SECOND ORDER p-EVOLUTION EQUATIONS
WITH CRITICAL NONLINEARITY

EQUAZIONI DI p-EVOLUZIONE DEL SECONDO ORDINE
CON NONLINEARITA CRITICA

MARCELLO D’ABBICCO AND GIOVANNI GIRARDI

ABSTRACT. In this paper, we study critical nonlinearities for global small data solutions
to the plate equation and other second order p-evolution equations, possibly under the

action of a noneffective dissipative term.

SUNTO. In questo lavoro, richiamiamo alcuni recenti risultati in cui viene ottenuto
I'esponente critico per la soluzione globale (in tempo) con dati sufficientemente piccoli
per l'equazione della piastra e altre equazioni di p-evoluzione del secondo ordine, con
nonlinearita di tipo potenza. Con I'aggiunta di un termine dissipativo noneffettivo, cioe
che non cancella le oscillazioni, ma le smorza solamente, ¢ stato recentemente mostrato
come I’esponente critico rimanga lo stesso del caso non dissipativo, almeno in dimensione
bassa. In questo lavoro, viene studiata una condizione integrale sul termine nonlineare
che permette di distinguere precisamente la regione di esistenza globale da quella di
nonesistenza globale della soluzione, raffinando i risultati sugli esponenti critici per non-

linearita di tipo potenza.
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1. INTRODUCTION
It has been recently proved [29] that the critical exponent for global (in time) small
data solutions to
uy + Au = f(u), t>0, xeR"
(1) u(0,2) = 0,
u(0,2) = ug (),

where A = (—A)?, with ¢ > 1 and f(u) = |ulP, with p > 1, is
2

P T

(2> pc:1+

In particular, in [29, Theorem 2.2] it is proved that global (in time) small data solutions

to exist in space dimension n € (o,20] if p > p,, under the assumption

(3) FO)=0,  |f(w) = f)| < Clu—vf (jul"~" + [)

while in [I7] it is proved that no global (in time) solution to (1)) may exist, under a suitable

data sign assumption, if f(u) > C'|ulP or f(u) < —C'|ulP, with 1 < p < p,.

The proof of this result is based on the use of L' — L? estimates for the linear problem

Utt+AU:O, t>0, .TER”,

(4) u(0,x) =0,
u(0,2) = wy (),

and on the use of Duhamel’s principle and a classic contraction argument. When

A=) a.dy,

ler|=2p
for some integer p > 1, and the roots Ay of
N4 (=1)P Z a4 * =0
lo]=2p
are distinct and pure imaginary, for any £ # 0, the equation in is a p-evolution second
order equation, in the sense of Petrowski. For p = 1, we have strictly hyperbolic equations.

Since the letter p is already used in the nonlinearity , we replace it by ¢ in this paper.
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When A = (—A)?, the corresponding roots are £i|¢|?. Moreover, ¢ > 1 may be non
integer, unless differently specified (in this case, (—A)7g = .Z1(|£]*?§)). For o = 2, the
equation in is often called plate equation.

The crucial aspect of L' — L? estimates for (4), is that they do not hold [45], 48| 53] if
the quantity

n 1 1 1
5 dp)=—(1—--]—n({=—-
®) =5 ( p) ! (2 p)
is larger than 1, due to the fact that

_ sin 1€]7

ma(&) = g

¢ M.

The notation above means that m, is not a multiplier from L' to LP, that is, the operator
f eS8 F(m,f) is not bounded from L' to LP; equivalently, the inverse Fourier
transform % ~!(m,) is not in L? (see [37, Theorem 1.4]).

When d(p) < 1, the following L' — L? estimates hold for the solution to (4)):

(6) fu(t, Yo < CH77078) [, ¢ > 0.

This result for ¢ > 1 is analogous to the corresponding result for 0 = 1 (i.e. A = —A,
and is the wave equation), thought when ¢ = 1 the expression for d(p) in is no

longer valid, and is replaced by

(1) d(p)zl—n(l—%)—(n—l)(%—%).

