FULLY NONLINEAR EQUATIONS WITH SINGULAR POTENTIALS
IN PUNCTURED BALLS

EQUAZIONI COMPLETAMENTE NON LINEARI CON POTENZIALI
SINGOLARI IN SFERE BUCATE

FABIANA LEONI

ABSTRACT. We present the results contained in [6, 7], concerning radial solutions of fully
nonlinear, uniformly elliptic equations posed in punctured balls, in presence of radial
singular quadratic potentials. We discuss both the principal eigenvalues problem and
the case of equations having also absorbing superlinear zero order terms: for the former
problem, we explicitly compute the principal eigenvalues, thus obtaining an extension
to the fully nonlinear framework of the Hardy-Sobolev constant; for the latter case, we
provide a complete classification of solutions based on their asymptotic behavior near

the singularity.

SUNTO. Vengono presentati i risultati contenuti in [6, 7], riguardanti soluzioni radiali di
equazioni uniformemente ellittiche completamente non lineari, in cui compaiono poten-
ziali singolari radiali quadratici. Si considerano sia il problema agli autovalori principali
sia il caso di equazioni aventi anche termini di assorbimento superlineari di ordine zero:
per il primo problema, viene dato il valore esplicito dell’autovalore principale, che es-
tende al caso completamente non lineare la cosiddetta costante di Hardy-Sobolev; per
il secondo problema, viene presentato un risultato di classificazione di tutte le soluzioni

radiali in base al loro comportamento asintotico nella singolarita.
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1. INTRODUCTION

The aim of the present paper is to report on the recent results obtained in [6, 7] about
two strongly related problems involving second order, fully nonlinear, uniformly elliptic
equations posed in the punctured unit ball. Namely, we focus on radial solutions of the

eigenvalue problem

—~M*(D*u) = )\W in B\ {0}

(1)
u>0in B\ {0},u=0 on 0B

and of the equations containing also a p-power superlinear zero order terms

—~M*E(D?*u) +uP = ,u‘ B in B\ {0}
(2)
u>0in B\ {0}

both characterized by the presence of the singular inverse quadratic potential |z|72.
We use the notation
e B = B;(0) is the unit ball in R™;
e )\ € R is the principal eigenvalue;
e i € R is a parameter which will be related to X;
e p > 1 is the exponent of the superlinear absorbing zero order term;

° /\/lf , are Pucci’s extremal operators with ellipticity constants A > X > 0.

We recall that Pucci’s extremal operators My , and /\/l;f , are respectively defined as

M (X)) = inf tr(AX) =2 ZMZ+A Zuz

AcAa wi>0 <0
M A\(X) = sup tr(AX)=A ZM’+)‘ Z,uz
AEAA A w1i>0 ;<0

where Ayp = {A€ S, : AN, < A<AIL}, S, being the space of symmetric matrices
of order n and [,, the identity matrix, and pq,..., u, are the eigenvalues of any matrix
X € S,.

Originally introduced in [21], Pucci’s extremal operators are the prototypes of second

order, fully nonlinear, uniformly elliptic operators. They naturally arise in the context
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of nonlinear PDEs, as particular diffusion models in elasticity and fluid dynamics. We
recall that they act as barriers in the whole class of uniformly elliptic operators having

the same ellipticity constants, that is
MiAX) < F(X) < M, (X)

for any uniformly elliptic F' having ellipticity constants A, A and satisfying F'(O) = 0,
with O being the null matrix. As a consequence, they play a crucial role in the regularity
theory for fully nonlinear elliptic equations, see [9]. Moreover, they find some applications
in specific stochastic differential equations, free boundary problems and optimal stopping
problems that model some financial phenomena, see e.g. [12, 18].

Pucci’s extremal operators are mutually related by the identity
Mia(=X) = =M\ (X)
and they both can be seen as a generalization of Laplace operator
MEAX) = M (X) = Atr(X)

Let us emphasize that, for A < A, operators /\/lf , are neither linear nor in divergence

form. As an example, we observe that the homogeneous plane equation

M\ (D*u) =0 inR?

MZQE—%SJEM%SmW.

