NONLINEAR FRACTIONAL EQUATIONS
IN THE HEISENBERG GROUP

EQUAZIONI FRAZIONARIE NON LINEARI
NEL GRUPPO DI HEISENBERG
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ABSTRACT. We deal with a wide class of nonlinear nonlocal equations led by integro-
differential operators of order (s, p), with summability exponent p € (1, 00) and differen-
tiability order s € (0,1), whose prototype is the fractional subLaplacian in the Heisen-
berg group. We present very recent boundedness and regularity estimates (up to the
boundary) for the involved weak solutions, and we introduce the nonlocal counterpart of
the Perron Method in the Heisenberg group, by recalling some results on the fractional

obstacle problem. Throughout the paper we also list various related open problems.

SUNTO. Investighiamo una ampia classe di equazioni non lineari e non locali guidate da
operatori integro-differenziali di ordine (s,p), con esponente di sommabilita p € (1, 00)
e ordine di differenziabilita s € (0,1), il cui prototipo ¢ il subLaplaciano frazionario nel
gruppo di Heisenberg. Presentiamo recenti stime di limitatezza e di regolarita (fino al
bordo) per le relative soluzioni deboli, e introduciamo ’analogo non locale del Metodo
di Perron nel gruppo di Heisenberg, richiamando anche alcuni risultati sul problema

dell’ostacolo frazionario. Diversi problemi aperti sono inoltre menzionati.
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1. INTRODUCTION

In this notes we deal with a wide class of nonlinear and nonlocal integro-differential

operators, defined on suitable Sobolev spaces, whose explicit expression is given by

u(€) — ul)P2(ul€) — uln))
W doiogeiw 7

(1.1)  Lu(€) = Lyu(€) = P.V. £ H”,

where p € (1,00), s € (0,1), @ = 2n + 2 is the homogeneous dimension, and d, is a
homogeneous norm on H"; see Section 2 below for the precise definitions and further

details.

We firstly focus on the linear case when p = 2. Integro-differential operators as in the
form in (1.1) do arise as a generalization of the classical conformally invariant fractional
subLaplacian (—Ag»)® on H" which was first introduced in [9] via the spectral formula
JCITUREE D
T(— JAw T+ 152)

(= Agn)® = 2°|T° . Vse(0,1),

with T'(z) := [°t*"le~!dt being the Euler Gamma function, Ag» being the classical
Kohn-Spencer subLaplacian in H", and T" = 9, being the vertical vector field.

As proven in [81, Proposition 4.1] the following representation formula holds true

(1.2) (~Aw)"u(€) = Cln,s) P.V. [ de, £,

where C'(n, s) is a positive constant which depends only on n and s.
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Notice that the operator defined in Formula (1.2) above does not coincide with the

classical power of the subLaplacian —Aj;,. defined via heat kernel

18 —jpl®) =~y | e (Pa© —u©)dn wecr),

with Pu(€) := ety (€) being the heat semigroup built by Folland in [40].

In the last decades, many relevant results have been achieved in the study of fractional
operators in the Heisenberg group both in the form (1.2) and (1.3). As an example, we just
recall the paper [81], where several Hardy inequalities were established for the conformally
invariant fractional subLaplacian (1.2). We also refer the reader to [22] for related Hardy
and uncertainty inequalities on general stratified Lie groups involving fractional powers
of the subLaplacian, and to [1], where Sobolev and Morrey-type embeddings are derived
for fractional order Sobolev spaces. Moreover, very important results have been obtained
based on the construction of fractional operators via a Caffarelli-Silvestre-type extension
as seen in the Euclidean framework in [16]. In particular, we mention the recent series
of papers [44, 45] where the authors used ad-hoc Dirichlet-to-Neumann map to built
explicit fundamental solutions to (1.2) and (1.3), and to prove some intertwining formulas
for (—Apn)® and —Aj.. Also, a Liouville-type theorem was proven in [23]; Harnack
and Holder results in Carnot groups in [35]; whereas the connection with the fractional
perimeters of sets in Carnot group can be found in [36]. We also refer to [70] for mixed
local /nonlocal operators on the Heisenberg group where the nonlocal part is given by the

standard subLaplacian operator (—Apgn)® defined in (1.2).

In the present notes we consider the more general situation when a p-growth exponent
is involved. Nonlinear operators on stratified Lie group both in their nonlocal and lo-
cal formulation are connected with several concrete models arising from many different
contexts where the analysis in subRiemannian geometry revealed to be decisive; see for
example [6, 24, 69, 79, 90] and the references therein. Here, we present some very recent
results regarding the De Giorgi-Nash-Moser theory for the weak solutions to general equa-
tions led by integro-differential operators £ defined in (1.1), and we conclude by recalling

a Perron-type resolutivity theorem for the related Dirichlet problem. All the forthcoming
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theorems were proven in [64, 74, 78], and they are the natural extension in the Heisen-
berg setting of the Euclidean counterpart proven for a class of very general p-fractional
Laplacian-type operators in [31, 32, 56, 57, 62]. For further results on equations where

the leading operator is such as the one in (1.1), we also refer to [48, 51, 52, 89].

The main difficulty in dealing with the operator £ in (1.1) lies in its own definition.
Indeed, we have to deal both with its nonlocal and nonlinear structure and with the
underlying nonEuclidean geometry of the Heisenberg group. Moreover, since the inte-
grability exponent p can differ from 2, most of the classical tools successfully extended
in the Heisenberg framework in the linear case such as the Dirichlet-to-Neumann map
in [39, 44, 45], the approach via (non-commutative) Fourier representation, and many
others, are not trivially applicable. As natural when dealing with nonlocal operators we
have to consider a tail-type contribution which gives a precise control on the long-range

interactions that naturally occur.

Definition 1.1 (Nonlocal tail; Definition (1.5) in [74, 64]). For any p € (1,00) and s €
(0,1) we call nonlocal tail of a function w in a ball Br(&) C H™ of radius R > 0 and

centred in & € H" the quantity defined as follows

1

L e )= (R7 et o ma)

"~ Br(éo)

In the Euclidean framework the nonlocal tail has been firstly introduced in the study
of nonlocal operators in [31, 32] and then subsequently used to derive fine properties of
solutions to nonlocal equations; see e.g. [11, 56, 57, 58] and the references therein. We
also refer the interested reader to [72, 73]. Several extension of the nonlocal tail are
available in the parabolic setting [87, 34, 61, 2] as well as in the kinetic framework [3].
In the considered Heisenberg framework, the nonlocal tail has been firstly introduced in
the papers [74, 64], and — despite its young age — it has been already proven to be a
fundamental tool in order to achieve several results, as for instance the ones regarding the
regularity for the obstacle problem and the Perron method ([78]), and those involving the
fractional critical (Folland-Stein)-Sobolev embedding (see [43], and also [76, 75, 77]).
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In clear accordance with the definition of the tail function in (1.4), we can consider as

done in [56, 57] the associated tail space L7 " given by

(P
T+ [Elarn) @

vy = {o e ) [ de <o},

The previous definitions are very natural when dealing with operators of the type (1.1);

we refer the reader to Section 2 below for further details.