This difference, which amounts to the fact that n — 1 in replaces n in , is related

:I:i‘ﬂa’ when c =1 or o 7é 1 (fOI'

to the different properties of the phase function [£|” in e
instance, the Hessian of |£|7 is singular if, and only if, 0 = 1). This difference makes the
case 0 = 1 in (|I|) very peculiar with respect to all other cases o # 1.

In [13], it has been shown that some L' — L? estimates hold for any p € [1, 00|, even
if the necessary condition d(p) < 1 is violated, if a noneffective damping is added to (4

when o > 1. The term “noneffective” was originally introduced in [56, [57] for a classical

damped wave equation with time-dependent coefficients and later extended in [I1] for
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damped o-evolution equations. The case considered is

utt+Au+A§ut:f(u), t>0, xzeR"
(8) u(0,2) =0,
u(0,2) = wi (),

with 6 € [1,2]. In the homogeneous case # = 1, the estimates are as in @, but without
the restriction d(p) < 1. In the case 6 € (1, 2], the decay rate remains the same if d(p) < 1,
but a loss of decay rate (1+t)(d(p)_1)+<1_%) appears if d(p) > 1, possibly with an additional
logarithmic loss. The same phenomenon was already observed in [51] for p = 1 (in odd
space dimension n) and p = 0o, in the case 0 = 1 and § = 2, and in [21] for p = 1 in the
case 0 = f = 2 in space dimension n > 4.

During his “Bruno Pini seminar” held on 26 January 2023, the first author announced
that he and M.R. Ebert obtained an analogous result for the wave equation (i.e. o = 1),
for a class of dissipative wave equations which include as a special case. In particular,

they obtained the long time estimates
”U(t, ')HLP < C (1 + t)l—n(l—%)+(d(p)—l)+(1—%)||u1||L1’

with a (log(e 4 t))2 loss of decay in the case n = p = 2 (see [15]).
In recent years many authors have investigated the critical power p. for nonlinearities

as in , for damped equations

utt+Au+A%ut:f(u), t>0, xe€R"
9) u(0,2) =0,
ut(ovx) = u1($)

By critical power, we mean that for p > p. the global (in time) solution to (] or (9] exists
for sufficiently small initial data in a suitable space, whereas no global solutions exist if
1 < p < p. under a suitable sign condition on the data and f(u) > Clu|P or f(u) < —Cul?.
The case p = p. often belongs to the nonexistence range, though sometimes it belong to the
existence range (this happens, for instance, in some models where fractional derivatives

in time appears, see [7, [16] 19] 20]).
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The results available in literature allow to understand how the interplay of different
terms in the left-hand side of the equation influences the critical exponent p.. It is well
known that the critical exponent for the wave equation, that is problem with o =1,
is the Strauss exponent (see [32], [35], 36}, 39, 40}, 49, 52, 59, [61]), defined as the solution to

(p—1)<n;1+%) —2.

Strauss exponent is not determined by scaling arguments. Adding a damping term, like

the quadratic equation

in (9), can deeply influence the critical exponent. Already in [44], A. Matsumura proved
the existence of small data global-in-time solutions to the classical damped wave equation
(0 =1and 6 =0 in (9)) in the supercritical case p > 1+2/n in space dimension n = 1, 2.
This result has been extended to any space dimension n > 3 in [55] (see also [38]), and
the nonexistence counterpart has been proved in [60]. The exponent p = 1+ 2/n is
known as the Fujita exponent and it is the same critical power as that of the nonlinear
heat equation [31]. The classical damping u; produces a diffusion phenomenon, i.e., the
asymptotic profile of the solution to the corresponding linear problem can be described
by the solution to an heat equation with suitable initial data (see [43], 47, 58]). The
critical exponent remains the same if one replaces the constant damping u; by an effective
time-dependent damping b(t)u; (see [23, 41) 42]); however, adding a mass term m?(t)u
can affect the critical exponent [22] 33].

