) u is F -subharmonic in X ⇔ u is a subsolution of F (J2u) = 0 in X.

(1.5) u is F -superharmonic in X ⇔ u is a supersolution of F (J2u) = 0 in X.

It is worth noting that, in both realms there is a natural Dirichlet problem on domains

Ω ⊂⊂ X, but assumptions must be made on F and F in order to have well defined notions

and a robust theory. Of particular interest in this context are:

(1) the validity of the comparison principle

(1.6) u ≤ w on ∂Ω ⇒ u ≤ w on Ω

for each pair u/w of sub/superharmonics for F (sub/supersolutions of (1.2)), which

ensures uniqueness for the Dirichlet problems;

(2) the existence of solutions to the Dirichlet problem by Perron’s method, which also

requires suitable boundary geometry of Ω.

If the correspondence principle holds, then resolving (1) and (2) on the potential theory

side (for a subequation F) resolves (1) and (2) for every operator F compatible with F .

As noted above, assumptions on the pair F and F will need to be made in order to

have well defined potential theories and operator theories.

Since, in general, one does not expect that F harmonics nor solutions to (1.2) to

be twice differentiable, these formulations will be made in the context of viscosity theory

which uses the notions of upper contact jets and lower contact jets for u at x. To formulate

these viscosity notions, we introduce coordinates J = (r, p, A) ∈ J 2 = R × Rn × S(n)

in the vector space of 2-jets over each x ∈ X ⊂ Rn. The basic idea is to replace the

(single-valued) 2-jet of u at x

J2
xu = (u(x), Du(x), D2u(x))

(which only makes sense if u is twice differentiable at x) with the (multi-valued) set

J2,+
x u := {J2

xϕ : ϕ is C2 near x, u ≤ ϕ near x with equality in x},

of upper test jets of u at x.
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We will always assume the related minimal monotonicity properties of degenerate el-

lipticity

(1.7) (x, r, p, A) ∈ domF ⇒ F (x, r, p, A) ≤ F (x, r, p, A+ P ), for each P ≥ 0 in S(n)

and positivity

(1.8) (x, r, p, A) ∈ F ⇒ (x, r, p, A+ P ) ∈ F , for each P ≥ 0 in S(n),

which are needed for the definitions of u ∈ USC(X) to be a subsolution of F (J2u) = 0

and u to be F -subharmonic on X, respectively. In order to have the degenerate ellipticity

(1.7), one may need to restrict the domain of F , as happens for the Monge-Ampère

operator F (D2u) = det(D2u), where one must restrict F to the set convex functions on

X. These needed assumptions on F and F will be discussed in more detail in sections

3 and 4, but the complete program will require sufficient monotonicity and sufficient

regularity. The regularity will always be sufficient in the constant coefficient case and the

monotonicity will always be sufficient forM-monotone subequations F andM-monotone

operators F with respect to a (constant coefficient) monotonicity cone subequation M⊂

J 2 := R × Rn × S(n) (see subsection 3.4 for a discussion of monotonicity). Moreover,

two additional (and natural) relations much be satisfied and are called the correspondence

relation and the compatibility condition (see (1.11) and (1.13) below).

Before summarizing the contents of this communication, we make some remarks on the

evolution of the correspondence principle. The first explicit version of the correspondence

principle was proven in the constant coefficient setting in [3] under the assumption of

M-monotonicity for the pair (F,F), which is automatic in the gradient-free case. The

extension to the variable coefficient setting was proven in [6] under the additional regu-

larity assumption of fiberegularity of the pair (F,F). Fiberegularity of the subequation

constraint F is merely the property that the fiber map which sends x ∈ X to the fiber Fx

of F over x is continuous (see subsection 3.5 for the precise definition). For proper elliptic

operators F ∈ C(G) (see (1.10) below) with G a fiberegular subequation, the fiberegular-

ity the operator F is defined in (5.10). The fiberegularity of (F,F) is automatic in the

constant coefficient setting.
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An important special case of this result was implicit in [19], which studied inhomoge-

neous equations of the form

(1.9) G(D2
xu) = f(x), x ∈ Ω ⊂ Rn

with G a degenerate elliptic operator with subequation domain A ⊂ S(n) with the crucial

assumption that G is topologically tame. This means that the level sets of G have empty

interior; this is implied by by a minimal strict monotonicity of G in A ∈ A. This was

refined in an explicit way in [23] for obtaining pointwise apriori estimates for viscosity

solutions (1.9) where G is an I-central G̊arding-Dirichlet polynomial of degree N on S(n)

and f is continuous and non-negative. The correspondence principle in this context is

proven in Theorem 4.4 of [23] and concerns the (pure second order) operator-subequation

pair

F (x,A) = G(A)− f(x) and F = {(x,A) : A ∈ Γ ⊂ S(n) : G(A)− f(x) ≥ 0},

where Γ is the (closed) G̊arding cone associated to G. An interesting point in this analysis

is how the tameness property of G ensures the fiberegularity of (F,F) for each continuous

f (see Remark 4.3 of [23]).