1.1. Outline of the paper. In Section 2 we recall some useful facts about the Heisen-
berg group and its related fractional Sobolev spaces. In Section 3 we present the De
Giorgi-Nash-Moser Theory for the nonlinear fractional problems led by the operator L.
Section 4 is devoted to the related obstacle problem, and to extend up to the boundary
the boundedness and Holder results presented in Section 3. In Section 5 we solve the
Dirichlet problem related to £ in the sense of Perron in general open bounded set. We
conclude with Section 6 giving some indications about further developments of the results
presented in the present notes.

Aknowledgements. The authors are also supported by INAAM Project “Fenomeni non
locali in problemi locali”, CUP_E55F22000270001. The second author is also supported
by the Project “Local vs Nonlocal: mixed type operators and nonuniform ellipticity”,

CUP_D91B21005370003.

2. PRELIMINARIES

We fix some notation which will be used throughout the rest of the paper. Firstly, we
will denote by ¢ a general positive constant greater than 1 which will not necessarily be

the same at different occurrences and which can also change from line to line.

2.1. The Heisenberg group. We start by introducing some definitions and results about
the Heisenberg group. For further details we refer to the book [8] by Bonfiglioli, Lanconelli

and Uguzzoni.
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The Heisenberg group H" is the Lie group which has R} x Rj x R; as background

manifold and whose group law o and dilations d, are given by
ol = (:L- +2,y+y, t+t+ 2y, 2) — 2(3:',3/}), VE = (z,y,t),& = (2, t') e H"
and

oa(€) = (Ax, Ay, A%),
respectively. It can be checked that the identity element is the origin 0, the inverse ¢! =
—&. The Jacobian of §y is equal to A>*™2, and the number Q = 2n + 2 is usually called
homogeneous dimension of H™.

The Jacobian basis of the Heisenberg Lie algebra ™ of H" is given by the following

vector fields

Xj = 8%. + 2yj8t, Xn+j = 8y- —

J

Moreover, a simple computation shows that
(X, Xt = X; X0t — Xny; Xj = —40;, for every 1 < j <n,
so that
rank(Lie{Xl,...,Xgn}> — 41,

The group H" is thus a Carnot group with the following stratification h™ of the Lie algebra,
h" = span{ Xy, ..., Xo,} @ span{T}.

Given a domain Q0 C H", for any u € C'(Q2; R) we define the horizontal gradient Vynu

of u by
Vi (€) = (Xlu(g), . ,X2nu(§)>.

Definition 2.1. A homogeneous norm on H" is a continuous function (with respect to the

FEuclidean topology) d, : H" — [0, +00) such that:
(1) do(0x(§)) = Ado(€), for every X > 0 and every & € H™;
(i) do(&) = 0 if and only if £ = 0.
Moreover, we say that the homogeneous norm d, is symmetric if do(§7') = do(€), for

any £ € H".
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Fixed an homogeneous norm d, on H", the function ¥ defined on the set of all pairs of

elements of H" by
U(E,n) = do(n ' 0€),

is a pseudometric on H".

Homogenous norms are not in general proper norms on H"”. However, for any homoge-

neous norm d, on H" we have that there exists a constant A > 0 such that
1
A7l < do(€) < AJélun,  VE € ", [glun = (] + [y)? + )"

The function ||y~ in the display above is the Kordnyi distance in the Heisenberg group,
and it is actually a norm; for the proof we refer to [26] and to Example 5.1 in [5].

For any fixed {§; € H" and R > 0, we denote by Bgr(&y) the ball with center &, and
radius R, given by

Brléo) = {¢ € H" &5 o €lan < R},

2.2. The fractional Sobolev spaces. We recall now some definitions and a few related
basic results about our fractional functional setting. For further details, we refer the reader
to [1, 51]; see also [33] for the basics of the fractional Sobolev spaces in the Euclidean

setting.

Let p € (1,00), s € (0,1), and let u : H* — R be a measurable function. The fractional
Sobolev spaces HW#®P on the Heisenberg group is defined by

HW*P(H") := {u € LP(H") : ’;( 1)0 67‘3(:7)’ € LP(H" x ]H”)},

endowed with the natural fractional norm

P 1
I rq / / [w€) = uml” g ) € HW*P(H").
fallawerien = ( f, lapag [ [ HE=0aean)”, (")

::[U]HWSJ’(]H")
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In a similar fashion, given a domain 2 C H", one can define the fractional Sobolev
space HW*P(Q). By HW;"(Q2) we denote the closure of C§°(2) in HW#*?P(H"). Con-
versely, if v € HWP({Y) with Q € ' and v = 0 outside of Q a. e., then v has a
representative in HW;*(Q) as well.

As expected, one can prove that classical embedding theorems still hold in our fractional
functional setting. In particular, we refer to the result in [51], where the authors prove

the following

Theorem 2.2 (Theorem 2.5 in [51]). Let p € (1,00) and s € (0,1) such that sp < Q.
For any measurable compactly supported function uw : H* — R there exists a positive

constant ¢ = c¢(n, p, s) such that

||U||I£p*(]Hn) < C[U]?{W&P(]H”)v

where p* = Qp/(Q — sp) is the critical Sobolev exponent.

For an analogous fractional Sobolev embedding on stratified Lie groups we refer to [46,
Theorem 1], where the authors also investigate some relevant properties of nonlinear
fractional eigenvalue problems on stratified Lie groups. Moreover, for further results on
fractional Sobolev embedding on stratified Lie groups we also refer to [47].

In the event that sp > () we have a classical Morrey-type embedding.

Theorem 2.3 (Theorem 1.5 in [1]). Let p € (1,00), s € (0,1) such that sp > Q. For
any uw € HW*P(H") we have that

|ullco.smny < cllull gwss@n),
where ¢ = ¢(n, s,p) > 0 and = (sp — Q)/p.

Moreover, by applying the same strategy developed in [4, Section 2], one can prove a

fractional Poincaré-type inequality.

Proposition 2.4. Let p > 1 and s € (0,1) and w € HW?(Q). Then, for any B,.(&) €
we have that

u(n)[?
U — Pd <c7‘5p/ / dédn,
/Br £O)| ( | 5 7‘(€0 TfO _1 o€|Q+SP 5 77
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where ¢ = ¢(n,p) > 0 and (u), ::][ ( )udf.
By (&

We conclude this section by introducing the Dirichlet problem related to £ in (1.1), as
well as recalling the natural definition of weak solutions.

