A SURVEY ON BOUNDARY REGULARITY FOR THE FRACTIONAL
p-LAPLACIAN AND ITS APPLICATIONS

UN’INDAGINE SULLA REGOLARITA ALLA FRONTIERA PER IL
p-LAPLACIANO FRAZIONARIO E LE SUE APPLICAZIONI

ANTONIO TANNIZZOTTO

ABSTRACT. We survey some recent regularity results for fractional p-Laplacian elliptic
equations, especially focusing on pure and weighted boundary Hélder continuity of the
solutions of related Dirichlet problems. Then, we present some applications of such results
to general nonlinear elliptic equations of fractional order, treated via either variational or

topological methods.

SUNTO. Esaminiamo alcuni recenti risultati di regolarita per equazioni ellittiche con
p-laplaciano frazionario, concentrandoci specialmente sulla continuita hélderiana alla
frontiera delle soluzioni dei relativi problemi di Dirichlet. Quindi presentiamo alcune
applicazioni di tali risultati a equazioni ellittiche non lineari di ordine frazionario piu

generali, trattate con metodi sia variazionali che topologici.
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1. INTRODUCTION AND PRELIMINARIES

The purpose of the present note is to survey some recent results concerning regularity of

the solutions of elliptic partial differential equations belonging to the following class:
(1) L5 u=f(z) inQ.

Here Q C RY (N > 2) is an open set, f € L>®(f2), and the leading operator is a nonlinear

one with fractional order 2s, admitting the following representation for v : RY — R

Bruno Pini Mathematical Analysis Seminar, Vol. 15 No. 1 (2024) pp. 164-186
Dipartimento di Matematica, Universita di Bologna

ISSN 2240-2829.
164



BOUNDARY REGULARITY FOR FRACTIONAL p-LAPLACIAN 165

smooth enough and z € RY:

L, xu(z) = lim [u(z) — u(y)P~*(u(z) — u(y) K (z,y) dy,

e=0* JB_(2)e
where s € (0,1), p > 1, and the kernel K : RY x RY — R is a measurable function s.t. for
a.e. zr,y € RN
(K1) K(z,y) = K(y, ©);
(Ky) Ay < K(x,y)|z — gV <Ay (0< Ay < Ay).
If Ay = Ay = Cn,s > 0 (a normalization constant which varies from one reference to
another), L: i becomes the s-fractional p-Laplacian, namely,

(—A)Su(x) _ CNps lim \u(x) — u(y>’p_2(u(x) — u(y)) d

P e—0t Be(z)° ’.T — y’Ners

Y.

If, in addition, p = 2, then we retrieve the classical fractional Laplacian (—A)*. In the
linear case, p = 2, elliptic equations of the type (1) and their evolutive counterparts
have countless applications to quantum mechanics, flame propagation, dislocation of
crystals, and above all models based on stable Lévy-type stochastic processes, see [8] for

an elementary introduction to this vast subject.

In the nonlinear framework, the main motivation arises from game theory, which may
lead to either fully nonlinear equations of fractional order, or problems driven by the
fractional oo-Laplacian (the latter is also related to the problem of Hélder continuous
extensions), see [2,9]. Equation (1), however, does not fall in this class, being rather a
general divergence-form nonlinear nonlocal equation, of degenerate (p > 2) or singular
(p < 2) type. The model operator (—A); can be seen as both an approximation of the

p-Laplacian for p fixed and s — 1 (see [42], and [4] for a functional-analytic approach), and

an approximation of the fractional infinity Laplacian for s fixed and p — oo (see [13,52]).

Anyway, also due to its independent mathematical interest, the fractional p-Laplacian
has become a major subject of research in the last decade. Several results on existence,
multiplicity, and qualitative properties have appeared, beginning with the very simple
Morse-theoretic approach of [35], while the regularity theory for such operator has under-
gone a slower development and is growing fast in the last years. The reason for such a gap

is easily understood.
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Indeed, the functional analytic properties of (—A)? like continuity, monotonicity, spectral
properties, and weak minimum /comparison principles do not differ too much from those of
the local p-Laplacian, and the same holds for the more general operator L ., see (35,52].
On the other hand, regularity theory for fractional order operators requires new ideas
with respect to the classical framework, mainly due to two distinctive features: first, the
operator does not involve derivatives, but rather a fractional order difference quotient of
singular nature; second, the operator has a nonlocal nature, meaning that perturbing the
solution outside the domain 2 does affect the equation in 2. The latter, in particular, will
be a crucial element in the forthcoming discussion. Some years ago, the state of the art
on nonlinear nonlocal equations was portrayed in [55,57]. We now aim at providing new
details, including some very recent results, in a smooth exposition. Here we do not cover
the field of evolutive fractional p-Laplacian equation, referring the reader to [49] and the

references therein.