Earlier, more rudimentary versions of the correspondence principle were proven in [4]

and [5] in the variable coefficient pure second order and gradient-free settings, respectively.

In both of these earlier variable coefficient papers, the additional regularity assumption

was already formulated, but a more cumbersome approach was taken which followed more

closely some seminal ideas in the important paper of Krylov [27].

We now descibe briefly the contents of this paper. We begin, in section 2, with two

simple but suggestive examples of the correspondence principle in the pure second order

constant coefficient setting. These two examples concern the standard potential theory

associated to the Laplace operator and the potential theory of convex functions associated

to the minimal eigenvalue operator.

In section 3, we recall the basic notions from general potential theories, with an emphasis

on the key notions of duality, monotonicity and fiberegularity. These ingredients give rise
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to a general and elegant method for proving the comparison principle (1.6) in the potential

theoretic realm.

In section 4, a class of nonlinear elliptic operators is recalled. These operators are

called proper elliptic if (suitable restrictions of them) are continuous and have the two

monotonicity properties of being degenerate elliptic as in (1.7) and proper in the sense

that

(1.10) F (x, r, p, A) ≤ F (x, r + s, p, A), for every (x, r, p, A) ∈ G and s ≤ 0 in R.

This property is needed to avoid obvious counterexamples to the comparison (and max-

imum) principles for F . There are two cases: the constrained case in which F is proper

elliptic with G = J 2(X) (no restriction of the domain of F is needed) and the uncon-

strained case in which F must be restricted to a domain G which is a subequation. In

particular, the notions of G-admissible subsolutions/supersolutions of F (J2u) = 0 are

given.

In section 5, we discuss the General Correspondence Principle (Theorem 5.1) for a

proper elliptic operator F ∈ C(G) and the constraint set defined by the correspondence

relation

(1.11) F := {(x, J) ∈ G : F (x, J) ≥ 0}.

The theorem states that if

(1.12) F defined by (1.11) is a subequation

and (F,F) satisfies the compatibility condition

(1.13) IntF = {(x, J) ∈ G : F (x, J) > 0},

then the correspondence principle holds; that is, on X:

u is F -subharmonic ⇔ u is a G-admissible subsolution of F (J2u) = 0;

u is F -superharmonic ⇔ u is a G-admissible supersolution of F (J2u) = 0.

In (1.13) and in the sequel, for F ⊂ J 2(X), we will denote by IntF the interior of F and

by F c = J 2(X) \ F is the complement of F .
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A proof of Theorem 5.1 is given for the convenience of the reader, which stresses the

importance of the assumptions made. In order to apply the theorem to a given proper

elliptic operator F ∈ C(G), one needs to check that the candidate subequation F defined

by the correspondence relation (1.11) is indeed a subequation and that the compatibility

condition (1.13) is satisfied. Sufficient conditions for (1.12) are the M-monotonicity

and fiberegularity of the proper elliptic pair (F,G). This is discussed in Theorem 5.7,

which says that not only is F defined by (1.11) a subequation, it is also M-monotone

and fiberegular, and hence the monotonicity-duality-fiberegularity method applies for

proving the comparison principle. Finally, we address the question of whether a given

proper elliptic operator F ∈ C(G) admits a subequation F that satisfies the compatibility

condition (1.13). We present three examples that show that this can be easy, impossible

or requires some work.

2. Two simple examples of the correspondence principle

As a warm-up to the general correspondence principle, we consider two simple but

representative examples of the correspondence principle. We start with the most classical

example of the potential theory of subharmonic functions determined by the Laplace

operator and then the potential theory of convex functions determined by the minimal

eigenvalue operator. Both are examples of pure second order potential theories with

constant coefficients, which allows for a streamlined notational treatment by ignoring the

“silent variables” (x, r, p) ∈ X×R×Rn in the space of 2-jets over an open subset X ⊂ Rn.

2.1. The correspondence principle in Laplacian potential theory. We discuss two

versions of the correspondence principle between sub/supersolutions of Laplace’s equa-

tion and conventional sub/superharmonic functions. The two versions differ only in the

regularity of the functions in play; one for classical (C2) regularity and the other for mere

semicontinuity (viscosity notions). The passage from the first niotion to the second notion

is instructive because it highlights the importance of degenerate ellipticity for operators

and positivity for constraint sets in a potential theory.
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Consider the Laplace operator F : S(n)→ R defined by F (A) := trA which determines

the Laplace equation

(2.1) F (D2u) = trD2u = ∆u = 0 in X ⊂ Rn open.

Notice that F has constant coefficients and is a pure second order operator. Naturally

associated to F is the pure second order constant coefficient subharmonic constraint set

(2.2) H := {A ∈ S(n) : F (A) = trA ≥ 0}.

Classical formulation: For u ∈ C2(X) one has the obvious equivalences between the

differential inequality that defines classical subsolutions of (2.1) and the differential in-

clusion that defines classical H-subharmonics; that is,

(2.3) F (D2u(x)) ≥ 0 ⇔ D2u(x) ∈ H, for each x ∈ X

and between classical supersolutions of (2.1) and classical H-superharmonics

(2.4) F (D2u(x)) ≤ 0 ⇔ D2u(x) ∈ −H, for each x ∈ X.