If the damping is effective (0 =1 and 6 € (0,1) in (9)) a double diffusion phenomenon
appears, that is the solution to may be written as the sum of two terms, whose
asymptotic profiles as t — oo are described by the solutions to the two diffusion problems
[9). As a consequence, the critical exponent is determined by a scaling argument related
to its diffusive profiles [12, 24], as it was for # = 0 (though only one diffusive profile
appears for § = 0), and it is of Fujita type, namely p. =14 2/(n — 0).

The techniques related to the treat the nonlinearity as a perturbation for small initial
data often involves the use of appropriate decay estimates for the corresponding linear
problem. It is relatively easy to use energy methods based on L! — H* estimates to study
models with an effective damping, due to the diffusive structure. Those methods however

don’t work very well then the critical exponent is less than 2, due to the lack of Sobolev
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embeddings H* < LP. The use of L' — LP estimates is therefore useful when p, < 2
(see [10) [46]; see [12] for ¢ > 1). The use of L' — L estimates is particularly easy in
presence of two dissipative terms, an effective one and a non effective one, see [2 [6].

In the case of noneffective damping, when the oscillations are not canceled by the
diffusive structure, one may employ Fourier analysis and stationary phase methods to
obtain the L' — L? estimates @, with p € (2, 00], at least in low space dimension (namely,
when d(1,p) < 1). The decay in (6] cannot be derived by the Sobolev embeddings, as
for the wave equation and o-evolution equations without damping. Therefore, for the
nonlinear models related to those equations, L' — L? estimates @ are also interesting

when p. > 2.

2. THE CRITICAL NONLINEARITY

Our purpose is to obtain a sharp condition on the nonlinearity f(u) in (|1): we consider

the critical case and we assume that there exists € > 0 such that

(10) F0)=0,  |f(u) = f)] < Clu—v|(Jul + )" p(lul +[v])

for |u| < e and |v| < e, where p, is the critical exponent in (2)), and p is an increasing

function verifying the following integral condition:

(11) /028 pir) dr < oo.

T

It is clear that if p is continuous at 7 = 0, then p(0) = 0 as a consequence of ([L1)).

Remark 2.1. If p is C' and 0 < 74/ (7) < u(7) for 7 € [0, €], then assumption holds
for f(u) = |ulPeu(|ul), provided that p. > 1. Indeed,

f(u) — f(v) :/0 Opf(v+ plu—w))dp = (u—v)/o f'(v+ p(u—wv))dp,
so that

@) — f@)] < Ju— / /(0 + plu— )| dp

Pt (o 4 plu —v)]) dp

§|u—v\<pc+1>/0 o+ plu— v)

< lu =] (pe + 1) (Jul + o))"~ pu(ful + [v]).
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This idea to use p(|ul) to provide sharp conditions for the global existence of small data
solutions, has been originally developed in [28] for the classical damped wave equation
(see also [20]).

In particular, the integral condition in allows us to obtain

(12) /OOO(1+S)_1M(C(1+3)_“) ds = /loo s p(es=) ds = + /ch—lu(T) dr,

a
for any a > 0, where we used the change of variable 14 s + s first and 7 = c¢s™ later. The
latter integral is finite for ¢ < 2¢, thanks to (L1]). Estimate ((12)) will be crucial to prove
the contraction argument which leads to the existence of the global small data solution
to and @ It replaces a classical argument used to apply the contraction mapping
principle for nonlinear problems which goes back (at least) to [50].

The integral condition on /4 is optimal, in the sense that if is not satisfied, then
any solution to and (9), with f(u) = |u

able sign assumptions on the initial data. This latter result can be proved following the

Pepi(Jul), blows up in finite time, under suit-

approach used in [28], and it will be included in a forthcoming paper, concerning nonex-
istence results for more general nonlinear evolution equations with Fujita type critical

exponent, with nonlinearities f satisfying conditions similar to (10]).

