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ABSTRACT. In this note we collect some results in R™ about global Poincaré inequalities
for differential forms obtained in a joint research with Pierre Pansu and presented by
the authors in two seminars held in Bologna respectively in 2023 and 2024. At the end

of the note we comment some very new results obtained in the Heisenberg groups H".

SUNTO. In questa nota presentiamo alcuni risultati che riguardano disuguaglianze di
Poincaré per forme differenziali. Questi risultati sono stati ottenuti in collaborazione con
Pierre Pansu e presentati dagli autori in due seminari tenuti a Bologna rispettivamente
nel 2023 e 2024. Alla fine della nota commenteremo alcuni risultati ottenuti nei gruppi

di Heisenberg H"™.
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1. INTRODUCTION

Let us start by recalling what we mean by a (p, ¢)-Poincaré inequality for differential
forms in R™. When dealing with differential forms there is a well known topological
problem, whether a given closed form is exact. Besides, for several applications to the
cohomology theory for example, we can study also an analytical problem: Whether a
primitive ¢ of a given exact form w can be upgraded to one which satisfies a (p,q)-
estimate of the type [|¢||, < c[|w]|,. More precisely, if 1 < p < n, we ask whether, given a

closed differential h-form w in LP(R"), there exists an (h — 1)-form ¢ in L?(R™) for some
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q > p such that d¢ = w and

(1) 1ellq < Cllwllp,

for C' = C(n,p,q,h). We refer to the above inequality as to the (p, ¢)-Poincaré inequality

for h-forms (notice that, for 1 < p < n, by the scale invariance, we must have é — % = %)
Also the end-point situation p = 1 and p = n have been considered in several papers. We

refer to [9] for a long list of references. The result in R™ can be summarized as follows.

Theorem 1.1. Let h =1,2,---n and let w be a closed h-differential form in LP(R™).
i) If 1 < p <n then (1) holds for any h.
ii) If p =1 then (1) holds for any h < n.
iii) If p = n then (1) holds for any h > 2.

Here we mention only a result, about the case p = n, covered by Bourgain and Brezis
(see [15] for differential form in R™) and, much more recently, by Baldi, Franchi and
Pansu in [8] in the setting of Heisenberg groups (and also in a more general subriemannian
setting). In [14], which deals with functions, i.e. 0-forms, the statement takes the following
form: let w be an exact n-form on the n-torus, which belongs to L™, then there exists a

bounded differential (n — 1)-form ¢ on the torus such that dp = w and
[l < Cllw| 2n-

Furthermore, Bourgain and Brezis show that the primitive can be taken to be continuous,
with a similar estimate.
In this note we want to cover the endpoint limiting case p = n for differential forms of

any degree by showing the following global Poincaré inequality:

Theorem 1.2. Let 2 < h < n, and let w € L™ be a closed h-form, then there exists a
(h — 1)-form ¢ whose coefficients are in Co(R™) such that dp = w and

I¢llcs < Cllwllzn-

Here Cj denotes the space of differential forms with coefficients that are continuous and

vanishing at infinity, endowed with the L*°-norm.
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In the Appendix we provide a short review of the argument used by Bourgain and
Brezis in [14]. Here we mention that the main idea of their proof relies on an abstract
principle, i.e., that a closed unbounded operator with dense domain between two Banach
spaces has a closed range if and only if its adjoint does. In order to adapting this abstract
principle to our situation, first of all we see that the two Banach spaces are Cy and L"
and the unbounded operator has to be the exterior differential d. The abstract scheme
that we are going to apply is contained in the following proposition (whose proof can be

found e.g. in in [9], Lemma 5.2, but basically is contained in Brezis’s book, section I1.7,

[16]):

Proposition 1.1. Let A : D(A) C E — F be a closed unbounded operator between Banach
spaces. Assume that D(A) is dense in E. Then the adjoint A* : D(A*) C F* — E* is

uniquely defined, and closed. The following are equivalent:

(1) A(D(A)) C F 1is closed.