Let © be a bounded open set in H" and g € HW#®*P(H"), we consider the Dirichlet
problem

21 Lu= f(-,u) in Q,

u=gq in H* \ Q,

where L is given by (1.1) and the datum u — f = f(-,u) is bounded locally uniformly
for £ € Q.
For any g € HW*?(H") consider the classes K () defined by

KE(Q) = {v € HW*P(H") : (g — v), € HWS”’(Q)},

9
and
K,(Q) = KHQ) N K, () = {v € HW*P(H") : v — g € ngvp(gz)}.
We have the following
Definition 2.5 (Fractional weak solutions. See Section 2.2 in [64, 74]).
A function u € IC; () (KF(S2), respectively) is a weak subsolution (supersolution, resp.)

to (2.1) if

u(€) — ()P (u(€) —u(n) (W) —¥(n))

< (Zoresp.) [ F(Eu(©)(E) de,

for any nonnegative » € HWyP(Q).

A functionu € KCy(€2) is a weak solution to (2.1) if it is both a weak sub- and supersolution.

Few remarks are in order. Firstly, the requirement that w € HW*?(H") can be weak-

ened assuming v € HW;?

or(Q) N LE7H(H™). Moreover, in case of weak supersolution it

loc

makes no difference requiring that v € HW;2l(Q) with u_ € L2 (H"), as shown by the
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following lemma, which will also be one of the keypoints in the proof of the Harnack

inequalities in forthcoming Section 3.3.

Lemma 2.6 (Tail estimate. See Lemma 2.9 in [78]).

Let u be a weak supersolution in Ba.(§o). Then, there exists ¢ = c(n,p, s, ) > 0 such that

. __Q
Tail(uy; &, r) < cr vt [U]Hwhpfl(Br(fo))‘i_CT 7= ||u| Lr-1(B, (o))

+ cTail(u_; &, r) + crieT ||f||L<x> (Br(£0))’

with h := max {0 s}f 1} < s. In particular, if u is a weak supersolution in an open set €2,

then u € LP-1(H").

Proof. Firstly, we write the weak formulation, for nonnegative ¢ € C§°(B5,/2(&)) such

that ¢ = 1 in B, 4(&), with 0 < ¢ < 1 and |[Vgn¢| < 8/r. We have

[ fewoen < [ ) do((”(ﬁ)o_géfﬁzw)_¢(">)dgdn

[u(€) = ulm)P~2(u(€) — u(m))$ (&)
+ /]Hn\Br(so) /T‘/Q(EO) do(n=1 0 £)Q+sp d&dn

=. [1 -+ IQ.
The left-hand side can be treated recalling the regularity assumptions on the nonlinearity f

[, FE o€ = —er| fll = e

The first term can be easily estimated using |¢(&) — ¢ (n)| < 8|n~! o &|mn /7 to get

C p—1
Il < pmin{sp,1} [ ]HWhP L(Br (o))

In order to estimate the second term, we can observe that

[u(€) — w7 (u(©) —uln)) <277 (W71 + w2 (n)) — u (),
and thus

I, -1

IN

cr= ||u||LP (B, (£)) +er9 P Tail(u_; &, )"

rQ sp

. Tail(u; &, )P~
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By combining all the displays above, we obtain the desired estimate. The second statement

plainly follows by an application of Holder’s Inequality. O

3. THE DE GIORGI-NASH-MOSER REGULARITY THEORY FOR WEAK SOLUTIONS

In this section we present some recent results about regularity estimates (up to the
boundary) for weak solutions to (2.1). In particular, we focus on De Giorgi-Nash-Moser-

type results.

3.1. Fundamental estimates. We start recalling some fundamental estimates contained
n [64]. The first is a Caccioppoli-type inequality which takes into account the presence

of the nonlocal tail.

Theorem 3.1 (Caccioppoli estimates with tail. See Theorem 1.3 in [64]).
Let p € (1,00), s € (0,1) and let w € HW*P(H") be a weak subsolution to (2.1). Then,
for any B, = B,(§) C Q and any nonnegative ¢ € C§°(B,), the following estimate holds

true

// |w+ §) —wi(mo)P dedy

—1 1) g)Q-I—SP

o, [ 0

e f, wr(©er(©) as sup ey

nesupp ¢ / H"\B. do(n f)QHp

4+ e )

where wy = (u — k)4 with k € R, and ¢ = c¢(n,p) > 0.

Remark 3.2. The same estimate provided by Theorem 3.1 above holds true if one considers

weak supersolutions by replacing wy with w_ := (u —k)_.

As mentioned above, in the nonlocal framework we have to take into account the con-
tributions coming from far. This is done via the second term on the right-hand side of
the Caccioppoli inequality; i.e.,

1
o 47O
nesupp ¢ JH B, do(n™1 0 §)Qtsp

d¢ < cr*PTail(wy; &, )P~
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As for classical De Giorgi-Nash-Moser theory, the following fractional logarithmic lemma

is fundamental in order to prove an Hoélder continuity estimates.

Lemma 3.3 (Fractional logarithmic Lemma. See Lemma 1.4 in [64]).
Let p € (1,00), s € (0,1) and let w € HW*P(H") be a weak solution to (2.1) such
that u > 0 in Br = Br(&) C Q. Then, for any B, = B,.(&§) C Bg(&)) and any d > 0,

[ [ log(u(¢) + d) — log(u(y) + d)["
JB, do(n—lof)Q+sp

< er@er

dedy + [ (flew), (u(©) +d) " de

0 (3 (s 1)

el fllema [ () +d) P de,

2r

where Tail(+) is defined in (1.4), u_ := max{—wu,0}, and ¢ = ¢(n,p,s,A) > 0.

3.2. Local boundedness and Holder continuity. As in the classical regularity theory, the
Caccioppoli inequality is the starting point in order to build a proper iteration scheme

which will lead to establish an L — L? bound.

Theorem 3.4 (Local boundedness. See Theorem 1.1 in [64]). Let p € (1,00), s € (0,1),
let u e HW#®P(H") be a weak subsolution to (2.1), and let B, = B.(§) C Q. Then the
following estimate holds true, for any ¢ € (0,1],

_®e-1HQ P
(3.1) ess supu < ¢ Tail(uy;&o,r/2) +cd =2 (é uﬂd{) ,

B'r/2
where Tail(-) is defined in (1.4), uy := max {u, 0} is the positive part of the function u,

and the positive constant ¢ depends only on n, s,p, || f|| L=, and A.

We stress that the presence of the parameter ¢ allows a precise interpolation between the
local and nonlocal terms in (3.1). Moreover, to the best of our knowledge, the boundedness
result presented in Theorem 3.4 above is new even in the linear case when p = 2.