Since D2(−u) = −D2u, one has that u is H-superharmonic if and only if −u is H-

subharmonic where H is self-dual (see subsection 3.3 for the general notion of duality) in

the sense that

H = H̃ := −(IntH)c

and hence

u ∈ C2(X) is H-superharmonic in X ⇔ −u is H̃-subharmonic in X.

The equivalences above are the correspondence principle for the Laplace operator and the

harmonic constraint set for C2 functions.

Notice that the pair (F,H) has the related monotonicity properties:

F (A) ≤ F (A+ P ), for every A ∈ S(n) and P ≥ 0 in S(n) (Degenerate Ellipticity)

A ∈ H ⇒ A+ P ∈ H, for every P ≥ 0 in S(n) (Positivity)

These monotonicity properties ensure that the correspondence principle above for u ∈

C2(X) extends to semicontinuous functions by using viscosity notions.
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Viscosity formulation: For the viscosity calculus, it is convenient to consider semi-

continuous functions taking values in the extended reals [−∞,∞], more precisely we will

define

USC(X) := {u : X → [−∞,+∞) : u(x) ≥ lim sup
X3y→x

u(y), for each x ∈ X}

and

LSC(X) := {u : X → (−∞,+∞] : u(x) ≤ lim inf
X3y→x

u(y), for each x ∈ X}.

The basic idea of the viscosity formulation is the following. In the differential inequalities

and differential inclusions for operators and constraints, for each x ∈ X replace the

Hessian D2u(x) (which only makes sense for u twice differentiable) with

D2,±
x u := {D2ϕ(x) : ϕ is C2 near x, u

≤
≥
ϕ near x, and u(x) = ϕ(x)};

the set of Hessians of upper/lower contact functions ϕ for u at x. One clearly has the two

equivalences: for each u ∈ USC(X) and each x ∈ X

(2.5) F (A) = trA ≥ 0, for each A ∈ D2,+
x u ⇔ D2,+

x u ⊂ H.

and for each u ∈ LSC(X) and each x ∈ X

(2.6) F (A) = trA ≤ 0, for each A ∈ D2,−
x u ⇔ D2,−

x u ⊂ −H ⇔ D2,+
x (−u) ⊂ H̃.

The validity of (2.5) and (2.6) is the correspondence principle in the conventional Lapla-

cian case.

Two remarks are worth recording.

Remark 2.1. It is straightforward to check that the properties (2.5) and (2.6) are equiv-

alent to the validity of the classical mean value inequalities on balls and spheres contained

in X

Remark 2.2. The related monotonicity properties of degenerate ellipticity for F and

positivity for H are necessary in order for the viscosity notions to be well defined. Indeed,

suppose that u is a viscosity subsolution for F (D2u) = 0, but that degenerate ellipticity

fails for F . Then for some A ∈ S(n) and in some direction P ∈ S(n) one has F (A) >
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F (A + P ). This is a problem if F (A) = 0 since, for each upper contact function ϕ for u

at x0 with D2ϕ(x0) = A,

ϕ̃(x) := ϕ(x) +
1

2
〈P (x− x0), x− x0〉

is also an upper contact function for u at x0 but

F ((D2ϕ̃)(x0)) = F (A+ P ) < F (A) = 0,

contradicting the the fact that u is a viscosity subsolution.

2.2. The correspondence principle in convex potential theory. Consider the con-

vexity constraint set:

(2.7) P := {A ∈ S(n) : A ≥ 0}.

As shown in [12], the set of functions P(X) := {u ∈ USC(X) : u is P-subharmonic on X}

coincides with set the of functions which are convex (on the connected components where

u 6= −∞). Moreover, the constraint set P can be described in terms of the minimal

eigenvalue operator

(2.8) P = {A ∈ S(n) : F (A) := λmin(A) ≥ 0 in S(n)}.

This easily yields the correspondence principle for the operator-constraint set pair (λmin,P);

namely for each u ∈ USC(X) and each x ∈ X

(2.9) λmin(A) ≥ 0, for each A ∈ D2,+
x u ⇔ D2,+

x u ⊂ P

and for each u ∈ LSC(X) and each x ∈ X

(2.10) λmin(A) ≤ 0, for each A ∈ D2,−
x u ⇔ D2,−

x u ⊂ −(IntP)◦.

Taken together (2.9) and (2.10) say that for u ∈ USC(X)

(2.11) u is P-subharmonic in X ⇔ u is a subsolution of λmin(D2u) = 0 in X

and for u ∈ LSC(X)

(2.12) u is a supersolution of λmin(D2u) = 0 in X ⇔ u is P-superharmonic in X.
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The “super” part of the correspondence principle has an equivalent reformulation by

exploiting duality. Consider the dual constraint set

(2.13) P̃ := −(IntP)c = {A ∈ S(n) : λmax(A) ≥ 0}

is called the subaffine constraint set because u ∈ USC(X) is P̃-subharmonic if and only

if it is subaffine; that is, it satisfies the following comparison principle: for each Ω ⊂⊂ X,

u ≤ a on ∂Ω ⇒ u ≤ a on Ω, for each affine function a on Rn.