(2) 3C, Ve* € A*(D(A*)), 3f* € D(A*), A*f* = ¢e* and || f*|
(3) A

(4)

F* >

3) A*(D(A*)) C E* is closed.
4) 30, ¥f € A(D(A)), Fe € D(A), Ac = f and |ells < C | f]}r

In order to identify the dual of F := Cj we need the notion of current. In next section
we recall some basic facts about differential forms and currents.

The paper is organized as follows. In Section 2 we recall some more or less known results
about differential forms and currents in R". Section 3 contains the proof of our main result
stated in Theorem 1.2. We add also a short Appendix containing the argument used by
Bourgain and Brezis in [15]. Finally, in Section 4 we consider the Heisenberg groups H"
and we quickly review the main features of the so-called Rumin’s complex, which replaces

the de Rham complex which better fits the geometry of the group.

2. PRELIMINARY ON FUNCTIONS, DIFFERENTIAL FORMS AND CURRENTS

Throughout the present note our setting will be the Euclidean space R™ with n > 2.

To keep the paper self contained we recall briefly some definitions and results concerning
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Euclidean currents. We refer to e.g. [20] for a detailed presentation. First of all, we start

with some basic definitions and properties of functions and differential forms.

If f is a real function defined in R"™, we denote by v f the function defined by ¥ f(p) :=
f(=p), and, if T" € D'(R™), then T is the distribution defined by ("T'|¢) := (T'|'¢) for
any test function ¢.

We recall also that the convolution f x g is well defined when f, g € D'(R"), provided
at least one of them has compact support.

As customary, a basis of the tangent space A;(R™) := R" is given by (0y,,...,0y,). We

denote by (-,-) the scalar product making (0, ..., 0,,) orthonormal.

n

The dual space of A,(R") is denoted by A'(R") =: (R")*. The basis of A'(R"), dual
to the basis (0,,, ..., 0y, ), is the family of covectors (dz1, ..., dz,) and we again indicate
as (-,-) the inner product in (R™)* that makes (dxy,...,dz,) an orthonormal basis.

We put A\ R™ = AR*(R") := R and, for 1 < h < n,
/\h]R" ::Span{axil /\~~/\8xih:1§z'1<-~~<ih§n}
and
h
/\ R" :=span{dx;, A---ANdx;, 1 <@y <--- <ip<n}.
If I:=(iq,...,0,) with 1 <y <--- <y <n, weset |[| :=h and
dr! = dzi, N--- Ndx;, .

The elements of A\, (R") and A" (R™) are called h-vectors and h-covectors respectively.
The scalar products in the spaces of 1-vectors and 1-covectors can be canonically extended
to A\,(R") and A"(R") respectively.

The Hodge star operator is a linear operator

i NRE S AT R

defined by € An = (€,%n) for any n e A" "(R") .
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If v € A, (R") and £ € \"(R"), |[v| and |¢| denote as costumary their Euclidean norm.
We recall now the definition of the comass norm of a covector (see [20], Chapter 2, Section

2.1).

Definition 2.1. We denote by ||€|| the comass norm of a covector € € N"(R™) defined by

[€]] = sup {<§|U> ‘ v E /\(Rn), v <1, v Simple} )

h

By formula (13) of [20], Chapter 1, Section 2.2, there exists a geometric constant ¢; > 0
such that

(2) el < €< 1El forall € € AM(RY).

By translation, A\"(R") defines a fibre bundle over R", still denoted by A"(R"). A
differential form on R is a section of this fibre bundle.

Through this note, if 0 < h < n and & C R is an open set, we denote by Q"(Uf)
the space of smooth differential h-forms on U, and by d : Q"(U) — Q"1 (U) the exterior
differential. Thus (Q°*(U),d) is the de Rham complex in ¢ and any u € Q" can be written
as u = Zm:h uydz!. Finally we denote by d* the L? (formal) adjoint of d. We remind
the reader that, up to a sign which depends on the degree of the differential form that we

consider, d* = £ *xd % .

