DEGENERATE DIFFERENTIAL PROBLEMS
WITH FRACTIONAL DERIVATIVES

PROBLEMI DIFFERENZIALI DEGENERI
CON DERIVATE FRAZIONARIE

MOHAMMED AL HORANI & ANGELO FAVINI

ABSTRACT. We describe an extension of previous results on degenerate abstract equa-
tions described by Favini and Yagi in their monograph cited in the references.This allows
us to study degenerate differential equations with fractional derivative in time. Both di-
rect and relative inverse problems are studied. Finally, various applications to degenerate
partial differential equations are described.

SUNTO. Descriviamo un’estensione di precedenti risultati su equazioni astratte degeneri
descritti da Favini e Yagi nella loro monografia citata nelle referenze. Cid permette di
studiare equazioni differenziali degeneri con derivata frazionaria nel tempo. Vengono
studiati sia problemi diretti sia relativi problemi inversi. Infine, sono descritte varie

applicazioni ad equazioni alle derivate parziali degeneri.
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1. INTRODUCTION

Consider the abstract equation
(1) BMu— Lu=f

where B, M, L are closed linear operators on the complex Banach space F with D(L) C
D(M), 0 € p(L), f € E and u is the unknown. The first approach to handle existence
and uniqueness of the solution u to (1) was given by Favini-Yagi [10], see in particular the
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monograph [11]. By using real interpolation spaces, see [14] and [15], suitable assump-
tions on the operators B, M, L guarantee that (1) has a unique strict solution. Such a
result was improved by Favini, Lorenzi, Tanabe in [6], see also [7], [8] and [9] . In order

to describe the results, we list the basic assumptions. They read

(H;) Operator B has a resolvent (z — B)™! for any z € C, Rez < a, a > 0 satisfy-

ing

c
2 - B)! <_ - R _
(2) |(z — B) ”’C(E)_\RezHl’ ez <a
(Hy) Operators L, M satisfy

c

3 MM —L)™* < -
®) IMOM = 1) e < 75

forany A € 84 :={2€C: Rez > —c(1+|[Imz|)*, ¢>0, 0<B<a<1}.

(H3) Let A be the possibly multivalued linear operator A = LM~!, D(A) = M(D(L)).

Then A and B commute in the resolvent sense:
B Al =4a"'B .

Let (E,D(B))g., 0 < 6 < 1, denote the real interpolation space between E and D(B).

The main result holds, see [§].

Theorem 1.1. Suppose that a4+ > 1, 2—a — <0 < 1. Then under hypotheses (H; )-
(Hs3), equation (1) admits a unique strict solution u such that Lu, BMu € (E, D(B))y oo,
w=0—2+a+ g, provided that f € (E, D(B))g.cc-

It is straightforward to verify that if —B generates a bounded cy—semigroup in F
exponentially decreasing to 0 as t tends to oo, then assumption (H;) holds for B. In a
previous paper, it was also shown that Theorem 1.1 works well for solving degenerate
equations on the real axis, see [1].

The first aim of this paper is to extend Theorem 1.1 to the interpolation spaces
(E,D(B))sp, 1 < p < oo. This affirmation is not immediate. Section 2 is devoted

to this proof. In Section 3, we apply the abstract results to solve concrete differential
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equations. In Section 4, we handle corresponding inverse problems. For some related re-
sults, we refer to Guidetti [12] and Bazhlekova [2]. However, these results do not consider
the degenerate problem. In Section 5, the possibly not parabolic case is considered and
also some related inverse problems are studied; we remark that this treatment is really
new and no previous results were devoted to last case, i.e., this treatment which solves
concrete degenerate differential equations is new. Moreover, some applications illustrating

our abstract results are also given.

2. MAIN RESULTS

To begin with, we recall, from Favini-Yagi [11], p. 16, that if Ey, E; are two Banach
spaces such that (FEp, Fy) is an interpolation couple, i.e., there exists a locally convex
topological space X such that F; C X, i =0, 1 continuously, then the following injections
hold

Ey N Ey Cq (Eo, Ev)¢,q Ca (Eos Ev)p1,m <,
and

(Eo, E1)n,00 Ca (Eo, E1)eq C Eo+ B, € <1,
provided that E; C4 o, see [17], Theorem 1.3.3(e), p.26.

Taking in account the previous embedding and Theorem 1.1, we easily deduce that if
€, €1 are suitable small positive numbers, if f € (E, D(B))gse.q C (E,D(B))g, 00, then
equation (1) admits a unique solution u with Lu, BMu € (E,D(B))p—2+a+8,00 and
Lu, BMu € (E,D(B))p—-2+a+p—e,q, that is a weaker result than case ¢ = oo.