However, uniform ellipticity is preserved. Moreover, when evaluated on smooth radial

is equivalent to

functions, Pucci’s operators take an explicit expression which resembles that of the Lapla-
cian and leads to ordinary differential equations with piecewise constant coefficients. In-

deed, for smooth, radial functions u(x) = u(|z|), Pucci’s operators can be written as

ME(D*u) = A" (r)" = Au"(r))”

+Am_¢>C“”)+—Am—¢>C””>,

r
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as well as
MT(D*u) = Mu"(r)" = Au"(r)”
A(n—1) (M) " A1) <M> :
r r

Thus, the ODEs satisfied by radial solutions u of Pucci’s extremal equations have co-
efficients jumping at the points where u changes monotonicity and/or convexity. For
fixed monotonicity /convexity regime, the obtained ODEs are analogous to the ones as-
sociated with Laplace operator. The coefficients are replaced by new ones depending on

the dimension like parameters

A A

We will refer to 714 as the effective dimension associated with M¥ respectively. Note that
one has always

n_>mn2>mny,

with equalities holding true if and only if A = A\. We will assume always that n, > 2.
For problem (1), we are interested in the existence of constant sign solutions. In this
case, the value \ is referred to as the principal eigenvalue. The main difficulty we have
to face is the proof of existence and comparison results for unbounded solutions. We will
reach the conclusion by using a sort of variational characterization and an approximation
argument by considering subquadratic singular potentials |z|~7, with 0 < v < 2. In
case of Laplace operator, the principal eigenvalue X is explicitly known, and it is the
inverse of the best constant in Hardy’s inequality. For Pucci’s operators, we obtain here
an analogous explicit expression which extends to the fully nonlinear setting the best

constant in Hardy’s inequality. The results are presented in Section 2.

For problem (2), we are concerned with the classification of all possible radial solu-
tions based on their asymptotic behavior around the origin. In case of Laplace operator,
the problem has been extensively studied, see [10], but, once again, the non variational
structure of Pucci’s operators makes previously developed energy based methods not di-
rectly applicable to the fully nonlinear setting. We will use then ad hoc techniques:

construction of local barriers, new comparison results for singular solutions and use of
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the Emden—Fowler transformation in order to apply the theory of planar autonomous dy-
namical systems to the equation satisfied by the new unknown. The results are described

in Section 3.
2. THE PRINCIPAL EIGENVALUES PROBLEM.
In the linear case A = A, up to a constant factor, problem (1) becomes
—Au = \—r in B\ {0}

u>0in B\{0}, u=0 on 0B

which can be solved by considering the minimum problem

A= inf /|Vu|2dx
w@)2_y Jp

uweH(B), [ FEi

i.e. by minimizing the normalized related Rayleigh quotient.
The problem is well studied and X is nothing but the inverse of the best constant in

Hardy’s inequality, that is
(n—2)
T

However, due to the lack of compactness of the inclusion of H}(B) into L? (B, #), A

X:

is not a minimum and the problem has no finite energy solutions. An explicit radial
solution, not belonging to Hj(B) and usually called virtual minimizer, is
o= iz

x| 2
The relevant literature in the linear case is extremely extensive. We quote here only
the monographs [10, 20] for Hardy type inequalities and related elliptic (and parabolic)
problems involving inverse squared potential.

In the fully nonlinear case, we can follow the same approach used to study the principal
eigenvalue problem for regular potentials.

Let us define the eigenvalue on the model of [1], i.e. by the optimization formula
A r=sup{p : Jue C(B\{0}),

w>0in B\ {0}, M*(Du) + p—s < 0}

[
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This is the standard approach used to study eigenvalues problems in the fully nonlinear
framework, see e.g. [19, 8, 17, 4, 5, 22, 2].

Having in mind the results in the linear case, one immediately realizes that also for the

operators M¥ there are explicit solutions of the eigenvalue problem. Namely,

—1 iy — 2\
u<r>=ﬁ—rﬁ:»—M+<DQu>:A(”* ) 2
s 2 r
—Inr P o —2\" u
ur) = ——= = —-M"(D7u) = A =
e 2 r

Then, by definition, one has
iy —2\> - ao—2\? -
A< *2 ) < AMH), /\< - ) < AM7).