If U is an open set in R™ and w is an h-form, then we write w € D"(Uf) if its components
with respect to a fixed basis belong to D(U). Analogously, we write w € LP(U) if its
components with respect to a fixed basis are in LP(U), endowed with its natural norm.

Clearly, these definitions are independent of the choice of the basis itself.

2.1. Currents.

Definition 2.2. If U C R" is an open set and 0 < h < n, we say that T is a h-current
on U if T is a continuous linear functional on smooth compactly supported differential

h-forms endowed with the usual topology and we denote by ¢ — (T|p) its action on
DMU).



A BOURGAIN-BREZIS’S DUALITY ARGUMENT FOR CONTINUOUS PRIMITIVES 43

The space of h-dimensional currents in U is denoted by Dn(U). If u is an (n — h)-

differential form in Ll _(U), then u can be identified canonically with an h-current T,

Ty = [une= [ pugyda

for any smooth compactly supported h-form ¢ on U.

through the formula

Suppose now u be a sufficiently smooth h-form (take for instance u € C*°(R™)). If

¢ € D(R™) is an (n — h + 1)-form, then, by Stokes formula,

/ndu/\qﬁdx— (—1)h/nu/\dq§dx.

Thus, if T' € D,(R™) it is natural to set

(0T|¢) = (T'd¢),
for any (h — 1)-form ¢ € D(R™) and we call the (h — 1)-current 9T the boundary of T.

Definition 2.3. Let U be open set. if T,T; € Dy(U), we say that the sequence {1}
converges in the sense of currents to T as j — 0o, and we write T; — T as j — oo in the

sense of currents, if (Ij|a) = (T'|ar) as j — oo for any h-form a € D(U).
As for distributions, the support of a current T € Dy (U) is defined as
suppT = ﬂ{K C U | K relatively closed in U, (T|a) =0
for all o € D"(U) with suppa C U \ K'}.

Following [20] Section 2.3 and keeping in mind Definition 2.1, we introduce also the

notion of mass of a current.

Definition 2.4. Let U,V be open sets andV CU. Let T € Dy(U). We set
My(T) := sup {(T|a)|a € D"U), suppa C V, |laf| <1VzeU},

and we say that T is of finite mass if My(T) is finite. If V = U we shall simply write
M(T) instead of My(T).

The mass of currents is lower semicontinuous with respect to the previous convergence.
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Remark 2.1. If 1 < h <n, T,T; € Dp(R") for k € N and Ty, — T in Dp(R"), then
M(T) < limkinf./\/l(Tk).
In addition we recall that if « € L'(R™), then
(3) M(T5) = llallpr@m.

Moreover, if « € LL (R") and M(T,) < oo, then a € L'(R™) and (3) holds.

loc

Remark 2.2. If a € L _(R") is an (n — h)-differential form, we have 9T, = 0 if and

loc

only if da = 0 in the sense of distributions. Indeed, if ¢ € D" "*(R™) it holds that

(OT,|6) = (Ta|de) = / ands= [ (sa,do)dV

n Rn

:/ (*a,**dgb)dV:/ <a,*d¢>dV:/ (o, xd * x¢) dV
::I:/ (o, d* * @) dV .

With the previous definitions in mind, the following regularization-type result for cur-

rents holds (see [2], Theorem 3.1 and also Proposition 6.16 in [9]).

Theorem 2.1. Let T' be an h-current of finite mass M(T). Then for any € > 0 there
exists we € E(R™) N LY(R™) h-form such that, if we set T, := T.,,, for e — 0, we have:

i) T. — T in the sense of currents;
i) [Jwe|lpr = M(T,) — M(T);
iii) if T = 0S with S € Dp1(R™), then the forms xw. are closed.

The following global Poincaré inequality for currents follows by the previous result and

the Poincaré inequality for differential forms in the case p = 1 proved in [5].