Our aim is to extend Theorem 1.1 to 1 < p < oco. In order to establish the corresponding
result, we need the following lemma concerning multiplicative convolution. We recall that
LP(RT) = LP(R*;¢t7'dt) and that the multiplicative convolution of two (measurable)
functions f,g: R* — C is defined by

(f % g)(@) = / " Fat gl de

where the integral exists a.e. for v € R,.
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Lemma 2.1. For any f1 € LP(R™) and g € LL(R"), the multiplicative convolution fixg €
LP(R™) and satisfies

I fr*gllee < [ fullee llgllzs
Consider now the chain of estimates
_ B N e O ey dy
t9+a+52BB+t 1U <t9+04+ﬂ 2/ ( 1+ 9BB+1_|_ 1 7
IB(B+0)] < e BB ) I

0, 3—a—B—0 d
§t9+a+ﬁ—2/ Yy S IB(B+y) ' f ay
BB+

© ., 3—a—B-0 d
:t6+a+ﬁ—2/ Y B Byt ay
NviE IB(B+y)” fl "

/oo (ty—1)9+a+ﬁ—2
B 0

dy
0 -1

B(B —
T Y IBE+y) Sl

where
v = (2mi)~* / 21T -1D)'B(B—2)"fds, T=ML",
r

[' =T, being the oriented contour
F={z=a—-c(l+[y)* +1y, —oo<y<oo},

with a € (¢, c+ap). Such an element v is the candidate solution to equation (1). Moreover,
condition 2 — a — 3 < 6 < 1 is assumed.

rectf=2
Let fi(y) = ¢’ ||B(B +y)"'f|l, g(y) = ==———, y € R, and note that f €

1+y
(E,D(B))g., if and only if f; € LP(RT). Moreover, g € LL(R™) since §# > 2 — a — 3 and
obviously 6 < 3 — a — . Therefore, from Lemma 1.1, we deduce that v € (E, D(B))y, ,,
where w = 0 + a + f — 2. Thus, we can establish the fundamental result concerning

equation (1) .

Theorem 2.1. Let B, M, L be three closed linear operators on the Banach space E
satisfying (H1)-(Hs), 0 < < o < 1, a+ > 1. Then for all f € (E,D(B))g,p,
2—a—-pF<0<1,1<p<o0, equation (1) admits a unique solution w. Moreover, Lu,

BMu € (E,D(B))y,p, w=0+a+ [ —2.
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Remark 2.1. One can sketch a short proof of Theorem 2.1 as follows: take € so small

that
2—a—f<f—e<b<bO+e<l.
Then by Theorem 1.1, the operators f — Lu, BMu take (E, D(B)>0:I:e,oo into
(E, D(B))wiwo . By reiteration property, see [3],
(E,D(B)),, = (B DB (E. D(B)oscroc), 1,
and

(E, D(B))%p = ((E,D(B))w-c,00 : (E, D(B))w+6700>1/2,p'

So, by the interpolation property, the operators f — Lu, BMu take (E,D(B))
into (E,D(B))wp

0.,p

3. FRACTIONAL DERIVATIVE

Let @ > 0, m = [&] is the smallest integer greater or equal to &, I = (0,7) for some
T > 0. Define
- )

gs(t) =¢ @ >0,
0 t <0,

where T'(8) is the Gamma function. Note that go(t) = 0 because T'(0)™' = 0. The
Riemann-Liouville fractional derivative of order & is defined for all f € L'(I) such that

Gm-a * [ € W™(I) by

D f(t) = Di(gm-a * )(t) = D" J"* f(1)

m

where D" := g € N. D¢ is a left inverse of J*, but in general it is not a right

inverse. Here, J¥ is the Riemann-Liouville fractional integral of order & > 0 which is

defined as:
JEF() = (gax F)X), fe LX), t>0, Jf(t):= f(t).

If X is a complex Banach space, & > 0, then we define the operator J; as:

D(jd) = LP(I,X), jdu:gd*ua pE [1700)
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Define the spaces R*P(I; X) and RY?(I; X) as follows. If & ¢ N, set

RY(I; X) = {u € LP(I;X) : gma*ue W™ (I;X)},
RYP(I; X) = {u € LP(I; X) : gma v u € Wg™(1;X)},
where
WP X) = {y e W™P(1; X), y®(0) =0, k=0,1,..,m—1}.

If @ € N, we take
R (I; X) i= W(I; X), Ry™"(I; X) := Wg(I; X).
Denote the extensions of the operators of fractional differentiation in LP(I; X) by Lg, i.e.,
D(Ls) := R$P(I; X), Lau:= Dfu,

where D¢ is the Riemann-Liouville fractional derivative. Notice that if & € (0,1),

u € D(Ls), then (g1 * u)(0) = 0.

Let us now list the main properties of Lg, see [2], Lemma 1.8, p. 15.