In the non-fractional setting when s = 1 other boundedness estimates (of the horizontal
gradient) are available, see e.g. [66, 68| for the case of nonlinear equations in the Heisen-

berg group H™ modeled on the p-subLaplacian; see also [18] for more general nonlinear
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operators in Carnot-Caratheodory spaces, and [25] for general quasi-linear equations with

Hormander vector fields having p-Laplacian growth conditions.

Combining all the results above, we can finally extend the classical results by De Giorgi-

Nash-Moser in the nonlocal Heisenberg framework.

Theorem 3.5 (Holder continuity. See Theorem 1.2 in [64]). Let p € (1,00), s € (0,1),
and let w € HWP(H") be a weak solution to (2.1). Then w is locally Hélder continuous
in Q. In particular, there are constants o < sp/(p — 1) and ¢ > 0, both depending only
on n,p,s, A and || f||L=(B,), such that if By, = Ba.(&) C Q then

1

oscu < ¢ <Q> Tail(u; &, r) + <][ |u|pd§>p :
BQ T Bay
for every o € (0,7).

Proof. We will present a sketch of the proof by conveniently dividing it in a few steps.
Step 1. For any j € IN, let 0 < o < R/2 for R such that Br C €2,

; 1
0j = Ujg, o€ (0,41 , Bj =By,
1
l00) ~ Tail(u: 0/2) + ( [ dg)

and

w(oy) == (gg) w(00) for some a < ps—pl

It suffices to prove that under the notation above

oBs_cugw(gj), Vi=0,1,2,...

J

and this can be achieved by induction. Indeed, the case when j = 0 plainly follows by the
supremum estimate in Theorem 3.4 by taking 6 = 1, since both the functions (u); and
(u)_ are weak subsolution. Assume now that it holds for all i € {1, cee j} for some 7 >0

and below we will prove that it holds also for j + 1.
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Step 2. With no loss of generality, one can assume that

’23j+1 N {u > ess infp, u+ w(gj)/QH
.|

1
- 2’
so that, denoting u; := u — ess infp, u > 0 in B;, we have

28010 {uy > w(0)/2)] 1
pra]

sup [u;] < 2w(e;), Vi€ {l,...,j}
B;

Consider now the function v defined as follows,

sp

. 2 p—1

wiej)/2+ 0 I
U + or-1

v:=min{ | log (
+

Thanks to the fractional Log-Lemma 3.3, we have

£ lo= sl <1
2B;

i1
Step 3. Let
1 de
K= K

2Bj11 N {u; = w(o)/2}] J2B;10{u;>w(e;)/2}

1

= kd&

12B;11 N {u; > w(o;)/2}| J2B;11n{v=0}

2

= m QBM(H —v)d§ = 2[k — (U>23j+1]

Integrating on 2B, N{v = Kk}, we get

12Bj 11 N{v =k} 2
Ot =] o2 5 = (v)am ] de
12B;11] 12Bj41] J2B; 110 {v=n}
2

— = L de ST
= |2_B]+1| 23j+1 |U (U)QB]+1| § ~

Taking k ~ —log (0%>

_Sp_
2Bj1 N {u; <207 Tw(gy)}| 1

(3.2) 2B;11] ~ log (1)
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Step 4. A second iterative scheme is now needed. For any i € IN, let
0" = 0;1+270;41 BY =B, ¢ € C° cut-off k; = (1+ Z’i)ap%plw(rj).

We denote by
|1BY N {w; > 0}

Ai = -
BO)

for w; :== (Kk; — u;)4.

We have the following estimate,

p

z'il(/’fi - /fi+1)p

<|BUHV|

widill7pr (5o

< T;ﬁIQ[wi@]W&p(E@))

wy (€)|pi(§) — di(n)|?
o e

p—1
w; (&) d§
oy (S50 [ gt + Wi )

nesupp (i) n

dédn

+ Hwiﬁbf

where we also used the Folland-Stein-Sobolev embedding and the Caccioppoli inequality

in Theorem 3.1. It follows,
. Q
Aijy1 < cob"APT7, Co, b = ¢, b(data) > 1.

Now, by recalling a classical lemma in the Euclidean setting, it remains only to prove that

for a proper v* = v*(data) the following estimate holds,

_sp_
_ 12Bjp1 N {u; <2077 Tw(e;))}|

A[) .
2B 1|

< v*.

For this, we use the estimate in (3.2) and a proper choice of o = o(v*) to get

1—00

We have hence shown that

osc u = (1 —d)o “w(gjt1)-
Bjt1

Finally, taking o € (O, p%pl) small enough so that

Sp

c*>1—d=1—o0r1
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will lead to the desired estimate,
osc u < w(pjt1).
Bjt1

g

In the linear case, when p = 2, for what concerns classical Holder regularity results
for linear integro-differential operators in a very wide class of metric measure spaces, we
refer to the important paper by Chen and Kumagai [21]. Moreover, we recall the result
proven by Ferrari and Franchi when p = 2 for fractional subLaplacians in Carnot group
via a Dirichlet-to-Neumann-type extension, which, as mentioned in the introduction, is
not available in the more general framework we are dealing with.

For some further C''®-regularity estimates in the local case when s = 1 we refer the

interested reader to [17, 20, 63, 68, 67, 25] and the references therein.

3.3. Nonlocal Harnack inequalities. Now, we are ready to focus on Harnack-type in-
equalities for weak solutions to (2.1). Forthcoming Theorems 3.6 and 3.7 do generalize
to the Heisenberg (and to the non-homogeneous setting) the results obtained by Di Cas-
tro, Kuusi and one of the authors in [31] for nonlinear and nonlocal integro-differential
operators with (s, p)-kernels. The proofs in [31] rely on the supremum estimate obtained
in Theorem 3.4 together with a suitable expansion of positivity which takes into account
the presence of the nonlocal tail; a finite Moser iteration argument will give the desired
results. Further efforts are needed in order to deal with the limiting case when sp = @) of

the fractional Sobolev embedding; see Theorem 2.2 above.

Theorem 3.6 (Nonlocal Harnack inequality. See Theorem 1.1 in [74]).
For any s € (0,1) and any p € (1,00), let u € HW*P(H") be a weak solution to (2.1)
such that u > 0 in Bgr = Bgr(&) C Q. Then, for any B, such that Bg. C Bg, it holds

B sp 1
(3.3) ess SUp u <c essBTinfu +c (;) " Tail(u—; &, R) + cro T || fll 7= 5, -

where Tail(+) is defined in (1.4), u_ := max{—u, 0} is the negative part of the function u,
and ¢ = ¢(n, s,p, A) > 0.
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Moreover, in the case when w is merely a weak supersolution to (2.1), in clear accordance

with the Euclidean framework, the following weak Harnack inequality can be proved.