Theorem 2.2. Let h =1,...,n. If T € Dy(R") is a current of finite mass of the form
T = 0S with S € Dy 1 (R"), then there exists a (2n — h)-form ¢ € L™V such that

3T¢ =T and HQbHLn/(n—l)(Rn) S CM(T)
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We omit the proof of this result that is similar to the one of Theorem 1.1 in [2] (in
the case the domain of T is a ball). For more details, see also the corresponding result
in Heisenberg groups contained in [9] (see Theorem 6.17), keeping in mind that R™ just

requires less technicalities.

3. MAIN RESULT

We denote again by Cy(R™) the Banach space of continuous functions vanishing at
infinity with the L°>°-norm. The same notation is used also for differential forms with
coefficients in Cp(R™). Sometimes we may also write Cy(R™, h) if we want to stress that
we are dealing with an h-differential form, and similarly for L™(R", h) or other spaces.

In order to prove our main result, which is stated in Theorem 1.2 we are going to use

the abstract scheme proposed in Proposition 1.1. Therefore, for 2 < h < n, we set

E:=Cy(H" h—1) and F = L"(R"h).

By Riesz representation theorem, the dual space E* can be identified with the set of

currents with finite mass and F* can be identified with L™ ™~Y(R" n — h). We set also
DA)={y e E, dpeF}CE,

with
A:D(A) — F, Ay = di).

Notice that D(A) is dense since contains D(R™) and A is closed since is a differential
operator.

We can prove that
(4) A*(B) = 0T,

and we have description of the domain of A*, directly from the definition passing through

an approximation argument, and hence we can prove that
D(A") ={p € F, M(9T3) < oo}.

See Lemma 7.3 and Proposition 7.4 in [9] for a more detailed discussion about D(A*).
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Proposition 3.1. With the notation introduced above, D(A*) is dense in F* and
(5) A*(D(A")) is closed in E*.

Proof. The fact that D(A*) is dense in F* holds since F* is reflexive (see [16], Remark
15 of Section 2.6). Let us now show the second assertion. To this end, let {T}}ren be a
sequence of (h—1)-currents in A*(D(A*)) that converges to an (h—1)-current T € E* (i.e.
in the mass norm). Hence, M(T}) = ||Tk||z+ < C} for all k € N. Moreover, in particular
(To) = limy_o(Tk|0), for all o € D(R™, h — 1) i.e. {Tk}ren converges to T also in the
sense of currents. By (3) and (4) there exists a corresponding sequence {Sy }xen in Dy (R")

such that
(6) T, = 8Sk, with S, = Tgk, ﬁk e

for any & € N. Since the (h — 1)-currents 9Sy’s satisfy M(0S) = M(T}) < oo, by
Theorem 2.2 there exists ¢, € F™* such that 0T}, = 0Sy, = 01}, , and

[ren

e < CoM(0S;) = CM(T}) < C1Ch.
Since F* = L™™=Y and n/(n — 1) > 1 we can assume that
O — O weakly in L™/(=1),

Thus T,, — T, in the sense of currents and T = 0S; = 0Ty, — 0T, in the sense of
currents; therefore, since also T}, — T, it follows that T = 9T,. To prove that T €
A*(D(A*)), by (3) we have only to show that M(9T;) < oo. Because of the lower
semicontinuity of the mass with respect to the convergence in the sense of currents (see

Remark 2.1), we have
M(0T,) < lilgn inf M(0Sk) = li;n inf M(Ty) = M(T).
—00 —00

Thus (5) is proved.

We are now ready to prove Theorem 1.2
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Proof of Theorem 1.2. By Theorem I1.18 in [16], (5) implies that
(7) A(D(A)) = (ker A*)*.
Moreover, by Proposition 1.1, (5) implies that there exists C' > 0 such that for all f €
A(D(A)) there exists e € D(A), satisfying
(8) Ae=f and |lellg < C|flr

We are left to show that {w € L"(R"), dw = 0} C A(D(A)). This will be done by
showing that

(9) {w € F, dw =0} C (ker A*)™.
Suppose for a while that (9) holds. Then combining (9) and (7),
{a € L"(R"), da =0} C A(D(A)),

and hence, by (8), we have proved the theorem.
Hence we are left to show (9).