Therefore, in the present note we will focus on some regularity results for solutions of
equations of the class (1), especially on the issue of global (or boundary) regularity for the

solutions of the Dirichlet problem

L u=f(z) inQ

u=0 in Q°.

For the model case K(x,y) = |z — y| V7%, optimal boundary regularity of u, which
amounts to s-Holder continuity in Q, was recently proved in [36], along with Holder
continuity of the quotient u/dist®(-, 2¢). Such study is motivated by some applications to

more general nonlinear equations, which we will discuss at the end of the paper.

First, we need more precise definitions of the involved operators and equations. The
pointwise representation given above for £ - is a bit naive, since in general (especially for
p < 2) the integral may fail to converge. So, we need to define our operator more precisely

in the natural framework of fractional Sobolev spaces, see [21,48].
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For any open set Q C RV, p > 1, s € (0,1) we define the Gagliardo seminorm of a

measurable function v : 2 — R as
o= / / [u(z) —u(y)P dy]é
e OxQ |93 - |N+p5 '
We define the Sobolev space
WeP(Q) = {u € LP(Q) : [ulspa < oo},

a uniformly convex, separable Banach space endowed with the norm

3=

HUHWS"’(Q) = (”u“LP(Q) + [ ]spQ) :

If Q is bounded, we define the localized space

p—1
(RY) : u € WHP(QY) for some ' 3 Q, Mdm<oo},

Wer(Q err
() = {“ en (1 [z]) Ve

loc

while for unbounded 2 we set

WEP(Q) = {ue LV (RY) : uwe W*P(Q) for all Q' € Q}.

loc

We say that u € WP(Q) is a (local weak) solution of (1) if for all ¢ € C>(€)

loc

@) [[ ) = u)P o) —u)ele) = @)K ) dedy = [ fa)o(o)do

Alternatively, weak solutions can be defined by means of the tail spaces introduced in [45],

namely
p—1
LESHRY :{ e LV Y(RY / @ o }
ps ( ) u loc ( ) RN (1 + |$|)N+p8 Z S
We note that W*P(RY) C Lg;l(RN ), while for a general domain € such inclusion is not
granted. Tail spaces, introduced to deal with obstacle problems, provide a more general
framework but at the price of a slightly more complex definition of solutions, so for the

purposes of the present survey we will keep the definition based on Ws’p(Q). If Q is
bounded with a C*!-boundary, then the subspace

WeP(Q) = {ue WHRY): u=0in Q°}
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can be endowed with the norm [[ullys») = [u]spr~ and is compactly embedded into
L1(Q), for all ¢ € [1,p%), where
Np

pi={ N —ps

if ps < N
o0 if ps > N.

In such case, C°(Q2) is a dense subspace of W;*(Q). We say that u € WJP(Q) is a
(weak) solution of (2) if u satisfies (3) for all p € C2°(£2). We are going to investigate the

regularity of such solutions.

2. INTERIOR REGULARITY

In the linear case p = 2, interior regularity of the solutions to (1)-type equations is a well

established subject. For the model operator (—A)?®, we have the following:

Theorem 2.1. (Interior regularity, linear case) Let Q C RY be an open set, s € (0,1)
f e L>®(), and u be a solution of (—A)*u = f in Q. Then:
(i) (Holder continuity) if s # 1/2 then u € CZ.(Q), and if s = 1/2 then u € C2(Q)
for all a € (0,2s);
(i1) (Schauder estimates) if f € C%(Q) and 2s + a ¢ N then u € CEH* ().

loc

In (i) it is understood that, if 2s + a > 1, then u € CL_(Q) and Vu € CZ*(Q).
Theorem 2.1 follows from [26, Theorem 2.4.1, Proposition 2.4.4], see also [1,22,25,61] for
more general linear nonlocal operators invariant by translation, [14,24] for measure-type
kernels, and [54] for a discussion on optimal Holder exponent in (7). Most regularity
results come with a uniform estimate on the Holder norm of solutions. A valuable tool for
linear nonlocal equations is the extension result of [10], which also allows to prove Harnack
inequalities.