In the “super” part of the correspondence principle (2.10), for each u ∈ LSC(X) and for

each x ∈ X one clearly has

λmin(A) ≤ 0 for each A ∈ D2,−
x u ⇔ λmax(A) ≥ 0, for each A ∈ D2,+

x u,

which in light of (2.13) yields

(2.14) u is a supersolution of λmin(D2u) = 0 in X ⇔ −u is P̃-superharmonic in X.

3. General potential theories

In this section, for the benefit of the reader, we give a brief description of the notions

from general potential theories that will be used in the general correspondence principle of

section 5. We will adopt an informal style; avoiding a long sequence of formal definitions

but providing a precise description of what is needed. In all that follows, X is an open

subset of Rn. Denote by J 2 = R× Rn × S(n) the vector space of 2-jets and denote by

J 2(X) := X × J 2 = X × (R× Rn × S(n)),

the (trivialized) 2-jet bundle over X. As presented at the beginning of the introduction,

we adopt jet coordinates

J = (r, p, A) for each J ∈ J 2.

For a subset F ⊂ J 2(X) we will denote by

(3.1) Fx := {J ∈ J 2 : (x, J) ∈ F}, x ∈ X

the fiber of F over x.
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3.1. Subequations. This is the class of “good” constraint sets F ⊂ J 2(X) with a robust

potential theory. There are three axioms. The first two are pointwise monotonicity

properties; namely, the positivity condition

(P) for each x ∈ X : (r, p, A) ∈ Fx ⇒ (r, p, A+ P ) ∈ Fx, for each P ≥ 0 in S(n),

and the negativity condition

(N) for each x ∈ X : (r, p, A) ∈ Fx ⇒ (r, p+ s, A) ∈ Fx, for each s ≤ 0 in R.

The third axiom is the trio of topological stability conditions

(T) F = IntF , (IntF)x = Int (Fx) and Fx = Int (Fx), for each x ∈ X.

Notice that by the first property in (T), F is closed in J 2(X) and each fiber Fx is closed

in J 2 by the third property in (T). Also notice that in the constant coefficient pure second

order case F ⊂ S(n), as discussed in section 2, property (N) is automatic and property

(T) reduces to the first property F = IntF , which is implied by (P) for F closed. Hence

in this case subequations F ⊂ S(n) are closed sets simply satisfying (P).

The conditions (P), (T) and (N) have various (important) implications for the poten-

tial theory determined by F . Some of these will be mentioned at the end of the next

subsection.

3.2. Subharmonics. Given a subequation F , there are two different formulations for its

subharmonics at differing degrees of regularity. A function u ∈ C2(X) is F-subharmononic

on X if

(3.2) J2
xu := (u(x), Du(x), D2u(x)) ∈ Fx, for each x ∈ X.

For u ∈ USC(X), one replaces the two jet J2
xu with the set of upper contact test jets for

u at x

(3.3) J2,+
x u := {J2

xϕ : ϕ is C2 near x, u ≤ ϕ near x with equality in x},

which are the 2-jets of upper contact functions ϕ at x. One says that u ∈ USC(X) is

F-subharmononic on X if

(3.4) J2,+
x u ⊂ Fx, for each x ∈ X,
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and one denotes by F(X) the space of F -subharmononics on X.

We now recall some of the implications that properties (P), (T) and (N) have on an

F -potential theory. Property (P) is crucial for the well-posedness of the (viscosity) notion

of F -subharmonicity, as discussed in Remark 2.2. But it is also needed for C2-coherence,

meaning classical F -subharmonics are F -subharmonics in the sense (3.4), since for u

which is C2 near x, one has

J2,+
x u = J2

xu+ ({0} × {0} × P) where P = {P ∈ S(n) : P ≥ 0}.

Next note that property (T) insures the local existence of strict classical F -superharmonics

at points x ∈ X for which Fx is non-empty. One simply takes the quadratic polynomial

whose 2-jet at x is J ∈ Int (Fx). Finally, property (N) eliminates obvious counterexamples

to comparison. The simplest counterexample is provided by the constraint set F ⊂ J2(R)

in dimension one associated to the equation u′′ − u = 0.

3.3. Duality and superharmonics. A natural notion for a function w ∈ LSC(X) to be

F-superharmononic on X is

(3.5) J2,−
x w ⊂ (IntFx)c , for each x ∈ X (complement in J 2),

where

(3.6) J2,−
x w := {J2

xϕ : ϕ is C2 near x, w ≥ ϕ near x with equality in x},

is the space of lower contact jets for w at x. However, for many reasons, it is better to

reformulate (3.5) using the notion of duality. For a given subequation F ⊂ J 2(X) the

Dirichlet dual of F is the set F̃ ⊂ J 2(X) given by

(3.7) F̃ := (−IntF)c = −(IntF)c (complement in J 2(X)).