To this end, let w € F be a closed form, and take 3 € ker A*. Thus 8 € L™~ (R")

and, by Remark 2.2, is a closed form. Therefore, it is possible to show that

(10) /nw/\ﬁzo.

Indeed, without loss of generality, the previous formula can be proved by assuming that

- /71L—1 — % Then, by Poincaré inequality stated in

Theorem 1.1-i), there exists an (b — 1)-form ¢ € L™ such that d¢ = 3 and

B and w are smooth. We set =7 =

(11) 16l < ClB|| gy

In particular, w A 8 = w A de. If N > 0, let now yy be a smooth cut-off function
supported in B(0,2N), xy =1 on B(0, N), |dxx| < 2/N. Obviously, since w A 3 € L!
/ XNwW A B — wA B,
n RTL
as N — oo. On the other hand, by Stokes’ theorem and keeping in mind that dw = 0,

|| xvwABl=1] xnvwAddl=][ wAdxnAe|
R R” R”
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We have w A dxn A ¢ — 0 pointwise since dxy = 0 on B(0, R).
To finish, let us prove that fRn wAdxy Ao — 0as N — co. We invoke (11) and, by
Holder inequality, we get

| [ wAdxn Al < flwlln [[dxnlze |0l Lrrn-2)
Rn
2
< < 1BO2N) wlln 1] oo,

: 1 1 n—2 __
since =+ = + =1.

This proves (10) and therefore we have proved that (9) holds.

APPENDIX: THE BOURGAIN-BREZIS DUALITY ARGUMENT USED IN [14]

In this section we give a very rough gist of the proof underlying the result of Bourgain
and Bresis for the case p = n. For precise definitions and statements we refer to [14].

In [14] the authors want to get continuous vector-fields solving the equation
div(Y) = f

for f in L™ on the torus and with f(o o) f =0 . They prove that given a such periodic
f € L™, there exists some Y € L>* N (Y solving the equation (in the sense of distribution)
so that

Y]loo < C)[|Fln-

By the well known Sobolev-Gagliardo-Nirenberg imbedding BV € L™, it holds
|w|| prm—1 < C(n)||Dul| pm Yu € BV,

where M denotes the space of measures.
They consider the two Banach spaces E := C° and F' = L}’ , and the unbounded linear
operator A =D(A) C E — F, defined by

DA)={Y € E : divY € L"}, AY =divY,

so that A is densely defined and has closed graph.
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The dual spaces of E' and F' are
E*=M, F* =15/

and
D(A*) = F*N BV, A*u= gradu.

Therefore, the Sobolev-Gagliardo-Nirenberg inequality above reads as

pe < C(n)|[ A%l

[|lu g Yu € D(A").

Using the geometric version of Hahn-Banach and Closed Range Theorems they achieve
the result.

More precisely, if we consider || f||.» = 1 and take the two convex sets
B={Y eFE :|Y|g<2Cn)}, L={YekE :divYy=/f},

by contraddiction it is possible to prove that B N L # (). Indeed, suppose that that
BN L =1(. By the first geometric form of the Hahn-Banach theorem there exist y € E*,
i1 # 0 and t € R such that:

(ulYy <t, VY €B, (ulYy >t, VY eL.
The first of the two inequalities says that
t
[l < 500

From the second condition they deduce that (u|Y) = 0 for all Z € Ker(A), and thus
p € Ker(A)+ = R(A").

Hence, there exists some u € F* N BV such that grad u = pu. Applying the Gagliardo-
Sobolev inequality they deduce that

[ell st < CR)ull < 2/2.
On the other hand, since (u|Y) > ¢ for all Y € L, then for Y € L one has
t < {(uY)=(gradu,Y) = —/udivY = —/uf < Hul| pgam-1 < 2/2.