In the nonlinear framework, such tools are not fully developed yet. Recently, in [17]
an extension operator relating the fractional p-Laplacian to a local elliptic equation in
dimension N + 1 was introduced, under the condition p(2 — s) < 2 and restricted to

C?-functions. Such result, though interesting as a nonlinear counterpart of [10], does not

provide an equally general and useful tool for regularity theory.
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The first regularity results for nonlinear, nonlocal operators of the form L - are found
in [18,19], where the authors use a nonlocal adaptation of the De Giorgi-Nash-Moser
method to prove that, if f = 0, weak solutions to the equation (1) are locally bounded,
locally Holder continuous with an undetermined small exponent, and satisfy a Harnack
inequality. A similar result is proved with a different method in the recent paper [12],
based on the clustering and expansion of positivity (see also [23]). Both approaches involve
careful estimates of the nonlocal tail, a special quantity depending on the behavior of the
solution u outside a ball Br(z), defined by

()Pt g

(@) |z —y|NPs

Tail(u, z, R) = [Rps /

Bg
The control of tail terms is one of the most delicate issues in nonlocal regularity theory.
During the last decade, such theory has widely developed. For instance, we mention
the Holder regularity for solutions of non-homogenous equations with measure-type data

from [47] and a very general result for fractional De Giorgi classes from [15]. For the case

of the fractional p-Laplacian, a basic reference result is the following:

Theorem 2.2. (Interior regularity, nonlinear case) Let Q be a bounded open set, p > 1,
€ (0,1), f € L=(), and u € W*P(Q) be a solution of (=A)u = f in Q. Then, for all
a satisfying
0<a <min{1, ﬂ}
p—1
we have u € CL.(Q). In addition, there exists C' = C(N,p,s,a) > 0 s.t. for all Byg(z) C

we have
C ps_ = .
[uloarsn S g [ 1ellee@re@) + B2 e o) + Tail(u, 2, R) |-

Theorem 2.2 was proved in [6] for the degenerate case p > 2 and in [29] for the singular

case p < 2, respectively. We remark that the results stated above are in fact more general,
as they hold for f € L(Q2), with
N
q > max {1, —}
ps
and a suitably adapted Holder exponent o depending on q. The Holder exponent « is

sharp in many situations, depending on the summability of the reaction f. Very recently,
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the range of attainable Holder exponents has been widened in [3] for the homogeneous
degenerate equation (p > 2, f = 0):

(1) if s < (p —2)/p, then u € C2.(Q) for all 0 < a < ps/(p — 2);

(77) if s > (p—2)/p, then u € C¢.(Q) for all 0 < a < 1 (almost-Lipschitz continuity).

loc

In most results of this type, higher Holder continuity is obtained through higher Sobolev
regularity, see [5] for the degenerate case and [20] for the singular case. Being based on
discrete differentiation of v and integrability of Vu, such results are not immediately
extended to operators with more general kernels (we will come back to this at the end
of Section 3). The picture presented above is introductory and far from being complete,
for instance see [11,60] for fully nonlinear nonlocal equations and [51] for the viscosity

approach to the fractional p-Laplacian.

3. BOUNDARY REGULARITY

Following more closely the line of the present study, we want to examine the regularity
of the solution up to the boundary 0f2, which is assumed to be smooth. Already in
the linear case, simple examples show that the regularity of the solution of fractional
equations lowers dramatically as it approaches the boundary. To fix ideas, first consider
the fractional Laplace equation on the half-line, coupled with a homogeneous nonlocal
Dirichlet condition:

(—A)*u=0 1in (0,00)

u=0 in (—o0, 0].
The positive solution u(z) = % is of class C*° in (0, 00), but at best C* at = 0. Another

well-known example is the torsion equation in a ball:

(—A)u=1 1in By(0)

u=0 in B{(0).
The solution u(z) = Cy (1 — |z]?)% (see [59] for the precise value of Cly s > 0) again is no
more than s-Holder continuous in B;(0). So, the interior estimates of Theorem 2.1 are

not stable at the boundary. In fact, it can be proved that s-Holder in Q (and hence in

RY) is the optimal regularity for the solutions of Dirichlet problems as soon as 2 satisfies
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the exterior ball condition, see [59] for the fractional Laplacian and [58,61] for general
translation-invariant linear operators. In the proofs of boundary regularity results, a

fractional Kelvin transform is often used.

Turning to the nonlinear framework, no explicit solutions are known. Nevertheless, let
us look at the estimate of Theorem 2.2, taking for simplicity o = ps/(p — 1). As soon as
x approaches 02, we have R — 0. The second term of the right-hand side then reduces
to || f]lzee (o), but the first and third term may blow up, depending on the behavior of u.