Theorem 3.7 (Nonlocal weak Harnack inequality. See Theorem 1.2 in [74]).
For any s € (0,1) and any p € (1,00), let w € HW*P(H") be a weak supersolution to (2.1)
such that u > 0 in Br = Bgr(&) C Q. Then, for any B, such that Bg. C Bg, it holds

(3.4) ( ][ ut df)i < c esEsgslnfu +c (;)ﬁl Tail(u_; &, R) + ¢ F,
" 3r
where
T | £ T2 oy fort< Sl if sp<Q,
B Ss)HfH Br) foranys—@/p<€<sandt<(p;71)s if sp > Q,

Tail(-) is defined in (1.4), and u_ = max{—u,0} is the negative part of the function u
and ¢ = ¢(n, s,p, A) > 0.

Remark 3.8. The nonlocal Harnack inequalities presented above have been stated in the
original paper [74] under a not sharp assumption; that is, for 1 < p < 2n/(1 —s). One
can easily remove such a restriction by bypassing the estimate (3.1) there given by |1,
Lemma 3.2] with the estimate in Proposition 5.4.4 by Bonfiglioli, Lanconelli and Uguz-
zoni [8]. Such a simple (sharp) computation can be found at Page 24 in [64].

In the linear case when p = 2 a first version of the Harnack inequality has been proved
by Ferrari and Franchi in [35], via a Dirichlet-to-Neumann map, and for weak solutions
nonnegative in the whole space. In this regard, it is worth noticing that by assuming v > 0

in H™ the Tail(-)-type contribution in both (3.3) and (3.4) disappears.

3.3.1. The conformally invariant fractional subLaplacian. In the Euclidean framework,
the validity of the Harnack inequality without requiring extra positivity assumptions on
the solutions has been an open problem in the fractional framework for many years, until
KaBmann in [49, 50] showed with a simple counterexample that the classical Harnack
inequality is not true even for the classical fractional Laplacian (—A)* if one cannot add

an extra tail-type contribution on the right-hand side of the desired inequality.
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We show now that in such linear case when p = 2 such a tail term disappers in both
the inequalities (3.3) and (3.4) as s goes to 1, so that the classic Harnack inequalities are
recovered.

Precisely, we consider the following Dirichlet problem

(—Apn)’u =0 in Q,
(3.5)
u=g in H™ \ €,

where ¢ € H*(H") = HW*?(H"). We firstly recall the definition of the conformally

invariant fractional subLaplacian operator

u(§) —uln)

Hn |/’/I*1 o f‘EQIjL‘2S )

(—Amn)*u(€) = C(n,s) P.V. Ve e HY,

where C'(n, s) is given by
(3.6) C(n,s) =
with

1 — cos(zy) >_1 3
3.7) ci(n,s) = / ————=dn and cy(n, s :/ —55; AHo-2(n)
@1 a0 = ( [, frs )= [, o g s

In the display above, || - || is the standard Euclidean norm on R*"*!, and Hg_» is the

surface measure on 0B;.

With such a notation in mind, we can prove that the conformally invariant subLaplacian

tends to the classical subLaplacian —Apg» on suitable regular functions.

Proposition 3.9 (Asymptotic of the conformally fractional subLaplacian. See Proposi-

tion 1.3 in [74]). For any u € C°(H") the following statement holds true

s—1—

Proof. For the sake of readability, we denote the points ¢ in H™ as follows,

512 (.C(,’l,...,fgn,t),
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and we rely on the weighted second order integral definition of the fractional sublaplacian;

i.e.,

u(€on)+u(on ') —2u(é)

|G+

(~Baw)u() = —5Cln.s) [ an, Ve

see, e. g., [33, Proposition 3.2]. We also recall that the symmetrized horizontal Hessian

matrix D]%{’ii is given by
2% 1
Diru(€) = | 5 (XiXju(®) + X, Xuu(€))

Firstly, we have no contribution outside the unit ball in the limit as s goes to 1.

Indeed,

) /}Hn\B . u(§on) +u(on") —2u() = 0.

s—1— 2 ‘77|]}QIZF2S
It thus remains to estimate the integral contribution in the unit ball. In view of [8,

Corollary 20.3.5], for any n = (z,t), one get

(3.8) u(€on ) = Pa(u,§)(Eon ") +o(lnlg) as [nfus — 0,

where Py(u, ) is the Taylor polynomial of H"-degree 2 associated to u and centered at &;
see [8].
By the very definition of Taylor polynomial, inequality (3.8) yields

u(€on™) = u(€) — (Vau(€), ul©)) -1+ 5 (w, DEu(€) ) + oflalf) s lnlaw: =0,

which, by using again the result in [8], can be used to control the contribution inside the

ball B; as follows,

s dn
In|@+>

< [u(€on) — Par(u(§ 222750)(77)| + o(|nli) dy
By Ll

| [ (€ on) +ul€on™) — 2u(€) — (z, DFru(€) - )
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The previous estimate yields

- Cnys) [ ou(@on) +uonh) —2u()
B =5 G K
. C(nys) [ (x, Dinu(§) - x)
(3.9) == /B e ¢
Now, notice that

Moreover, for any fixed index i, making using of the polar coordinates, namely [41, Propo-

sition 1.15], we get that there exists a unique Borel measure o on B such that, up to

Xu(€)x; 2@+l
SNy = X2u( / / d
/31 ] 2.2 1 0B |®,(n Q”S do(n) dr

an,s) o
= m){iu(f)-

permutations,

where c3(n, s) is defined in (3.7).
Hence, recalling the result in [33, Corollary 4.2] which shows that

(3.11) lip (8) A

s—1— 8(1 — S) B w2n’

where wy, denotes the (2n)-dimensional Lebesgue measure of the unit sphere $2", we

finally obtain that

lim (—Age)*u(€) = lim _C(n,s) /Bl (z, Dgnu(€) - x) dy

s—1— s—1— 2 |T]|Q+2s
. Cl n,s (,UQTL 2 -
== 1 X = —A n
o1 dn(1—s) 2; rult),
as desired. O

Remark 3.10. A proof of the result above for fractional subLaplacians on Carnot groups

can be also achieved via heat kernel characterization; see the relevant paper [36].

With Proposition 3.9 in mind, we are now able to revisit the proofs of Theorems 3.6-

3.7 by precisely tracking the dependence of the differentiability exponent s in all the
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estimates, so that we are eventually able to obtain the results below in clear accordance
with the analogous ones in the Euclidean framework [50], by proving that the nonlocal
tail term will vanish when s goes to 1, in turn recovering the classical Harnack inequality

formulation.