This is impossible since t > 0 (because p # 0). The proof is therefore complete.
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We end this section by recalling that, apart from [9], an abstract scheme similar to the
previous one has been applied also by L. Moonens and T. Picon [22], and T. De Pauw and
M. Torres [17]. In addition, a special instance in general Carnot groups for top degree

Rumin forms, is considered by A. Baldi and F. Montefalcone [1].

4. THE CASE OF HEISENBERG GROUPS

In [9], the previous results are generalized to differential forms of Rumin’s complex in
Heisenberg groups. Let us give a gist of the notion of Rumin complex. When dealing with
differential forms in H", the de Rham complex lacks scale invariance under anisotropic
dilations (see (17)). M. Rumin, in [24] has defined a substitute of the de Rham’s com-
plex for arbitrary contact manifolds, that recovers scale invariance under the family of
anisotropic dilations of H". In the present section, we shall merely list a few properties of
Rumin’s complex that we used in [9]. We send a reader, interested to understand better
Rumin’s complex, to the Appendix of [8] for a quick review, or to [24] and [10], [7] for

more details of the construction.

We denote by H" the n-dimensional Heisenberg group, identified with R?**! through
exponential coordinates. A point p € H" is denoted by p = (z,y,t), with both z,y € R"
and t € R. If p and p’ € H", the group operation is defined by

1 n
pr=(taly+y b+t + g > () — i),
j=1
The unit element of H" is the origin, that will be denoted by e. For any ¢ € H", the (left)

translation 7, : H" — H" is defined as

D> TyD = q P

The Lebesgue measure in R*"*! is a Haar measure in H" (i.e., a bi-invariant measure on
the group). It is denoted by £*"! and when we need to stress the integration variable
p, will be denoted also by dp.

For a general review on Heisenberg groups and their properties, we refer to [25], [21],

[13], and to [26]. We limit ourselves to fix some notation, following [18].
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The Heisenberg group H" can be endowed with the homogeneous norm (Cygan-Koranyi

norm)

1/4
(12) o(p) = (17" + 16 p31) "

Y

and we define the gauge distance (a true distance, see [25], p.638), that is left invariant

ie. d(typ, mp') = d(p,p’) for all p,p’ € H" as

(13) d(p,q) = o(p" - q).

Finally, the balls for the metric d are the so-called Koranyi balls

(14) B(p,r) :={q € H"; d(p,q) <7}

Notice that Koranyi balls are convex smooth sets.

A straightforward computation shows that there exists ¢y > 1 such that

(15) colpl < p(p) < |p|'?,

provided p is close to e. In particular, for 7 > 0 small, if we denote by Bgy.(e,r) the

Euclidean ball centred at e of radius r,
(16) Brue(e,7?) C Ble,r) C Bguc(e, cir).
We denote by h the Lie algebra of the left invariant vector fields of H". The standard
basis of b is given, for i = 1,...,n, by
1 1
Xi = ax_b — §yi8t, Y; = ayi + 5:6,0,5, T = 8t.

The only non-trivial commutation relations are [X;,Y;] = T, for i = 1,...,n. The hori-

zontal subspace by is the subspace of h spanned by Xy,..., X, and Yi,...,Y,:
by :=span {Xy,..., X, Y1,..., YV} .

Coherently, from now on, we refer to Xi,...,X,,Y:,...,Y, (identified with first order
differential operators) as to the horizontal derivatives. Denoting by bs the linear span of

T, the 2-step stratification of b is expressed by

h =0 Db
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The stratification of the Lie algebra b induces a family of non-isotropic dilations d) :

H" — H", A > 0 as follows: if p = (x,y,t) € H", then
(17) 6)\(ZL', Y, t) = (/\l', /\y7 A2t)

Notice that the gauge norm (12) is positively dy-homogenous, so that the Lebesgue mea-
sure of the ball B(z,r) is 7™ up to a geometric constant (the Lebesgue measure of
B(e, 1)).

The constant
Q:=2n+2

is said the homogeneous dimension of H" with respect to dy, A > 0. It is well known that
the topological dimension of H" is 2n + 1, since as a smooth manifold it coincides with
R+ whereas the Hausdorff dimension of (H",d) is Q.