With the help of property (T), the dual can be calculated fiberwise

(3.8) F̃x := (−Int (Fx))c = −(Int (Fx))c, for each x ∈ X (complement in J 2).

This is a true duality in the sense that one can show

(3.9)
˜̃F = F and F is a subequation ⇔ F̃ is a subequation.
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Remark 3.1 (Duality reformulation of superharmonics). Making use of duality (3.7) and

the fact that J2,+
x (−w) = −J2,−

x w, it is clear that

(3.10) w is F -superharmonic on X ⇔ −w ∈ F̃(X).

Two additional notions will play a role in the proof of both general correspondence

principles and general comparison principles. We will discuss them next.

3.4. Monotonicity. Given a subsetM⊂ J 2, a subequation F ⊂ J 2(X) isM-monotone

if

(3.11) Fx +M⊂ Fx, for each x ∈ X.

Notice that combining the properties (P) and (N) for any subequation is equivalent to F

being M0-monotone for the minimal monotonicity cone in J 2 defined by

M0 := N × {0} × P = {(s, 0, P ) ∈ J 2 : s ≤ 0 in R and P ≥ 0 in S(n)}.

M0 satisfies properties (P) and (N) (it is M0-monotone) but fails to be a subequation

since it has empty interior and hence property (T) fails.

Consider now the situation in which F has additional monotonicity in the sense that

it is M-monotone for a monotonicity cone subequation M (a subequation which is also

closed convex cone with vertex at the origin). Notice that if F is gradient-free then this

always happens because

M(N ,P) := N × Rn × P

is a monotonicity cone subequation for F .

If F admits a monotonicity cone subequation M, then, using duality, one has the

following important equivalence of jet addition formulas describing M-monotonicity

(3.12) for each x ∈ X : Fx +M⊂ Fx ⇔ Fx + F̃x ⊂ M̃.

Since the dual cone M̃ is also a subequation, it determines a (constant coefficient) poten-

tial theory. If the algebraic statement in the jet addition formula on the right of (3.12)

yields an analytic statement in the form of a subharmonic addition formula

(3.13) u ∈ F(X), v ∈ F̃(X) ⇒ u+ v ∈ M̃(X),
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then one has a clear strategy for proving the comparison principle on Ω ⊂⊂ X:

(3.14) u ≤ w on ∂Ω ⇒ u ≤ w in Ω

for each pair u ∈ USC(Ω), w ∈ USC(Ω) which are F -subharmonic, superharmonic respec-

tively on Ω. Namely, with v := −w ∈ USC(Ω) ∩ F̃(Ω), (3.14) is equivalent to

(3.15) u+ v ≤ 0 on ∂Ω ⇒ u+ v ≤ in Ω, for each u ∈ F(Ω), v ∈ F̃(Ω).

However, if subharmonic addition (3.13) holds, then the comparison principle (3.15) fol-

lows from the Zero Maximum Principle on Ω for dual cone subharmonics:

(3.16) z ≤ 0 on ∂Ω ⇒ z ≤ 0 in Ω, for each z ∈ USC(Ω) ∩ M̃(Ω).

Moreover, the validity of (3.16) for a dual monotonicity cone M̃ on Ω holds if there exists

ψ ∈ USC(Ω) ∩ C2(Ω) which is strictly M-subharmonic on Ω in the sense that

(3.17) J2
xψ ∈ IntM, for each x ∈ Ω.

A classification of monotonicity cone subequationsM is known, together with the deter-

mination of those domains Ω for which (3.17) holds for a givenM (see Chapters 5 and 6

of [3]). The reduction of the comparison principle (3.14) to the zero maximum principle

for dual cone subequations (3.16) is called the monotonicity-duality method for proving

the comparison principle in general potential theories.

Notice that this method requires that jet addition (3.12) implies subharmonic addition

(3.13). When F has constant coefficients (constant fibers) this always happens as is

shown in [3]. In the variable coefficient case, an additional regularity condition on the

subequation suffices.

3.5. Fiberegularity. A subequation F ⊂ J 2(X) is said to be fiberegular if the fiber map

defined by

(3.18) Θ : X → K(J 2) Θ(x) := Fx for each x ∈ X

is continuous where the closed subsets K(J 2) of J 2 are equipped with the Hausdorff

metric topology and X inherits the Euclidian topology of Rn. When F is M-monotone,
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fiberegularity has the more useful equivalent formulation: there exists J0 ∈ IntM such

that for each fixed Ω ⊂⊂ X and η > 0 there exists δ = δ(η,Ω) such that

(3.19) x, y ∈ Ω, |x− y| < δ =⇒ Θ(x) + ηJ0 ⊂ Θ(y).

Note that this property holds for each fixed J0 ∈ IntM if it holds for one J0 (see [6]) and

that fiberegularity is uniform on bounded domains as the δ in (3.19) is independent of

x, y ∈ Ω.

If F is fiberegular and M-monotone, then (3.12) implies the subharmonic addition

formula (3.13) (see Theorem 4.4 of [6]) and hence the comparison principle on Ω of (3.14)

reduces to the zero maximum principle on Ω of (3.16). This is the monotonicity-duality-

fiberegularity method for proving the comparison principle in general potential theories.