Theorem 3.11 (Robustness of the nonlocal Harnack inequality. See Theorems 1.4 and
1.51in [74]). For any s € (0,1), let w € H*(H") be a weak solution to (3.5) such thatu > 0
in Br(&) C Q. Then, the following estimate holds true for any B, such that Bg. C B,

2s
ess supu < c ess infu + ¢ (1 — s) <T> Tail(u_; &, R).
By B R

If we H°(H") is a weak supersolution to (3.5), such that u > 0 in Bg(&) C 2, then, for
any B, such that Bg. C Bgr, and any t < Q/(Q — 2s),

1
T 2s
<][ ut d§> <c ess infu+c(1—s) (;) Tail(u_; &, R),

3r
2

where Tail(+) is defined in (1.4) by taking p = 2 there, u_ := max{—u,0} is the negative

part of the function u, and ¢ = ¢ (n, s).

4. THE SUBELLIPTIC OBSTACLE PROBLEM

Armed with all the estimates presented in Sections 3, we are in the position to in-
vestigate the obstacle problem associated to the operators £ in order to extend (up to
the boundary) both the boundedness and the Holder continuity stated in Theorems 3.4
and 3.5. For other results regarding the obstacle problem in subRiemannian geometry we

refer to [27, 28] and the references given there.

Let Q € Q' be bounded open sets in H"”; let A : H" — [—00,00) be an extended real-
valued function, called the obstacle; and let g € HW*P(Q') N L7 (H") be the nonlocal

boundary datum. Define the following class of fractional functions,

KCyn(2,Q) = {u e HW*P(Q):u>ha.e. in Q, u=ga.e in H" \ Q}
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Note that in the case when h = —oo, we have that the class defined above, ICg (€2, §Y'),
does coincide with

Ky—0o(2,) = {u € HW*P(Q):u=ga.e. in H" \ Q},

which is the class in which we seek the solution to (2.1) with zero datum in the right-hand
side of the equation; see Definition 2.5 above, and forthcoming Section 4.1.

On the class IC; (2, QY') we now define the functional
A Ky n(2,Q) = [HW>P(Q)],
given by

(A(u), v)

[ ) = P E) ) o(6) = vl
= o S dy(r 1 o €T

where the function f : H® x R — R satisfies the following assumptions:

Lagan — [ 56 wpie)ac,

(F1) f(-,7) is measurable for all 7 € R and f(&,-) is continuous for a.e. £ € H";
(Fy) f=f(-,7) € L. (H"), for any 7 € R, uniformly in €;

(F3) (f(fﬂ'l) - f(§>7'2)) (11 — 1) <0, for any 71,72 € R and for a.e. £ € H™.

We are now ready to recall the definition of solutions to the obstacle problem.

Definition 4.1 (Solution to the obstacle problem. Definition 2.8 in [78]). We say that u €
Ky n(82,€) is a solution to the obstacle problem in IC,,(S2, Q) if

(A(u),v —u) >0, Vo € Kyn(52, ).

In the theorem below, we immediately state both existence and uniqueness of the

solution to the obstacle problem.

Theorem 4.2 (Existence and uniqueness. Theorem 1.1 in [78]). Under conditions (F}),
(Fy) and (F3), if the class K, ,(£2,Y) is not empty, then there exists a unique solution to
the obstacle problem in K, (€2, §Y).

Also, in clear accordance with the results in the local framework, one can prove that
the solutions to the obstacle problem are indeed weak solutions to (2.1) away from the

contact set. We have the following
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Corollary 4.3 (Solutions to the obstacle problem. See Corollary 1.2 in [78]). Let u be the
solution to the obstacle problem in ICy (22, ). Then u is a weak supersolution to (2.1)
in 2. Moreover, if B,(&) C € is such that ess infp () (u — h) > 0, then u is a weak
solution to (2.1) in B.(&). In particular, if u is lower semicontinuous and h is upper

semicontinuous in S, then u is a weak solution to (2.1) in {u > h} N Q.

Amongst other results, one can prove that the solutions to the obstacle problem inherit
regularity properties, such as boundedness, continuity and Holder continuity (up to the

boundary), from the obstacle.

Theorem 4.4 (Boundedness for the obstacle problem. Theorem 3.6 in [78]). Let s € (0, 1)
and p € (1,00). Suppose that, under assumptions (Fy), (F2) and (Fs), u € Ky ,(2, Q)
solves the obstacle problem in K,,(2,Q). Let & € 0Q and r € (0,dist(&, 092), and
assume that, for B,.(&),

ess supg +ess suph < oo and ess infg > —oo.
Br (&) By (&0)NQ Br(&o)

Then, u is essentially bounded close to &g.

In order to prove the Holder continuity up to the boundary, a natural measure density
condition on (2 has to be assumed; that is, there exists dg € (0,1) and ry > 0 such that,
for every & € 011,

o |(H" N Q)N B (&)
f > 5o
re(0r0) B, (&)] = %9

The requirement above is in the same spirit of the classical nonlinear Potential Theory

(4.1)

and — as expected in view of the nonlocality of the involved equations — it is translated

into an information given on the complement of the set 2. We finally have

Theorem 4.5 (Regularity for the obstacle problem. Theorem 1.3 in [78]). Let s €
(0,1), p € (1,00) and, under assumptions (Fy), (Fy) and (F3), let u solves the obsta-
cle problem in ICypn(2, Q) with g € Kyn(2,Q) and Q satisfying condition (4.1). If g
is locally Hélder continuous (resp. continuous) in Q' and h is locally Hélder continuous

(resp. continuous) in Q or h = —oo, then u is locally Hélder continuous (resp. continu-

ous) in Q.
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Proof. With no loss of generality we may suppose & = 0 and ¢g(0) = 0. Moreover, we may
choose Ry such that oscg, g < oscp, u for By = Bg,(0) since otherwise we have nothing
to prove, and define
1
/112 50

wo =8 %Socu + Tail(u; 0, Ry) + 9 |

for some ¥ € (0,1).

The proof relies on a logarithmic estimate with tail [78, Lemma 3.7], which follows
the same argument of Lemma 3.3 and it is then obtained by a proper choice of the test
functions and by a careful estimates of the various energy contributions depending on
the range of the integrability exponent p. Such a logarithmic lemma can be subsequently

extended to truncations of the solution to the obstacle problem, as follows: let By € (0,

let B, C Bg/; be concentric balls and let

00 >k, > max{ esssupg,ess suph, and —oo<k_ <essinfg;
Br BrN Br

then the functions w. := ess supg, (u—Fk+)+ — (u—k+)+ +¢ satisfy the following estimate

i Jo

sp
< er® 7 (1 I gy 217 () Tl )R,

p

do(n~" 0 €)™ dédn

log
w

wi(
+(

§)
)

for every ¢ > 0. Then, we combine the estimate in the display above with a fractional
Poincaré-type inequality [78, Lemma 3.9], whose proof can be done extending the one
presented in [56, Lemma 7], together with some estimates for the tail term thanks to an
application of the Chebyshev inequality and in view of the boundedness result up to the
boundary in Theorem 4.4.