The vector space h can be endowed with an inner product, indicated by (-,-), making
Xq,...,X,, Yy, ..., Y, and T orthonormal.

Throughout this note, we write also
(18) W, =X;, Wi, =Y, and Wy, =T, fori=1,... n.

Let 1 <p<ooand me N, Wg:?(U) denotes the usual Sobolev space.
The dual space of  is denoted by A" h. The basis of A" b, dual to the basis {X,...,Y,, T},
is the family of covectors {dz1,...,dz,,dy,. .., dy,, 0} where

n

1
0:=dt - > (wjdy; — y;day)

j=1
is the contact form in H". We denote by (-,-) the inner product in /\113 that makes
(dzy,...,dy,,0) an orthonormal basis and by dV the associated volume form

dV :=dxy N--- Ndxy, Ndyy A -+ ANdy, N6.

Throughout this paper, /\hh denotes the h-th exterior power of the Lie algebra b.
Keeping in mind that the Lie algebra b can be identified with the tangent space to H" at
z = e (see, e.g. [19], Proposition 1.72), starting from A" b we can define by left translation
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a fiber bundle over H" that we can still denote by /\hh o~ /\h T*H". Moreover, a scalar
product in b induces a scalar product and a norm on /\h b.
We can think of h-forms as sections of /\hh and we denote by Q" the vector space of

all smooth h-forms.

e For h = 0,...,2n + 1, the space of Rumin h-forms, EJ, is the space of smooth
sections of a left-invariant subbundle of A" (that we still denote by EZ). Hence

it inherits the inner product and the norm of /\h b.

e If we denote by x the Hodge duality operator associated with the inner product

in £3 and the volume form dV, then xEl = E3"+1~h,

In particular we have

Remark 4.1. I[f a € E!, then xx a = (—1)@"1=Mhq = o Thus
aNd=0¢N (kxa)= (ka,p)dV.

Moreover, if 3 € E}
(ke, %B) dV = a Axf = (=)= L 3 Ao

= (xx f,a)dV = (B,a)dV = (a, B) dV.

e A differential operator d, : E — E}" is defined. It is left-invariant, homogeneous
with respect to group dilations. It is a first order homogeneous operator in the
horizontal derivatives in degree # n, whereas it is a second order homogeneous

horizontal operator in degree n.
e Altogether, operators d. form a complex: d.od. = 0.

e This complex is homotopic to de Rham’s complex (Q°,d). More precisely there
exist a sub-complex (E,d) of the de Rham complex and a suitable “projection”
I1g : Q* — E* such that Ilg is a differential operator of order < 1 in the horizontal
derivatives.

e [l is a chain map, i.e.

dllp = Ilgd.
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e Let Ilg, be the orthogonal projection on Ej. Then
HEOHEHE() = HEO and HEHEOHE = HE

(we stress that Ilg, is an algebraic operator).

e The exterior differential d. can be written as

de = Mg, d g1,

e The L2-formal adjoint d* of d. on E} satisfies

(19) df = (—1)"xd.*.

c

When d, is second order (when acting on forms of degree n), (Eg, d.) stops behaving like
a differential module. This is the source of many complications. In particular, the classical
Leibniz formula for the de Rham complex d(a A 5) = da A f £+ a A df is true in Rumin’s
complex only in special degrees, as shown in [11], Proposition A.1 and [23], Proposition
4.1. However, in general, the Leibniz formula fails to hold (see [11], Proposition A.7).
This causes several technical difficulties when we want to localize our estimates by means
of cut-off functions.

In fact, the main difficulty of our proof is hidden in the following Leibniz’ formula for

Rumin’s differential forms.