4. Nonlinear elliptic differential operators

We now describe the class of degenerate elliptic operators that appears in the general

correspondence principle. An operator F ∈ C(G) where either

G = J 2(X) (unconstrained case)

or

G ⊂ J 2(X) is a subequation constraint set (constrained casee).

is said to be proper elliptic if for each x ∈ X and each (r, p, A) ∈ Gx one has

(4.1) F (x, r, p, A) ≤ F (x, r + s, p, A+ P ) for every s ≤ 0 in R and P ≥ 0 in S(n).

The pair (F,G) will be called a proper elliptic (operator-subequation) pair. In the uncon-

strained case, such operators are often called merely proper operators (starting from [7]).

We prefer to maintain the term “elliptic” to emphasize the importance of the degenerate

ellipticity (P-monotonicity in A) in the theory.

Remark 4.1. (On proper ellipticity) A given operator F must often be restricted to a

suitable background subequation G ⊂ J 2(X) in order to satisfy the minimal monotonic-

ity (4.1) (the constrained case). The historical example is the Monge-Ampère operator
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F (D2u) = det(D2u), where one restricts F to the convexity subequation G = P := {A ∈

S(n) : A ≥ 0}.

Admissible viscosity solutions: Given a proper elliptic operator F ∈ C(G), we say

that

(sub) u ∈ USC(X) is a (G-admissible) subsolution of F (J2u) = 0 on X if for each x ∈ X

(4.2) J ∈ J2,+
x u ⇒ J ∈ Gx and F (x, J) ≥ 0;

(super) u ∈ LSC(Ω) is a (G-admissible) supersolution of F (J2u) = 0 on X if for each

x ∈ X

(4.3) J ∈ J2,−
x u ⇒ either [ J ∈ Gx and F (x, J) ≤ 0 ] or J 6∈ Gx.

In the unconstrained case where G ≡ J 2(X), the definitions are standard. In the

constrained case where G is a proper subset of J 2(X) (G 6= J 2(X)), the definitions give

a systematic way of doing of what is sometimes done in an ad-hoc way (see [24] and [29]).

In the constrained case (sub) says that subsolutions are also G-subharmonic and (super)

says that F (x, J) ≤ 0 for the lower test jets which lie in the constraint Gx.

Associated potential theory: Given a proper elliptic operator F ∈ C(G), a natural

candidate for an associated subequation is defined by the correspondence relation

(4.4) F = {(x, J) ∈ G : F (x, J) ≥ 0}.

The next section gives sufficient conditions under which F defined by (4.4) for a proper

elliptic pair (F,G) is indeed a subequation and if the correspondence principle holds.

5. The general correspondence principle

The following general result is Theorem 7.4 of [6]. For the convenience of the reader,

we reproduce the proof.

Theorem 5.1. Given a proper elliptic operator F ∈ C(G) and the associated constraint

set F defined by the correspondence relation

(5.1) F = {(x, J) ∈ G : F (x, J) ≥ 0}.
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Suppose that F is a subequation and that it satisfies the compatibility condition

(5.2) IntF = {(x, J) ∈ G : F (x, J) > 0},

which for a subequation is equivalent to ∂F = {(x, J) ∈ G : F (x, J) = 0}. Then the

correspondence principle holds; that is:

u is F-subharmonic in X ⇔ u is a subsolution of F (J2u) = 0 in X.

u is F-superharmonic in X ⇔ u is a supersolution of F (J2u) = 0 in X.

Proof. By definition, u ∈ USC(X) is a (G-admissible) subsolution of F (J2u) = 0 if for

each x ∈ X:

J2,+
x u ⊂ Gx and F (x, J) ≥ 0, for each J ∈ J2,+

x u,

which, for F defined by the correspondence relation (5.1), is the F -subharmonicity of u.

By duality, u ∈ LSC(X) is F -superharmonic if and only if −u ∈ USC(X) is F̃ -

subharmonic; i.e. for each x ∈ X:

(5.3) J2,+
x (−u) ⊂ F̃x := − (IntFx)c ,

but J2,+
x (−u) = −J2,−

x u and so (5.3) is equivalent to

J2,−
x u ⊂ (IntFx)c ,

which, by the correspondence relation (5.1) and the compatibility condition (5.2), means

∀ J ∈ J2,−
x u : either J 6∈ Gx or [J ∈ Gx and F (x, J) ≤ 0],

which is the definition of u being a (G-admissible) supersolution of F (J2u) = 0. �

5.1. Remarks and questions concerning the correspondence principle. Two im-

portant remarks should be made concerning the general correspondence principle. The

first remark highlights an important consequence of the theorem and raises a question

about the applicability of the theorem. The second remark begins an answer to the

question.
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Remark 5.2. Theorem 5.1 says that the potential theory determined by any given sube-

quation F ⊂ J 2(X) captures the subsolutions/supersolutions/solutions of the equation

F (J2u) = 0 for every proper elliptic operator F ∈ C(G) which is compatible with F . This

raises the question of whether given either a subequation F or a proper elliptic operator

F , can one determine the other so that the pair (F,F) is compatible?