Eventually we arrive to prove that there exist 75, o and 9 depending only on n, p, s
and dq such that if

w
Tail(u; 0,7) < w, <32 d o0 < (),
gsc utoTail(uw;0,r) Sw, o g <o and || flli=m o) < ()
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hold for a ball B,(0) and for w > 0, then

osc_u+ o Tail(u; 0, 7r) < (1 — 9J)w,
B:-(0)

holds for every 7 € (0, 7p]. Finally, as we can take 7 < 7y such that

SsBcOgg(l—G)j% for every j =0,1,...,
an iterative argument will give that u belongs to C%%(By). O

Theorems 4.4 and 4.5 extends to the Heisenberg setting the results obtained by Kor-
venpdd, Kuusi and one of the authors in [56], as well as they generalize to the fractional
setting the regularity properties obtained for the obstacle problem in Carnot groups; see
for instance [27, 28] and the references therein. Nevertheless, the involved functional and
geometrical settings are different than the ones considered in the aforementioned papers.
Indeed, given the nonlinearity f = f(-,u), one has take into account the monotonicity
assumption in (F3) in order to extend the theory presented in [56] to a more general
nonhomogeneous framework.

Very general boundary regularity is in most cases a very challenging task in H". We
would just mention the relevant counterexample proven by Jerison in the seminal pa-
pers [59, 60]. For what concerns Theorem 4.5, let us stress that we proved the transferring
of regularity from the obstacle (whether is not identically equals to —oo0) and boundary
datum to the solution u of the obstacle problem. In the same vein of further develop-
ments, it is quite natural to wonder whether or not the Hoélder-regularity obtained in
Theorem 4.5 can be improved (under further assumptions on the data) at some extent: at
least in the linear case, when p = 2, to the best of our knowledge no further regularity is
known in the fractional case even though several breakthrough results have been achieved

in the Euclidean case; see [15, 86] for C1*-regularity estimates and related results.
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4.1. Boundedness and Holder continuity up to the boundary for fractional Laplace
problems.

Let us come back to the p-fractional Laplace problem in the Heisenberg group; that is,

Lu=0 1in €,
(4.2)

u=g in H"\ Q,
where L is given by (1.1), and g belongs to HW#®P(H").
The boundedness and Hoélder results in Section 3 can be generalized at some extents

up to the boundary of 2, by taking into account the measure density condition (4.1).

Theorem 4.6. (Boundedness up to the boundary. See [78, Theorem 3.6]). Let s € (0,1)
and p € (1,00). Suppose that the domain 2 C H" satisfies the measure density condition
in (4.1). Let xg € OQ and suppose that the boundary data g is essentially bounded close

to xg. Let u be a weak solution to (4.2). Then u is essentially bounded close to xq as well.

The result above is merely an application of Theorem 4.4 in the previous section for
the fractional obstacle problem: it just suffices to consider the special case when there is
no obstacle at all; precisely, take ' = H™ and h = —oo there.

The same strategy can be applied by using Theorem 4.5 in order to prove Holder
continuity results up to the boundary for the solutions to the p-fractional problem. We

have the following

Theorem 4.7. (Holder regularity up to the boundary. See [78, Theorem 1.3]). Let
s €(0,1) and p € (1,00). Suppose that the domain Q C H" satisfies the measure density
condition in (4.1). Let xg € O and suppose that the boundary data g is Holder continuous
close to xg. Let u be a weak solution to (4.2). Then u is Holder continuous close to xq as

well.

5. THE PERRON METHOD

In this section we investigate the Dirichlet problem (2.1) in a very general setting by

proving the existence of a generalized solution in the sense of Perron. As well known,
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Perron’s Method is a classical tool in Potential Theory and it provides the existence
of a solution for the Dirichlet problem related to the Laplace equation in an arbitrary
open set {2 C R™ and for arbitrary boundary datum g, without “regularity assumption”.
Roughly speaking, it simply works by finding the least superharmonic function greater or
equal to the datum g on the boundary 02, and it can be applied once knowing some helpful
properties of superharmonic functions, such as comparison and maximum principles, and
barriers techniques.

For a deep treatment of the classical Potential Theory in stratified Lie groups, we refer

the interested reader to the monograph [8] by Bonfiglioli, Lanconelli and Uguzzoni.

Let us focus on our fractional framework. The starting point is into giving a proper

definition of upper / lower class of functions.

Definition 5.1 (Perron solutions. See Definition 5.1 in [78]). Let Q2 be an open and bounded
subset of H" and assume that g € HW*P(H"). We define the upper class U, as the family

of all functions u such that

(i) u : H" — (—o0,400] is lower semicontinuous in Q and there exists h € L' (H")
such that uw < h;
(ii) Given D @ Q and v € C(D) a weak solution in D to (2.1) such that v < u almost

everywhere in H" . D and

v(€) < liminf u(n), V¢ € OD.

n—§

Then, v < u a.e. in D as well;

(i) lim ignfu(n) > esslimsup g(n) for all & € 0Q;
nea neqH"E\Q

(iv) u>g a.e. in H" \ Q.

The lower class is L, := {u : —u € U_4}. The function Hy := inf{u : u € U,} is the
upper Perron solution with boundary datum g in Q and H, := sup{u : u € Ly} is the

lower Perron solution with boundary datum g in 2.

Remark 5.2. Note that in view of (i) in Definition 5.1, one can deduce that |u| # oo

a. e. in H", otherwise it can not be h € Lg;l(]H”) such that w < h in H". Moreover,
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the upper class U, contains all lower semicontinuous weak supersolutions satisfying the

boundary data. The same holds true for weak subsolutions and for the lower class L,.
Now, an expected comparison principle result.

Theorem 5.3 (Comparison principle. See Proposition 4.4 in [78]). Let Q be a bounded
open subsets of H". Let u € HW*?(Q2) be a weak supersolution to (2.1) in Q and let v €
HW?#P(Q) be a weak subsolution to (2.1) in Q such that v < u almost everywhere in H" Q)
and

limsup v(n) < liminf u(n), for any & € 0€).
n—¢ UnsS

Then, under assumptions (Fy), (Fy) and (F3), we have that v < u a.e. in Q as well.

Proof. Notice that there exists a compact set K such that {v > u} € K &€ Q. For this,
the function ¢ := (v — u); € HW P (K) is a proper test function. Considering the weak
formulation for both v and w in Definition 2.5 with ¢ defined above yields

s freoueuez [ HHEEE ZH0) i,
and
(5:2) [ feuwwieaes [ [ = (“(%jfﬂ)l) %Z;w("” s,

where, for the sake of readability, we adopted the following notation
L(a,b) := |a — bP"*(a — b) Va,be R.
It suffices to sum up (5.1) with (5.2), in order to get

0 [ (&)~ FEW)(E) - ule)de
(Z(u(&), uln)) = L©(€),v())) (v(§) — w(€) — v(n) +u(n))
+ //{v>u} do(n=1 0 &)Qtsp
(Z(u(©), u(n)) — L(u(€), v(n)) (v(&) — u(®))
2 /{USU} /{v>u} do(nt 0 §)@tsp
by the monotonicity of the function L(a,b) and by condition (F3). Thus, we obtain that

d&dn

(5.3) d¢dn <0,

all terms in (5.3) must be 0. This implies that ¢» = 0 almost everywhere on {v > u}.