Example 2.1. We recall that any function p € C([0,00), increasing and concave, with
1(0) = 0 is also called modulus of continuity. As an example, 15 verified for a modulus
of continuity defined for a sufficiently small T by (—logT)™", and, more in general, by

p(s) = < — log 7') 1<1og(— log 7'))7

where log®! denotes the composition of k log, if, and only if, v > 1.

1

(log[k](—log7)>ﬂ, ke N,

In the following we state our main result about the global existence of small data
solutions for problems and @D, with f as in , assuming space dimension n < 20;
for problem @, thanks to the presence of the damping, we can prove a similar result in

higher space dimension, following as in [I4].

Theorem 2.1. Assume that 1 < o < n < 20. Then, there exists e, > 0 such that for any

u; € L'n L2, with ||u1||L1mL2 <€y,
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where ||+ || pinrz = || - |22 + || - || 22, there exists a uniquely determined solution
u e C([0, 00), H?) N1 CH([0, 00), I2).

to and (9) with 6 € [1,2], with [ as in and p satisfying (11). Moreover, the

solution satisfies the estimate
(13) lutt, Mer < CO 070 urllnse,  Vp € [2,00],
and the energy estimate

E(t) = [lut, )32 + | A2u(t, )72 < Cllw][1ne-

In the case # = 1, Theorem may be easily extended to any space dimension n. In
particular, when n > 20, we assume small initial data in L' N L+ and we construct the
solution in the space u € C([0,00), L' N H? N L*>) N C'([0,00), L?). The property that
u(t,-) € L™ is particularly useful to deal with x in (10).

Theorem 2.2. Assume that 0 > 1 and n > 20. Then, there exists €1 > 0 such that for
any

uwy € L'N Lo, with urll 1y < e1,
where || - || 2 = || - llor + || - || 2, there exists a uniquely determined solution
u € C([0,00), L' N H7 N L™®) N C*([0, 00), L?),

to @D with 0 = 1, with [ as in and p satisfying . Moreover, the solution satisfies

the estimate

_n_1
(14) lut, e < CL+ 0 |l ypn,  Vp € [1,00],
and the energy estimate

1 _n
E(t) = |lu(t, )72 + [AZu(t, )7 < C (A +8)77 w3, 2

In a forthcoming paper, the authors will investigate the possibility to assume condi-
tion in presence of a nonlinear memory term for which the critical exponent is not

obtained by scaling arguments (see [I], see also [3| [4] 8, 18] 25, 30} 34]).
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3. PROOF OF THEOREM 2.1
For a given R > 0, we introduce the solution space
X ={u € C([0,00), H7) N C*([0,00), L?) : ||u|]|x < R}, where

lullx = sup {(1+ )75 [[u(s, )|z + (14 8) 755 Juls, )l + (e, A2u)(E, )| 22}

$€[0,00)

In [29], it is proved that when o > 1 and n < 20 in (), the estimate
(15) (e, Mlze < © @ +0'770) fungaee,

holds for any p € [2,00] (the L? assumption for the data is used to avoid singular power
as t — 0, since H? < LP for any p € [2, 00|, thanks to the assumption n < 20). Under
the same assumptions, in [13] it is proved that the solution to also verifies . It
is also clear that E(t) = E(0) for the solution to (), and E(t) < E(0) for the solution

to (8)).
Let K = K(t,-) be the fundamental solution to or (). Thanks to and to the

energy estimate E(t) < E(0) = |lu1]32, we find
(16) '™ x < Cyllui||zinzz, where u'™(t, ) = K(t,-) *(z) Ut

is the solution to the linear problem or , for some constant C; > 0 independent on
uy. A function v € X is a solution to or @ if, and only if, it satisfies