Lemma 3.1. Leta >0, 1 < p < oo, X a complex Banach space, and Lg be the operator
introduced above. Then
(a) L is closed, linear and densely defined
(b) Lo = ;"
(c) Ls = LS, the a—th power of the operator L,
(d) if & € (0,2), operator Lg is positive with spectral angle we, = an/2
(e) if & € (0,1], then L4 is m-accretive
(f) RYP(I; X) < CoVP(I;X), a>1/p, a—1/p& N, see [2], Theorem 1.10, p. 17
(9) if &y —1/p & No,
(L7050, BE#(1 X)) = W (1 X),

’Y’p

where WP (I; X) = {y € W([; X), y¥(0) =0, k=0,1, ..., [ay—1/p|},

|ay — 1/p]| is the greatest integer less or equal &y — 1/p, see [2], Proposition 11, p. 18.
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Statement (e) implies that if & € (0, 1],

N | O

||>\()\ + E&)_IHLP([;X) S O, |arg )\l < 7T(1 — ) .

But this reads equivalently ||[(A — L&) ||zo(7.x) < C/|A| provided that A is in a sector of
the complex plane containing Re A < 0, if @ € (0,1). If @ = 1, then the estimate above
reads ||[(A — La) M|y < C (JRe Al +1)7", holds in the half-plane Re A < a, where a

«

is a positive number. Therefore, if & < 1, operator L5 = p i DY satisfies assumption

(Hy) in Theorem 2.1. Hence, we can handle abstract equations of the type
Di(My(t)) = Ly(t) + f(t), 0<t<T,

in a Banach space X with an initial condition (g1_5*Mu)(0) = 0. Then the results follow

easily from the abstract model.

Example 3.1. Let M be the multiplication operator in LP(€2), © a bounded open set in
R" with a C? boundary 92, 1 < p < oo, by m(z) > 0, m is continuous and bounded, and
take L = A — ¢, D(L) = W?P(Q) N W,?(Q), ¢ > 0. Then it is seen in Favini-Yagi [11],
pp. 79-80,

_ C
1M (2M = L) fll o) <

S AT [RAIFPE)

for all z in a sector containing Re z > 0.

In order to solve our problem, 0 < a <1,
D (My(t)) = Ly(t) + f(t), 0<t<T,
we must recall, see (g) in Lemma 3.1, that if &y — 1/p € N, the interpolation space

(LX), RGP (1)) = Wi (LX)

’yﬁp

Therefore, for any f € Wge’p(I;X), 1—1% <0<1,1<p<oo, 549—% ¢ Ny, the problem

above admits a unique strict solution y such that

1

5 a0
Ay, Dim(-)y € Wy (1; X).
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4. INVERSE PROBLEMS
Given the problem
(4) D (My(t)) = Ly(t) + f(t)z + h(t), 0<t<T,

then corresponding to an initial condition and following the strategy in various previous
papers, see in particular Lorenzi [16], we could study existence and regularity of solutions
(y, f) to the above problem such that ®[My(t)] = g¢(t), where g is a complex-valued
continuous function on [0, 7] and ® € X*. This is, of course, an inverse problem. Applying

® € X* to both sides of equation (4) we get
Dig(t) = @[Ly(t)] + [h(t)] + f(£)[2].

If ®[z] # 0, we obtain necessarily

ft) = 3L
Therefore,
D (My(t)) = Ly(t) + h(t) — q)[éf/;]t)] . q)éfl[iﬁ)] - D&iﬁ) N
If L, is defined by ot
y(t

D(Ly) = D(L), Ly=-— B[

One can introduce assumptions on the given operators ensuring that the direct problem
O[n(t)]  Dig(t)

Di(My()) = Ly(t) + Luy + h(t) = 5= 2 + =50

has a unique strict solution, see [4]. The main step is to verify that assumption (Hy)
holds for the operators L + L; and M. Indeed, we need to introduce the multivalued
linear operator A := LM~ D(A) = M(D(L)), so that A generates a weakly parabolic
semigroup in X, i.e.,

C

M —A)! <
H( ) “E(X) = (|>\| I 1)5

AEX,, 0<fB<a<l, see(3).
One also introduces the space X4 = Xfl’oo, where

X8 = {u c X, supt?||A%(t — A)"tul|x = Jul[xe < oo} :
>0
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and A°(t — A)~! denotes the bounded operator —I +¢(t — A)~'. Such an operator reduces
to A(t—A)~! as soon as A is single-valued. Note that if A is a single-valued operator with

a = =1, then X9 coincides with the real interpolation space (X , D(A)) ; moreover,

0,00

in general,
X} C(X,D(A),.., 0<f<1,

(X,D(A)), X7, 1-B<b6<1.