In case of regular coefficients and bounded solutions, the inequalities above are usually

sufficient in order to establish equalities. Indeed, a usual argument by contradiction is:

assume that the inequalities above are strict. Then, there exist positive supersolutions at

values = A (ﬁ+2_2>2 and p = A (ﬁ2_2>2 respectively, and, as a consequence, maximum
principle holds true for subsolutions of problem (1) with these values of p. This yields
a contradiction with the existence of positive solutions vanishing on the boundary. The
above argument fails in the present case because of the lacking of the maximum principle
for unbounded singular solutions, even if there exist positive supersolutions.

In order to establish equalities, we pursue the analogy with the linear case, fully taking
advantage of the radial symmetry. We explain the argument used for M™, the case of

M~ being completely analogous.

Let us introduce the space of functions

V= {ue C*[0,1]) : «/(0) =0, supp(u) compact in [0,1)} ,

1 1/2
] = ( / |u'|2rﬁ+—1dr) |
0

and let us denote by H} the closure of V. Then, for all ¥ < 2, we can consider the

endowed with the norm

minimum problem

1
My var P = inf / |/ |r™+tdr
uEH} 0

fol w2r™+ 17 dr=1
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Arguing exactly as in the linear case, one easily proves that
iy —2\°
>\2,va7’ = 9 .

Ay var = A2var as y — 2.

Furthermore, one has

Indeed, one can first observe that, by their own definition, Ay yar < Ay var-

On the other hand, for any € > 0 there exists v € H} such that

1 1
/ [ [2r " dr < (Agpar + e)/ o2+ =3dr .
0 0

Moreover, there exists 7, sufficiently close to 2 in order that, for v > =, ,

1 1
/ loPr™ 1 dr > (1 — e)/ o2+ 3dr
0 0

Thus, one has

1 1
A T e e
0 0

which yields
)\'y,var < ()\Z,Uar + 6)(1 - €>_1 .

For 1 < v < 2 the variational formulation produces a solution of the ODE which is
always decreasing and convex, so that it is a radial solution for Pucci’s operators, i.e. a
solution to

—ME(D?u) = ANy par —
x|

u>0in B\ {0}, u=0 on 0B

in B\ {0}

For subquadratic potentials we have a comparison principle for smooth, radial, bounded

sub and super-solutions which does not require any condition at the origin.

Theorem 2.1. Let f € C(B) and u,v € C (B)NC?*(B\{0}) be radial functions satisfying
F(D?*u) > f(r)r7 > F(D%) in B\ {0},

where F' is any second order fully nonlinear uniformly elliptic operator. Then, u < v on

OB implies u < v in B.
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We emphasize that sub and super solutions may be really singular at the origin, so
that the result is not due to the removability of the singularity. For a proof of the above
theorem we refer to [6].

The analysis we performed in the subquadratic case 7 < 2 guarantees the validity of

the maximum principle "below” the eigenvalue, and we can conclude e.g. for operator

Ma
1<y<2= A=A\ par-

Hence, by using also the monotonicity of the eigenvalue with respect to the potential, we

deduce

_ A.—9\2% _
AgszAAWT@AAQ,W:A(”* ) <.

Perfectly analogous results can be obtained for the operator My ,, yielding the following

theorem.

Theorem 2.2. For the eigenvalue problem (1) one has:

_ ) 2 ) 2
) AM?) =A(22) , AM7) =N (252) and the functions u*(z) = 2%
2 2 P

are related explicit eigenfunctions;

(ii) M(M™) are stable with respect to potential and domain approzimations:
AM*) = lim A, (MF)
Y2
AMZ) = lim A(M=, B\ By)
6—0

(M=) = lim X (Mi L)

e—0 T2 4 e?

(iii) for any uniformly elliptic operator F' having ellipticity constants A < A, one has

A complete proof can be found in [6].
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3. EQUATIONS WITH SUPERLINEAR ABSORBING TERMS.

For problem (2), we are interested in existence of positive radial solutions and their
asymptotic behavior as r — 0. Let us state here the results we obtained in the case
0 < 4 < A and for the operator M™.

We start by observing that there are three growth exponents naturally associated with
the equation

—~ M (D*u) +uP = ,uﬁ in B\ {0}
The first one is the exponent of the scaling invariance of the equation, namely

2

p—1

Indeed, if u is a solution, then the same holds true for

Ua (1) = atruy <£> for all o > 0.
a

The other two exponents are the growth exponents of the power functions which are
solutions of the equation
+( 2 w o
—M™ (D) T in B\ {0},
x
namely the roots of the algebraic equation

2_~_2 H:
v = (Ny )7+A 0

which has the two positive solutions

clearly satisfying
0<7- <7t.