(17) u(t,z) = u™ (t, ) + Fu(t,z), in X,
where F' is the nonlinear integral operator defined by
Fu(t,z) = /t K(t—s,) %) f(uls, ) ds.
0
We will prove that there exists Cy > 0 such that
(18) |Fu — Follx < Collu —ollx(fJullf ™ + [0l ),
for any u,v € X. Due to the definition of || -||x, for any v € X and s > 0 we may estimate
s, Mlze < (1 + )% ||ullx,

s, Mlz= < (14 )" Jullx,
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so that, by interpolation, we get
(19) lu(s, Mizw < 1+ ) 770D Jullx,  p e [2,00]-

Thanks to (17]), for any u,v € X and p € [2, 00|, we may estimate

n

I(Fu= Fo)t )l < € [ (0= 20 uts, ) — S0, Dl ds,
Let us assume that R < e, so that for any u € X, it holds
u(s, )] < flu(s, e < (148 ullx < R <
due to n > 0. We first consider || f(u(s,-)) — f(v(s,-))||z:. Using , we get
1£ufs,)) = £, Dl < N = 0)(s, ) (el + o), M Nl + o), )=

By Holder inequality, using with p = p. (we stress that p. > 3 > 2, due to n < 20,
so that we may use ), the first term may be estimated by

1w = v)(s, ) (Jul + [0 (s, )l < (=) (s, ) zee [l + )P (s, ) o

<O (1+8) " u—vlx (lul%™ + ol ™),

(-2-2)-

On the other hand, using with p = oo, and recalling that p is increasing, we may

due to the equality

Q

estimate
a((Jul + o)) (s, Dz < pl((lullx + Jollx) (1 +8)'77) < p2R(1+s)' 7).
We now estimate
t n 1 n
Il(t):/(1+t—s)10(1p)(1+s)_1u(2R(1+s)1_0)ds.
0

We split the integral in two parts. On the one hand,

t

t
[ as<uemaynt [ asiogmibe
t/2 /2

< Cu2R) (1 +t/2)7 1 (1 + t)2—g(1—%) <C'(1+ t)l—g(l_%)'
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On the other hand, using again that R < ¢, thanks to (12]), we get
t/2 . L t/2 .
g/ ~d8£u+wmkﬂﬂﬂf (145)7" p(2R (14 5)'7%) ds
0 0
<t =s0my) / (148) " R (1+5)"%)ds = C" (1+)" 7075
0

Summarizing,

Lty <c@+t)s03),
Now we consider || f(u(s,-)) — f(v(s,"))|z2. Using (L0), we get
£ (uls, ) = fols, Dllze < lw=v)(s,) (Jul + D (s, )z el + [v)(s, )]z
By Holder inequality, using with p = 2p,, the first term may be estimated by

(ful + [l (s, )l peorer

1w =) (s, ) (Jul + ) (s, ) llze < [l(w—v)(s, )| ove

<C(1+s)77% flu—ollx (lull¥ ™ + ol ),

1
-2(-a) 2
o 20 20

Now it is not necessary to employ and split the integral in two parts, since

since

I(t) = p(2R) /Ot(l +1— ) 70D (14 5) 5 ds < p(2R) C (1 +6) 5 075),

due to

n n 1
—1——<—1<1——<1——).
20 o P

This concludes the proof of the desired estimate

_n_1 _
|(Fu = Fo)(t, )l < € (14875070 fu—wllx (ull™ + o

=1
)
for any p € [2,00]. Now we consider the energy estimate. In this case,

1@, A2) (Fu = Fo)(t,-)|z= < C/Ot 1f (uls, ) = flu(s,))llz2 ds.