Remark 5.3. Concerning the question raised in the remark above, we note that every

subequation F admits associated compatible operators; one example is the signed distance

operator defined by

F (x, J) =

 dist(J, ∂Fx) J ∈ Fx

−dist(J, ∂Fx) J ∈ J 2 \ Fx

,

where Fx denotes the fiber of F over x (as defined in (3.1)). On the other hand, given a

proper elliptic operator F ∈ C(G), the theorem requires that F defined by the correspon-

dence relation (5.1) is indeed a subequation and that it also satisfies the compatibility

condition (5.2).

We formalize two questions concerning the applicability of Theorem 5.1.

Question 5.4. Given a proper elliptic operator F ∈ C(G), what structural conditions on

(F,G) ensure that the constraint set F defined by the correspondence relation

(5.4) F = {(x, J) ∈ G : F (x, J) ≥ 0},

is a subequation?

Question 5.5. Given a proper elliptic operator F ∈ C(G), is it possibile to find a corre-

sponding subequation that also satisfy the compatibility condition

(5.5) IntF = {(x, J) ∈ G : F (x, J) > 0} ( equiv. ∂F = {(x, J) ∈ G : F (x, J) = 0})?

One answer to Question 5.4 will be given in subsection 5.2 and a discussion of Question

5.5 will be given in subsection 5.3
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5.2. FiberegularM-monotone subequations and operators. In this subsection, we

give an answer to Question 5.4. Given a proper elliptic operator F ∈ C(G), for each x ∈ X

and for each (r, p, A) ∈ Gx, proper ellipticity means

(5.6) F (x, r, p, A) ≤ F (x, r + s, p, A+ P ) for every s ≤ 0 in R and P ≥ 0 in S(n).

The constraint set F defined by (5.4) has fibers (see the definition (3.1)):

(5.7) Fx = {(r, p, A) ∈ Gx : F (x, r, p, A) ≥ 0},

which clearly satisfy the fiberwise subequation properties (P) and (N); that is,

(r, p, A) ∈ Fx ⇒ (r, p+ s, A+ P ) ∈ Fx, for every P ≥ 0 in S(n) and s ≤ 0 in R.

The subequation topological stability properties (T)

F = F◦, (F◦)x = (Fx)◦ , Fx = (Fx)◦

can be proven under additional assumptions ofM-monotonicity and fiberegularity of the

pair (F,G). More precisely, we assume that (F,G) is an M-monotone pair, that is, there

exists a monotonicity cone subequation M⊂ J 2 such that for each x ∈ X

(5.8) Gx +M⊂ Gx and F (x, J + J ′) ≥ F (x, J) for each J ∈ Gx, J ′ ∈M.

Next, we assume that (F,G) is fiberegular pair in the sense that the following two condi-

tions hold. First, G is fiberegular; that is, the fiber map

(5.9) Θ : X → J 2 defined by Θ(x) = Gx is continuous,

which has the equivalent formulation given in (3.19) if G isM-monotone. Second, assume

that: there exists J0 ∈ IntM such that for each Ω ⊂⊂ X and η > 0 there exists

δ = δ(Ω, η) > 0 such that

(5.10) F (y, J + ηJ0) ≥ F (x, J), for every J ∈ Gx and x, y ∈ Ω with |x− y| < δ.

Remark 5.6 (FiberegularM-monotone pairs (F,G)). Every gradient-free proper elliptic

pair (F,G) is M-monotone with

M := N × Rn × P .
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EveryM-monotone pair (F,G) is fiberegular (the conditions (5.9) and (5.10) hold) in the

unconstrained (conventional) case where G = J 2 or in the constant coefficient case.

The following result (Theorem 7.11 of [6]) gives an answer to Question 5.4.

Theorem 5.7. Let (F,G) be a fiberegular M-monotone pair (i.e. (5.8), (5.9) and (5.10)

hold). Then the constraint set defined by (5.4)

F = {(x, J) ∈ G : F (x, J) ≥ 0}

is a fiberegular M-monotone subequation. Moreover, the fibers are non empty if

Γ(x) := {J ∈ Gx : F (x, J) = 0} 6= ∅, for each x ∈ X.

Each fiber of F is not all of J 2 in the contrained case and also in the unconstrained case

if one assumes

{J ∈ J 2 : F (x, J) < 0} 6= ∅, for each x ∈ X.

We refer the reader to [6] for a complete proof, but a guide to the proof follows. As

noted above, the subequation properties (P) and (N) for F follow automatically since

M-monotonicity implies the proper ellipticity of the pair (F,G). The proof of the M-

monotonicity of F also follows easily by the definitions. The proof that the subequation

property (T) holds for F if (F,G) is a fiberegularM-monotone pair makes use of a careful

analysis of the relations between the triad of conditions contained in property (T) (see

Proposition A.2 and Proposition A.5 of [6]). The proof of the fiberegularity of F (in the

non automatic conditions) is straightforward.