1

The functions o and —L

||

— are sometimes referred to as fundamental solutions of the
equation

~M*(D*) = p— in B\ {0}.

ks
The three exponents ]ﬁ ,7t and 7~ describe all the possible behaviors of solutions of

equation (2) around the origin, according to the following result.
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Theorem 3.1. Let u be a classical radial positive solution of (2). Then, for some ¢ > 0,

asr — 0 one has
(i) f l<p<1l+ 2%, ie whent™ <7 < 1%’ then

T T

either u(r)r™ — ¢ or u(r)r™ — ¢ or u(r)r% —c
(ii) if1+% <p< 1—1—%, i.e. when 77 < p%l <7t then
u(r)r™ — ¢
(iii) ifp=1+ Tl_, i.e. when T = ]ﬁ, then
w(r)r™ |Inr|T ¢
(iv) if p > 1+ =, i.e. when z% <77 < 7", then
u(r)re—1 — ¢
For the proof, we refer to [7]. Let us recall here its basic ingredients.
The first essential tool in our proof is a new comparison principle facing the problem
of unbounded solutions. It relies on the absorbing capability of the superlinear zero order
term and, even if we state here the result for the operator M™, it holds true for any

second order degenerate elliptic operator. See [7] for the proof.

Theorem 3.2. Let > 0, p > 1 and let u and v be two positive radial functions in
C? (B \ {0}) satisfying

MF(D?u) + /LT—UQ —u? > 0> M (D) + ,u:—g —o?  in B\ {0}.

Assume that u, v € C (B \ {0}) and that there exist positive constants c1, cs such that

2

car p 1 <au(r),o(r) < Cor P for 0 <r<rog<1.

If u(1) < (1), then u < v in B\ {0}.

Another tool we employ in the proof of Theorem 3.1 is the change of variable given by
the classical Emden-Fowler transformed, see [13], which is given by

2

z(t) = er1'u(e") t<0.
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The Emden-Fowler transformed is classically used to study semilinear homogeneous equa-
tions. In the fully nonlinear setting, it has been firstly used for radial solutions of equations
involving Pucci’s extremal operators in [11], and subsequently applied in [3, 14, 15].

In order to explain the usefulness of such a change of variable, let us show the compu-

tation for semilinear equations. We observe that if u is a radial solution of
u
_ p_
Au+uP = p 2
then the new unknown x(t) satisfies the autonomous equation

4 4 2
x”+<N—2——)x'+(—— N—2—+,u>x:xp
p—1 (p—1)2 ( )p—l

or, equivalently,

N -2 2 2 2
7 2 _ / — T =  _,t = P
x + < 7 p_1>:l:+(p_1 T)(p_l 7')3: x

The asymptotic analysis for t — —oo of solutions to the above equation above equation

can be performed by applying the theory of planar autonomous dynamical systems, in
particular the Poincaré-Bendixson theorem, see [16], yielding that a trajectory (z(t), 2'(t))
converges to an equilibrium point of the given equation as t — —oo.

In the considered case, the equilibria are

=0,

o= () )

the latter existing provided that either -2 < 7~ or —=- > 77.
p—1 p—1

and

Now, one has
2
xz(t) = " ast — —oo <= u(r)rr—1 — " asr — 0,

whereas if z(t) — 0 as t — —oo, then x(¢) is asymptotic to one of the solutions of the
linearized equation exiting from (0, 0), provided that they exist.

The homogeneous equation

y N -2 2 , 2 . 2 n
2" 42 - P ) (2 e ) e =0
2 p—1 p—1 p—1
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has the solutions

e)qt , 6)\215
with
2 2
M=———7T", N=—+—7
p—1 p—1
so that
z(t)e ™ = cast — —oco <= u(r)r” —casr—0

as well as

z(t)e ™ = cast — —oo <= u(r)r’ —casr—0

The possible different behavior of u(r) as r — 0 then can be explained as consequences

of the possibilities

or

or

x(t) = ¢

r(t)e ™ — ¢

z(t)e ™2 — ¢

as t — —oo, which can occur only if ¢* > 0, Ay > 0 and \y > 0. We refer for details to

the proofs given in [7].
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