Note that the nonlinear nature of the operator prevents use of transforms.
The first global regularity result for the fractional p-Laplacian goes back to [39], and it
ensures that the (unique) solution of the Dirichlet problem
—A)u = f(x) in
n (=4); (z)
u=>0 in Q°,
with ©Q bounded and C*'-smooth and f € L>(Q), satisfies u € C*(2) for some indeter-

mined « € (0,1) depending on N, p, s, 2, and f. Despite this result has been overcome by

the following literature, one intermediate lemma [39, Theorem 4.4] has proved to be useful:

Lemma 3.1. Let Q be bounded and C*-smooth, f € L>(Q), u € W3P(Q) be the solution
of (4), and set for all v € RY

do(z) = dist(z, Q°).

Then, there ezists C = C'(N,p,s,Q) >0 s.t. for a.e. x € Q

ju(@)] < CIIfHLoo(Q o(x).

The proof of Lemma 3.1 divides in two steps: first, starting from the solution of a torsion
problem on a ball we produce a barrier w near a boundary point z € 902, s.t. w ~ dg, near x;
then, we apply a weak comparison principle to (a normalized) u and such w. The estimate
of Lemma 3.1 becomes meaningful near 02, where it can be used along with Theorem 2.2
to prove the following global regularity result for the fractional p-Laplacian [36, Theorem

2.7]:
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Theorem 3.1. (Global regularity) Let Q be bounded and CY'-smooth, f € L>(f),

u € WP (Q) be the solution of (4). Then, u € C*(Q2) and there exists C = C(N,p,s,Q) >0
s.t.

1
[ulles @ < ClFIIT<0)-

The proof of Theorem 3.1 exploits Theorem 2.2 and Lemma 3.1 above: assuming for
simplicity [|f|z~@ = 1, by Lemma 3.1 we have ||u[[z=@q) < Cdiam(2)°. Also, given

z € 92 and R > 0 the same estimate can be used to see that

osc u< CR.
BR(I)ﬂQ

Now we invoke Theorem 2.2 with o = s, so for all Byg(x) C Q we get u € C*(Bgys(z))
and, using the estimates above, we find

C ps_ .
[t]cs (Brys(@)) < 55 1wl 2o (B + R7=T + Tail(u, z, R)]

Rs
e e luy) P e
< C+ CRv1 4 diam(§2) 71 [/ N dy} < C.
QMBS (z) |z — y|Ntps
So, the C®-estimate is stable as x approaches 0f). These conditions, via a technical

lemma on Hélder continuous functions [36, Lemma 2.6], imply u € C*(f2) and the uniform

estimate.

Theorem 3.1 is optimal, even for the linear case p = 2, due to the previous examples.
Nevertheless, global C*-regularity is not satisfactory, and in the absence of a general
gradient bound, we are led to the study of a form or fine (or weighted) boundary regularity,

which amounts at

dﬁs € C*(Q) for some « € (0,1),
)

meaning of course that u/d$, admits a a-Holder continuous extension to Q. Such type
of estimate comes from fully nonlinear regularity theory, and was first introduced in [46]
(with s = 1) to prove C%-regularity of solutions of second order elliptic equations. In the
nonlocal framework, it was first proved in [59] for (—A)®, in [61] for translation invariant
linear operators, in [44] for linear operators with Holder continuous kernels, and in [60] for
fully nonlinear fractional equations. See also [31] for nearly-optimal boundary smoothness

for linear stable operators.
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For the fractional p-Laplacian, the path to fine boundary regularity is a long one. This
result was achieved in [40] for the degenerate case p > 2, and in [36] for the singular case

p <2

Theorem 3.2. (Fine boundary regularity) Let Q be bounded and C*'-smooth, f € L>(f),
u € WiP(Q) be the solution of (4). Then, there exist a € (0,s) and C > 0 depending on

N,p,s,Q, s.t. u/dg, € C*(Q2) and

Considering the lack of boundary regularity inherent to nonlocal problems, Theorem 3.2

u

dg

1
=1
oy <INy
represent the proper analogue to the celebrated C'*®-regularity result for the p-Laplacian
from [50]. The proof is quite technical, but we will try to summarize it. We only consider
the singular case p < 2, which is more involved, essentially because the map t — |t[P~2¢ is

non-differentiable at 0. First we recall a typically nonlocal superposition principle:

Lemma 3.2. Let u € W“’(Q), veELL(RY) s.t. Q €V = supp(u —v) and

loc
u(y)P
S LA 2L NS
/v (L+ |y[)N+es
Set for all v € RN
u(z) ifzeVe
w(z) =
v(z) ifreV.
Then, w € /VIV/S””(Q) and weakly for x € Q)

(u(z) = o) = (ula) = u)™
|z — y|Ntrs :

(~B)ju(e) = (~A)ju(o) +2 [

v
The main idea is to perturb (super, sub) solutions at a distance from the domain, and
obtain through Lemma 3.2 a control on the fractional p-Laplacians of the perturbed
functions inside the domain. More precisely, assume for simplicity that 0 € 02 and set
Dr = Bg(0) N Q, while By denotes a ball of radius R/4 inside €, centered along the

normal direction to 02, s.t. dg is controlled by multiples of R in Br. We aim at an

IFor brevity we set a?~! = |a[P~2a.
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oscillation estimate for the quotient v = u/d§, in Dr. We define the nonlocal excess with

respect to a constant m € R as

1

L(u,m, R) = [][ lv(x) — mfP~! d:v] "

B
The quantity above controls v in Dg/, by means of two weak Harnack inequalities. Namely,

let u € Ws’p(DR) satisty for some m, K, H > 0

(—A)u > —min{K,H} in Dg

p

u > md§, in RY

(note the global lower bound requested for u). Then, there exist o € (0,1), C' > 0 only
depending on N, p, s, () s.t.
['1)11f (v—m) > oL(u,m, R) — C(KRS)pi11 — C(m+ Hm* ?)R®.
R/2

This lower bound is obtained by superposition between u and convenient barrier functions,
respectively, a torsion solution when the excess is small, and a diffeomorphic equivalent
to the distance from 9 (this is where the C't'-smoothness assumptions on 9 is mainly
required).

An apparently equivalent upper bound holds for subsolutions. If u satisfies

(=A)u <min{K,H} in Dpg

u < Mdg, in RY,
then for some universal constants we have
inf (M —v) > oL(u, M, R) - C(KR*)7T — C(M + HM> )R,
R/4

The main difference is that the bound u < Md§, leaves the sign of u undetermined. We
use the fact that, if the excess is big enough, then v < 0 in Dg/,. We are now able to
prove the desired oscillation estimate on v, in the following form: define a sequence of
radii (R,) tending to 0, then there exist two more sequences, (m,,) nondecreasing and
(M,,) nonincreasing, s.t. for all n € N

m, < inf v <supv < M,,, M,, —m, = uR;,

Dg, Dr,,
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with @ € (0,1), > 1 only depending on the data. The above estimates are proved by
strong induction. For n = 0, it is simply Lemma 3.1 above. Assuming that the relation
above holds for all integers between 0 and n, we apply the lower bound to (u VvV m,dg,) and
the upper bound to (u A M,d§,) (which satisfy global bounds), and, via delicate estimates
on excess and tail terms, we find m,, 1, M, 1. After that, it is standard to find C' > 0 s.t.

for all » > 0 small enough
=
< P @
OSS'U S CHf”Loo(Q)T )

which in turn implies v € C%(Q) as in Theorem 3.1, thus concluding the proof of Theorem

3.2.

In [55], a stimulating list of open problems in fractional regularity theory was proposed.
Since then, much has been achieved, but some limit cases still lack a solution, so we would
like to provide the reader with an updated report. Problem (1) from [55] deals with higher

interior Holder regularity for the solution of

(=A)yu = f(z) in £,

p

with f € L*>(Q), proposing the conjecture that u € C2.(2) for some a > s. We know
from Theorem 2.2 that this is true. Further, the supremum of attainable Holder exponents
ps/(p — 1) is optimal for s < (p — 1)/p, see [6,29]. On the contrary, for s > (p — 1)/p no
more than Lipschitz regularity is known so far.

Problem (2) is about higher differentiability (or Sobolev regularity) of the solutions. The
result of [5] has been extended and improved in several ways. The most general results we
are aware of are in [20], covering both the singular and the degenerate cases and general

reactions, proving the following implications for any p > 1, f € L (Q):
(1) ifp=2orp<2ands < (p—1)/p, then u € WoP(Q) for all o € (0,ps/(p —1));
() if p < 2 and s > (p — 1)/p, then u is differentiable with Vu € W7?(Q) for
o€ (0,ps—p+1).
Even better regularity is obtained if f € W™ (Q) for convenient 7, see [20, Theorems 1.5,

1.7]. Nevertheless, optimal conditions on f are still missing.
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Problem (3) tackles the boundary regularity of the solution of the Dirichlet problem (4)
under the following general assumption on the smoothness of 0€2: there exists R > 0 s.t.