Remark 5.8 (On M-monotonicity and fiberegularity). These two additional conditions

are used here to show that the candidate constraint F defined by the correspondence rela-

tion (5.4) is indeed a subequation, but it gives more. Namely, one also obtains the fibereg-

ularity and M-monotonicity, which are used in the monotonicity-duality-fiberegularity

method for proving potential theoretic comparison. Moreover, in light of the correspon-

dence principle, the potential theoretic comparison principle (for F) passes to the operator

theoretic comparison principle (for the PDE determined by the operator F ∈ C(G)).
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5.3. Finding compatible subequations. We close by addressing Question 5.5 of whether

given a proper elliptic operator F ∈ C(G) can one find a subequation F which is com-

patible with F? We will present three examples which illustrate that this can be easy,

impossible or requires some work.

Example 5.9 (Perturbed Monge-Ampére). With f ∈ C(X,R) non-negative and M ∈

C(X;S(n)) consider the equation

(5.11) det
(
D2u+M(x)

)
= f(x), x ∈ X.

In order to have degenerate ellipticity for F , it is necessary to restrict F (x,A) := det (A+M(x))−

f(x) to the subequation constraint set G defined by

Gx = {(r, p, A) ∈ J 2 : A+M(x) ≥ 0}, x ∈ X.

It is clear that the pair (F,G) is M-monotone for the monotonicity cone subequation

M = R× Rn × P and that (F,G) is fiberegular.

Hence F defined by the correspondence relation (5.4)

Fx = {(r, p, A) ∈ Gx : F (x,A) := det (A+M(x))− f(x) ≥ 0}, x ∈ X

is anM-monotone fiberegular subequation. Finally, it is easy to see that the compatibility

condition (5.5) holds; so the correspondence principle holds and the monotonicity-duality-

fiberegularity method applies.

Note: This “easy” example is also a good example of “potential theory helping the op-

erator theory” in the following sense. In order to apply to prove the comparison principle

or make use of Perron’s method, conventional viscosity methods (see [7]) require M to

be the square of a Lipschitz matrix-valued map. We require only that M is continuous.

It follows that the comparison principle holds for each Ω ⊂⊂ X and Perron’s method

applies (if ∂Ω stricly convex and C2). See Theorem 5.9 [4] for details.

Example 5.10 (Optimal transport with directionality). With f ∈ C(X), g ∈ C(Rn)

non-negative consider the equation

(5.12) g(Du) det(D2u) = f(x), x ∈ X.
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A natural compatible subequation is given fiberwise by

Fx = {(r, p, A) ∈M(P) := R× Rn × P : F (x, p, A) ≥ 0}, x ∈ X,

with F (x, p, A) := g(p) det (A) − f(x). The subequation axioms (P) and (N) and the

compatibility condition (5.5) hold for F , but M-monotonicty (5.8) and fiberegulairty

(5.9)-(5.10) may fail for (F,M(P)).

For (5.8), assume that the gradient factor g has the monotonicity property of direc-

tionality; that is, there exists D ⊂ Rn a closed convex cone with vertex at the origin such

that

(5.13) g(p+ q) ≥ g(p), for each pair p, q ∈ D.

Then, restricting F to the monotonicity cone with constant fibers Gx = M(D,P) :=

R×D ×P gives a M(D,P)-monotone pair (F,G), where G is trivially fiberegular ((5.9)

holds).

The other part of fiberegularity (5.10) holds with an additional regularity property on

g: there exist q̄ ∈ IntD and ω : (0,∞)→ (0,∞) satisfying ω(0+) = 0 such that

g(p+ ηq̄) ≥ g(p) + ω(η) for each pair p, q ∈ D and for each η > 0.

Note: The equation (5.12) describes the optimal transport plan from the source density

f to the target density g (see [8] or [30] for a description of the problem).

Example 5.11 (Correspondence fails). Consider the constant coefficient gradient free

equation

(5.14) det(D2u)− u = 0.

F (r, A) := det(A) − r is proper elliptic when restricted to the monotonicity cone sube-

quations

G1 = {(r, A) ∈ R× S(n) : r ≤ 0, A ≥ 0} or G2 = {(r, A) ∈ R× S(n) : A ≥ 0}.

Clearly (F,Gk) is an M-monotone pair with M = Gk and is fiberegularity since it has

constant coefficients.
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However, theM-monotone fiberegular subequations Fk defined by the correspondence

relation (5.4)

Fk := {(r, A) ∈ Gk : F (r, A) := det(A)− r ≥ 0}

have boundaries which contain the set

{(r, A) ∈ R× S(n) : r < 0 and A = 0},

whose harmonics are negative affine functions, which do not satisfy (5.14); the correspon-

dence principle fails.

Note: The problem here is that the compatibility condition (5.5) fails

∂Fk 6= {(r, A) ∈ Gk : F (r, A) = 0},

although ∂Fk ⊃ {(r, A) ∈ Gk : F (r, A) = 0}; that is ∂Fk is too large.

Acknowledgments

Payne partially supported by the Gruppo Nazionale per l’Analisi Matematica, la Prob-
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