Hence, we obtain that [{v > u}| = 0. O
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The following theorem states the existence of the generalized Perron solution in the

subRiemannian framework of the Heisenberg group.

Theorem 5.4 (Resolutivity. See Theorem 1.4 in [78]). Let s € (0,1) and p € (1,00).
Then, under assumptions (Fy), (Fy) and (Fs), it holds that H, = H, = H,, with Hy, H,
defined in Definition 5.1.

Moreover, H, is a continuous weak solution in S to problem (2.1), according to Defini-

tion 2.5.

The proof of the results above are based on the introduction of the Poisson modification
of a function u in a set D. This is in clear accordance with the classical local framework.
Clearly, most of the results for the fractional obstacle problem stated in Section 4 reveal

to be necessary for the proper introduction of the related Perron method.

Definition 5.5 (Poisson modification of a continuous function. See Definition 5.4 in [78]).
Let us consider a set D € Q such that H" \. D satisfies the measure density condition (4.1)
and let w € C(D) N LAY (H™). We call Poisson modification of u in the domain D the
solution to the obstacle problem in D with boundary datum u, i.e. Py,p € Ky —0o(D,2) N
c(D).

By Corollary 4.3, we have that P, p is the weak solution of the following problem

Lw=f inD,
w = u, in H* . D.

Once defined the Poisson modification for any continuous function, by a density argument,
Definition 5.5 can be extended to all functions belonging to the upper class U,; see [78,

Proposition 5.5].

For what concerns the resolutivity result in Theorem 5.4, it is worth noticing that one
can not plainly apply the strategy in Euclidean counterpart studied in [57], where the
class of (s, p)-superharmonic functions have been introduced. Indeed, due to the presence
of the nonlinearity term f = f(-,u) in the Dirichlet problem (2.1), most of the expected

properties of (s,p)-superharmonic functions (which hold in the classical Euclidean and



192 G. PALATUCCI AND M. PICCININI

homogeneous case) are not immediately translated to our more general nonhomogeneous
Heisenberg setting. Hence, in [78] it has been extended the strategy seen in [62] where the
authors studied a non-homogeneous fractional problem. The dependence of the function f
on the solution wu is a novelty also with respect to [62] where the case when f = f(x)
is considered. Such a difference does change drastically the background of the problem
we are dealing with. For this, one has to take into account the assumption in (F3) in
order to prove some classical basic technique in Potential Theory as well as to apply the
regularity results for weak solutions up to the boundary proven in the related obstacle
problem. Furthermore, one can prove that in the case when problem (2.1) admits a weak

solution A, in €, it does coincide with the generalized Perron solution; see [78, Lemma 5.3].

Once established the existence of the generalized Perron solution Hy, it is quite natural
to address the boundary regularity problem of where such a solution attains the boundary
datum g on 0€). The validity of a Wiener-type condition as for the fractional p-Laplace

equation (see [53]) is still an open problem in the Heisenberg framework.

6. POSSIBLE FURTHER DEVELOPMENTS

Despite the increasing interest in nonlocal equations whose underlying geometry is that
of stratified Lie groups, there are still several questions which remain open. Below, we

list just a few possible developments related to the results presented in the present notes.

Firstly, it is worth remarking that in all the results stated in the preceding sections,
we treat general weak solutions, namely by truncation and handling the resulting error
term as a right-hand side in the spirit of De Giorgi-Nash-Moser. However, one could deal
with the same family of operators by focusing solely on bounded viscosity solutions in
the spirit of Krylov-Safonov, as e. g. [85, 55]. Consequently, a natural open problem is
whether or not, and under which assumptions on the involved quantities, the viscosity

solutions to nonlocal equations in H" are indeed weak solutions, and vice versa.
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Also, in the same spirit of the series of papers by Brasco, Lindgren, and Schikorra [10,
11], one would expect higher differentiability. Similarly, one can investigate possible self-
improving properties of the solutions to (2.1) as in the recent nonlocal Gehring-type

theorems proven in [58, 82] and [83].

Furthermore, one could expect Holder continuity and other regularity results for the
solutions to a strictly related class of problems; that is, by adding in (2.1) a quasilinear
operator modeled on the subelliptic p-Laplacian. Apart from the recent paper [70], the
comprehension of mixed operators on stratified Lie groups is still not clearly understood as
in the case of its Euclidean counterpart. Thus, regularity theory and related properties of
weak solutions to Lu = 0 when £ is a mixed type operator are almost unknown. Clearly,
one can expect that several results in the Euclidean setting, as e. g., in [7, 29, 42, 84, (5,

13, 71] do still hold for mixed-type operators in the Heisenberg group.

In a similar fashion of nonlocal operators, one could expect nonlocal Harnack inequal-
ities and other regularity results for the solutions to a strictly related class of problems;
that is, by adding in (2.1) a second integro-differential operator, L, .., of differentiability
exponent t > s and summability growth ¢ > 1, controlled by the zero set of a modulating
coefficient v = (&, n); that is, the so-called nonlocal double phase problem, in the same
spirit of the Euclidean case treated in [30, 14]. In these direction very fundamental regu-
larity results have been recently obtained both for double phase nonlocal equations in H"”

in the relevant paper [38].

Moreover, we also remark that local boundedness, Holder continuity and Harnack in-
equality have been recently obtained for nonlocal equations in H" with non-standard
growth in [37], generalizing in the subRiemannian setting the estimates achieved in [19,
12].

Lastly, it is natural to wonder whether or not the De Giorgi-Nash-Moser-type regu-
larity results developed for weak solutions to (2.1) can be generalized to the parabolic
framework; i.e., Qu(t,§) = Lu(t,&) in H® x R, where the leading operator £ is defined
by (1.1). In the fractional Euclidean setting, several remarkable achievements have been

recently established in [87, 34] such as the boundedness estimates together with Holder
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continuity for the superlinear case p > 2, the latter generalized for any value of the in-

tegrability exponent in [61, 2], and Harnack-type inequalities [54, 88]. In the fractional

subRiemannian setting of the Heisenberg group to our knowledge almost all the natural

questions are unsolved. Nevertheless, a first result establishing existence for solution to

the related Cauchy-Dirichlet problem can be found in the recent paper [48].
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