B Qe
inf inf —| (@) O]

> 0.
z€dQ) re(0,R) v

The condition above was introduced in [45], where Holder continuity up to the boundary
is proved for the solution of an obstacle problem for the homogeneous fractional p-Laplace
equation. To the best of our knowledge, it is still an open problem whether the obstacle

can be replaced with a non-zero reaction f € L>(€2).

Finally, problem (4) deals with fine boundary regularity and it has found a complete

answer in Theorem 3.2 above.

Inspired by [55], we would like to leave the reader with a new short list of open problems

related to the main subject of this note, i.e., boundary regularity:

Problem 3.3. Find the optimal o in Theorem 3.2. For p = 2, we know from [59] that
u/dg, € C%(Q) for all a € (0,s). We may reasonably conjecture that s is the supremum of
Hélder exponents in the nonlinear case as well, but a careful reading of the proofs in [36,40]

will show that the exponent o found there is far from being explicit.

Problem 3.4. Prove boundary reqularity for the fractional p-Laplacian with a reaction
f e LY Q), ¢ > max{l, N/ps}. Note that, as soon as f is unbounded, Lemma 3.1 fails.

Clearly, the problem of fine boundary regularity for unbounded reactions would come next.

Problem 3.5. Find conditions on the kernel K s.t. fine boundary reqularity holds for the
general operator L . In general, hypotheses (K1), (Ka) are not enough even in the linear

case, but in [58] it is proved that u/df, € C*(2) for all a € (0, s), provided the kernel is of
the form

1 x—y
K(e) = gy (=)

where u is a measure on the sphere SN=1 (better reqularity is achieved if p is smoother).

We do not know if this type of kernels have been treated also in the nonlinear framework.
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4. APPLICATIONS
Just like the result of [50], Theorem 3.2 is especially suitable for applications in nonlinear

analysis, meaning the variety of variational and topological methods to prove existence,

multiplicity, and qualitative properties of the solutions of general problems of the form:

u= f(xr,u) in

=N »

(5)
u=>0 in Q°,

where f : Q x R — R is a Carathéodory mapping subject to certain growth and/or

monotonicity assumptions (see [56] for a comprehensive introduction to such methods for

nonlinear elliptic equations). For simplicity, we assume that f(z,-) has subcritical growth,

ie., fora.e. x € Q and all t € R
(6) (2, )] < Co(L+ [t]™) (Co >0, 7 € (1,p]))-

We derive from [37, Proposition 2.3] a uniform a priori bound for the solutions of problem

(5) (which are defined as in Section 1):

Proposition 4.1. (A priori bound) Let f satisfy (6), u € Wi*(Q) be a solution of
(5). Then, u € L>(Q) and there exists C = C(N,p,s,Q,71,Co,[[ullwsr) > 0 s.t.

[ull =) < C-

By (6) and Proposition 4.1 above, it is easily seen that f(-,u) € L*>°(2). Therefore, by

Theorem 3.2 we have u/d§, € C*(2), with « € (0,1) depending on the data and a uniform

bound on the C*(€2)-norm of the quotient. We may conveniently rephrase such result by

saying that u € C%(Q), where we have set
u

Q) = {u e (%) - T

e e (ﬁ)},

endowed with the norm ||ul|ce@) = [|u/dglca)- This weighted Holder space plays, in
fractional elliptic boundary value problems, the same role as C1*(Q) in local p-Laplacian
problems. Note that for all a € (0,1) C%(Q2) is compactly embedded into C?(2), and the
latter has a positive order cone with nonempty interior

nt(C0(Q),) = {u e Q) : igfd% > o}.
Q



178 ANTONIO IANNIZZOTTO

This functional framework bears several applications in the study of problems of the class
(5). First, we recall from [38, Theorems 2.6, 2.7] the following strong mimimum /comparison

principles (where inequalities are meant in the weak sense):

Theorem 4.1. Let f € C°(R) N BVio(R). Then we have:

(i) (Strong minimum principle) if u € W”’(Q) NC%Q), u # 0 satisfies

(—A)u+ f(u) > f(0) inQ
uz0 in Q°,
then

u
inf — > 0;
Hé d?z )