Lemma 4.1 (see also [6], Lemma 4.1). If  is a smooth real function, then the following

formulae hold in the sense of distributions:

i) if h # n, then on E! we have
[de; ¢) = Py (W),

where PH(W() : E} — Eg“ is a linear homogeneous differential operator of order
zero with coefficients depending only on the horizontal derivatives of (. If h # n+1,

an analogous statement holds if we replace d. in degree h with d} in degree h+1;
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ii) if h =n, then on Ef we have
[de, ¢] = PI(WC) + By (W?C),

where PP(W () : Eb — EJ™ is a linear homogeneous differential operator of or-
der 1 (and therefore horizontal) with coefficients depending only on the horizontal
derivatives of ¢, and where P}(W?2() : E? — EJ*™! is a linear homogeneous differ-
ential operator in the horizontal derivatives of order 0 with coefficients depending
only on second order horizontal derivatives of (. If h = n + 1, an analogous

statement holds if we replace d. in degree n with d in degree n + 1.

The result we present here within Rumin’s complex is a part of along-standing project
initiated by the authors in collaboration with Pierre Pansu starting from [4] (see also [3]
and [12].)

As for the de Rham complex, we can associate with Rumin’s complex a class of currents.
Their main properties can be found, e.g., in Section 6 of [9]. In the setting of Rumin’s

complex, Theorem 2.2 reads as follows.

Theorem 4.1. The following global Poincaré inequalities hold.
i)if 2<h<2n+1, h#n+1, then a d.-evact Rumin h-form w € L*"?(H", E})
admits a primitive ¢ € Co(H", E}™) such that

HﬁbHCO(Hn,Eg*l) < CHW”L%H(HH,E(QL);

i) a d.-ezact Rumin (n + 1)-form w € L""Y(H", Ey*Y) admits a primitive ¢ €

Co(H™, EF) such that
19 llcon. 55y < Cllwll s gz py)-

The proof of statement 1) it is not very far from that of Theorem 2.2, whereas the proof
of statement ii) requires an utterly different functional setting, because of the structure
of Leibniz’ formula in degree n. More precisely, we have to use the so-called Beppo Levi-
Sobolev spaces that allow us to control extra derivatives in Leibniz formula when d. is a
second order operator. Below we give the basic definitions and properties, and we refer

to Section 8 in [9] for definitions and proofs.
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Definition 4.1. If 1 < p < Q, we denote by BLY“P(H™") the homogeneous Sobolev space
(called also Beppo Levi space) defined as the completion of D(H™) with respect to the norm

2n
lullszroqny = 3 1Wull o).

j=1
Remark 4.2. Since BLYP(H") is reflexive, it can be identified with its bidual via the
canonical isomorphism 7(u)(f) = f(u) for all BLY(H") and f € (BL'?(H"))*.
Proposition 4.1. If 1 <p < Q, then

(BLYH") ={T € D'(H"); T =) W;f;, f; € L' (H")}.
J

If F = (f1,..., fon) is a horizontal vector field, then we set

divyg F' := ZWJfJ
J

Definition 4.2. If 1 < h < 2n+ 1, then a form « belongs to BLY?(H", E?) if and only

if all its components with respect to a fived left invariant basis of Eé'?

(20) Eo =&, &}

belong to BLYP(H™).

Proposition 4.2. The dual space (BLYP(H", EM))* can be identified with a family of
currents T € D'(H", EY) such that, with the notation of (20)

T=) T;(),
J
with T; € D'(H"), j =1,..., N}, of the form
T‘j :diVH Fj,

with F; € (LP)*, j =1,..., Nj.
More precisely, by the density of D(H", EY) in BLY(H", E}), an element of (BL'?(H", E"))*
is fully identified by its restriction to D(H", EY).

We can now define a new functional setting where Brezis and Bourgain’s abstract theory

applies.
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Definition 4.3. We set
E:=Cy(H" E}), and F :=(BL"Y/ @ YMH" E}))*

D(A) = {4 € E,0.T, € F}, and A :=9,T,,

where, according to Proposition 4.2, we use the identification of (BLY*(H", E}))* with a
space of currents.
Again, as for de Rham currents, the dual space of E can be identified with the set of

currents with finite mass.
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