Again, it is not necessary to employ and split the integral in two parts, since

t 00
1(2R) / (1+5)"'725 ds < u(2R) / (1+s) "2 ds=C.
0 0
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This concludes the proof of the desired estimate

1D, A2)(Fu = Fo)(t, )2 < C llu = wllx (lulf™ + [lof5% ) -

Therefore, we proved . The proof of the small data global existence now follows from

a classic contraction argument. We define
R = 201 ||u1||L1ﬁL2;

where C] is as in ([16). For sufficiently small R, we get 2CyRP-~! < 1/2, where Cj is as
in . Namely, we assume ¢; sufficiently small to obtain the desired smallness of R.
By and (1), it follows that the operator u'™(¢,z) + F maps X into itself. Due
to , it is a contraction.

For any arbitrarily large 7' > 0, we may replace X by X (7T), where

X(T)={ueC([0,T],H?) mcl([()?T]?LQ) : HUHX(T) < R},

and || - [[x(z) is as || - ||x, but sup,c(g ) is replaced by maxep 77 Since X(7T') is a Banach
space, there is a unique fixed point for u'™ (¢,2) + F in X (T, that is, a unique solution

to in X(T). Being T arbitrary, we find a unique solution in X. Moreover,
Jullx < R =2C urllpnre,

so that we get estimate and the energy estimate E(t) < C' ||uy||1nz2.
This concludes the proof.

4. PROOF OF THEOREM
For a given R > 0, we introduce the solution space
X ={u€C([0,00), L "H N L>®)NC([0,00), L?) : |jul]lx < R} where

lullx = sup ) {0+ 8) uls, e+ (1 +8) 75 fuls, ) s + (1+ )3 | (ur, A7u)(E, )12}

s€[0,00
It is easy to check that, thanks to the homogeneity, the solution to with § = 1 satisfies

the following estimate (see, for instance, [5], 27]):

(20) lu(t, Y < C#72G3) Jugl e, 1< g <p < oo,
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from which one easily derive the desired estimate for u'™ (the assumption L= for the

initial data guarantees that the L estimate is not singular as t — 0):

lu®™ (& e < Ctllua]lz,

™ (1, e < € (102070 1
Moreover,
(21) (96 A2)ult, )2 < C (1 +6)7% [Jur|anre.
Following the proof of Theorem , now is replaced by
(22) lu™™[lx < Cillurll
and for any v € X and s > 0 we may estimate

1-2(1-1)

(23) Ju(s, e < (1 +s) VP |Jullx,  pe [l o0

We now employ a slightly different approach with respect to the one employed in Theo-
rem [2.1] to estimate ||(Fu — Fv)(t, )] »-

First assume that t > 2. Inside the integral term in F', we use estimate L! — L? estimate
(¢ =11n (20)) for s € [0,¢/2] and LP — LP estimate (¢ = p in (20)) for s € [¢/2,¢]. For

the first term, we use that

t/2 N L
té (6 — o) 50D f (s, ) — Fu(s, )l ds
t/2
s<w31241|uw@,»—fw@»wnda

then we estimate the latter integral by a constant as in the proof of Theorem 2.1} assuming
that R < e. We stress that it is not necessary to verify that p. > 2, since holds for
any p > 1. For the second term, we use to get

e—1
)

S ]

1f (us, ) = F(w(s, )l < CuR) (14 5)" 75 075) JJu = v]|x (|lu
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so that
t
[ (=9 1uts, ) = el ) ds
t/2
t
n 1
<C+)77F0) / (t = s)ds llu—vllx (lull™ + [lol% ™)
t/2
<O+ 50 ol (e + ol )
For t € [0,2], we use L — L estimates in the whole integral to get the obvious estimate
? 1 1
/ (t =) 1 (uls, ) = fo(s, Nlr ds < Clu—vllx (ful™ + olE ).
0

We proceed in a similar way for the energy, using

1 t/2 n
10, A2)(f (ult,-)) = f(u(t, )2 < /0 (t = )72 |[(f (uls, ) = f(v(s, )l Lrds

+ /t/2 I(f (uls, ) = fv(s, )l L2ds.

This concludes the proof of (18). The end of the proof is as in the proof of Theorem [2.1]
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