(71) (Strong comparison principle) if u,v € W&p(Q) NC%Q), u#v, C >0 satisfy

(—Apv+ f(v) < (—ABu+ f(u) <C  inQ
0=v<u i €2,

then
U—0

> 0.
dg,

inf

The proof of Theorem 4.1 relies on the superposition principle of Lemma 3.2. As a
consequence of nonlocal diffusion of positivity, the minimum /comparison principles above
yield a more detailed information about the behavior of (super) solutions, with respect to
previous results for fractional operators, see for instance [16,43]. Incidentally we note that

the strong minimum principle (¢) even holds for equations like
(=A)u=u"" (1<g<p),

preventing the appearance of dead cores without requiring additional integrability condi-
tions, unlike in the case of the p-Laplacian (see [62]). Similarly, the strong comparison
principle (ii) gives a global information unavailable in the local case (see [32]).

When referred to solutions, Theorem 4.1 (i) rephrases in the words of the functional

framework introduced above, ensuring under suitable conditions that any non-negative,
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non-zero solution u € WP () of (5) satisfies u € int(C%(Q),). This can be seen as a

fractional version of Hopf’s boundary point lemma, i.e., for all x € 02

ou . u(y)
o) I B )

> 0.

Problem (5) can be studied following essentially two approaches. In the variational
approach, we seek solutions as critical points of an energy functional (for semilinear

fractional equations, we refer to [53]). Set for all (z,t) € Q@ x R

t
Flat)= [ fla)in
0
and for all u € Wi (Q)

Dl

O(u) = —2— — /QF(x,u) dx.

p
Then, ® € C'(W;*(Q2)) and the solutions of (5) coincide with the critical points of @, in

particular its local minimizers.

In many situations, one is lead to deal with truncations of f(z,-) and the corresponding
truncated functionals, which coincide with ® only on certain order-related subsets of
WEP(Q2) (a typical example is the positive order cone). Due to the nature of the Wi*(Q)-
topology, such sets usually have empty interior. Thus, it is useful to swap to some Holder
type space in order to minimize truncated functionals on nonempty open sets (this method
was introduced in [7] to deal with problems at critical growth), preserving the local

minimizers.

Such change of topology is made possible by the coincidence of local minimizers in W;5"(Q)

and in C%(Q), respectively, which was proved in general in [37]:

Theorem 4.2. (Sobolev vs. Holder minima) Let f satisfy (6), uw € W5*(Q2). Then, the

following are equivalent:

(i) there exists p > 0 s.t. ®(u+wv) = ®(u) for allv e WgP(Q), [[vl|werq) < p;

>
> ®(u) for allv € WP (Q)NCARQ), [v]lco) < o

(1) there exists 0 > 0 s.t. P(u+v)

The proof of Theorem 4.2 relies on the C%(€2)-bound of Theorem 3.2 and some uniform a

priori bounds on perturbed problems, and it even holds for reactions at critical growth.
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Exploiting Theorems 4.1 and 4.2, we can prove existence and multiplicity of solutions
under a variety of assumptions, see for instance [35, Theorem 5.3] (where fine boundary
regularity was assumed in a slightly more general form, while at present it is ensured by
Theorem 3.2). A more recent example is the following, dealing with (p — 1)-superlinear

reactions at infinity, see [41, Theorem 1.1]:

Theorem 4.3. Let [ satisfy (6), and in addition uniformly for a.e. x €

F
(i) lim ) = 00;
lt|—o0  |E]P
)t —pF(x,t N(r —
(i1) li‘anﬁinf f(z,) |t|qp () > 0 for some q € (%,pi);
o flat)
) 11&5% =T —

Then, problem (5) has at least three nontrivial solutions uy > 0, u_ < 0, and @ # 0.

To prove Theorem 4.3, we truncate the reaction at the origin, thus introducing

fe(x,t) = f(z, £1%),

which still satisfies (6) and one-sided versions of the hypotheses (7)-(¢i7). The corresponding
energy functionals are denoted ®.. Each has a strict local minimizer at 0 and a mountain
pass critical point ux € Fint(C%(Q),) (Theorem 4.1), and by Theorem 4.2 the same
situation reflects on ®. Finally, a Morse-theoretic argument reveals the existence of a
fourth critical point 4.

The topological approach to problem (5) is essentially based on the degree theory for
(S)-operators, see [56]. We define a nonlinear operator A : W;*(Q) — W=7 (Q) by
setting for all u, p € WP (Q)

(Au), @) = // . [u(@) — u(y) P~ (ulz) — u@))(p(x) = (y))

|z — y| Ve

dady~ [ faupde,
Q

and we seek zeros of A in WJP(Q) (the two approaches are in principle equivalent, as
A = ®'). Degree theory is used, for instance, in [34], where several existence results are
presented under conditions relating the asymptotic behavior of f(x,-) to the principal
eigenvalue \; of the fractional p-Laplacian in Wy*(Q) (see for instance [27,33,52] on the
variational spectrum of (—A)7). The following is a slightly simplified version of [34, Theorem

5.2] for asymptotically (p — 1)-linear reactions:
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Theorem 4.4. Let [ satisfy (6), and in addition uniformly for a.e. x €

@) fim 220 ¢ 3, ),
) i 2D € o0),
flz,t)

(131) liltrriillp = < K for some ¢, K > 0.

Then, problem (5) has at least two positive solutions uy,uy > 0.

In the proof of Theorem 4.4, the use of the constant ¢ as a supersolution plays a crucial
role, as well as the strong comparison principle of Theorem 4.1 (ii). The first solution
uy is found by minimizing a conveniently truncated energy functional, then the second
solution is achieved via a topological argument by contradiction, by computing the degree

of the operator A in a large ball B(0) and in two small balls B,.(0), B,(u1), respectively.

Another interesting application of our regularity results is connected with the study of
extremal solutions of problem (5) in a sub-supersolution interval. First, let u,u € Wee ()

be a sub- and a supersolution of (5), respectively, s.t. u < @ in €. The solution set
S(u,u) = {u € WgP() : u solution of (5), u < u < uin Q}

is nonempty, due to classical results in operator theory (see [56]). In [28], the topological

properties of such set are investigated:

Theorem 4.5. (Solutions in a sub-supersolution interval) Let f satisfy (6), u,w € W*?(Q)
be a sub- and a supersolution of (5) s.t. u < w in 2. Then, S(u,uw) has the following
properties:

(1) S(u,@) is both upward and downward directed;

(ii) S(u, ) is compact in both WP(Q) and C°(Q);

(1ii) there exist uy,us € S(u,w) s.t. uy < u < uy in Q for allu € S(u,u).

The proof of Theorem 4.5 is long but straightforward. First, we endow Wy (Q2) with
a lattice structure, see [30], and we prove that whenever u,v are subsolutions (resp.,
supersolutions) of (5), then u V v is as well a subsolution (resp., u A v is a supersolution).

This implies (7). To prove (i7), we use the uniform bound in C%(€2) from Theorem 3.2 and

the compact embedding of C%(2) into C?(£2) to prove compactness in the latter space,
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then the (S),-property of the fractional p-Laplacian to achieve compactness in Wy* ()
as well. Finally, there are several possible arguments, based on either Cantor’s diagonal

ordering or Zorn’s lemma, to prove the existence of extremal elements (7i1).

Theorem 4.5 can be employed in many ways to prove the existence of extremal solutions of
fractional p-Laplacian equations in a given sub-supersolution interval, see [37, 38| for some
applications to logistic equations. In particular, we want to recall here a result ensuring

existence of the smallest positive solution (this is a one-sided version of [28, Theorem 4.1]):

Theorem 4.6. Let f satisfy (6), and in addition uniformly for a.e. x € Q

F(x,t A

(1) limsupM < 2L
t—00 p

(i) Tim 20

t—0+t (Pl

€ ()\1,00).

Then, problem (5) has a smallest positive solution uy > 0.

To prove Theorem 4.6, once again we begin by minimizing a truncation of the energy

functional ®, which via Theorems 4.1 and 4.2 leads to the existence of a positive solution

s

uy € int(C%(Q),). Combining such u; with the positive principal eigenfunction of (=4A);

we find a sequence of positive subsolutions and hence, by Theorem 4.5, a decreasing
sequence of minimal solutions (u,). A compactness argument then allows to make a
subsequence of (u,) converge to u, which turns out to be the smallest positive solution
of (5).

Under symmetric hypotheses, it is possible to prove in a similar way the existence of the
biggest negative solution u_ < 0, and then via the mountain pass theorem, of a nodal

solution @ # 0 s.t. u— < @ < uy in Q (see [28, Theorem 5.1]).

Remark 4.1. We note that, in the cited references, Theorems 4.4, 4.5, and 4.6 were
only stated for p > 2. This is due to reqularity issues only, since fine boundary reqularity
was only available for the degenerate fractional p-Laplacian at that time. Now, the use of

Theorem 3.2 allows to prove such results in the singular case p < 2 as well.
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