97
Theorem 1 in [5], pp. 148-149, affirms that if L, L;, M are closed linear operators on X,
D(L) = D(Ly) € D(M), 0 € p(L), (H) holds and Ly € £ (D(L),X}), 1-8<0 <1,
then

|MOAM — L — L) 'z||x <c(1+N)Pz|lx, VAEZ4, |\ large enough, z € X.

In order to apply this theorem in our case, we must suppose that z belongs to Xﬁ =
X((’L+L1)M_1 for some 6 € (1 — 3,1). Then, see Theorem 2.1 (see also [4]), with a suitable

regularity on

) - o] " o[z]
problem
DX(My(t)) = Ly(t) + Ly + h(t) — q’gl[it])] . Dgi(]t) .

(91-& * My)(O) =0

will admit a unique strict solution. The general case of p € (1, 00) could be studied taking

. 3 H,P — 9,})
info account new results from [4] concerning X" = X/, ;15,1

5. THE GENERAL CASE: P0ssiBLY NOT PARABOLIC

In this section, we consider the possibly not parabolic case, and again, we begin by

considering the operational equation
(5) TMv—Lv=f

in the Banach space X, T is a closed linear operator on X, M and L are two single
valued closed linear operators on X such that D(L) C D(M), L™ being single valued

and bounded on X, f is an element in X. Here the hypotheses on operators would allow
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to treat problems of hyperbolic type or highly degenerate ordinary differential equations.
Of course, (5) could be written Tu — Au > f using the multivalued operator A = LM '
Following Favini-Yagi [11], p. 128, we assume

(T) The resolvent set p(T') contains the logarithmic region
II={z€C; Rez<a+blog(l+|z])},

a>0,b>0, and the resolvent (z — T)~! satisfies

(6) H(z—T)’lHE(X) <ec(l+|z))P, z€ll

with some exponent p > 0 and constant ¢ > 0.

(M — L) The resolvent set py(L) = {z € C; (2M — L)™' € L(X)} contains the region
A={z€C; Rez>a+blog(l+|z|)}

where 0 < @ < a and

(7) HL(zM—L)‘lHE(X) <c(l+1z))", z€A,

with some integer m > 0 and a positive constant c.

In addition, B= —M L™ € £(X) commutes with T according to
(8) T'B=BT".
The following existence result on (5) is established, see [11], Theorem 5.1, p. 129.

Theorem 5.1. Let (T) and (M — L) be satisfied and let T-'B = BT™'; if k is an integer
greater than m + p + 1, then (5) has at least one solution for any f € D(T*).

Moreover, Theorem 5.5 in [11], p. 132, established that under the assumptions of
Theorem 5.1, problem (5) has at most one solution.

As an example of the operator T', we can take

du

D(T) = {ue C'([0,7]); u(0) =0}, Tu= o

Then (7) is satisfied with @ > @, b > 0 and (6) holds with p = br.
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As an important application, consider the equation

© CMy(1) = Ly(r) + (1), €07

in a Banach space X, where M, L are two closed linear operators on X with D(L) C
D(M), L being invertible with the property that z = 0 is a pole of order k+1, k =0, 1, ...,
of the bounded operator L(zL — M)™' = (2 — B)™}, B= ML € L(X). Recall that
the decomposition X = N(B™) @ R(B™) holds for any m > k + 1, R(B™) = R(B™) =
R(B¥), N(B™) = N(B*), see Yosida [18], p. 229. If ~ : |z| = € is a circumference

of sufficiently small radius with its interior not containing singularities other than z = 0

and if
P = % W(z—B)’ldz,
then P is a projection onto N(B**1) and R(I — P) = R(B**1). Moreover,
12" (2 — B) | z(x) < ¢ for any z such that 0 < |z| < ¢, see [11], p. 157. Hence, if the
corresponding Cauchy problem

d
—Bw—-—w=f(t), 0<t<rT,

(10) dt
Bw(0) = uy

has a solution, it is unique. The first equation of (10) is equivalent to the system

(11) C (I~ Pu— (I = Pyw = (I~ P)f(0).
(12) %BQPU) — Pw = Pf(t),

where By and B, denote the parts of B in R(B*1) and in N(B**1), respectively. It is
known from Kato [13] that the spectra of B; and Bs coincide with the spectrum of B
minus {0} and with {0}, respectively. Thus, By € £ (N(B*!)); moreover, B; is a closed
operator in R(B*™) mapping D(B;) = D(B) N R(B*™) onto R(B**!) in a one-to-one
fashion. This implies that (11) with assigned initial condition B;(I — P)w(0) = (I — P)uy

has a unique solution given by
t
(I — P)w(t) = B Pt (I — P)ug + / Brlet=9B (1 — P)f(s)ds.
0

Regarding (12), we observe that all the powers BY* vanish for m > k + 1.
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We have the following lemma, see Favini-Yagi [11], p. 158,

Lemma 5.1. Assume that B € L(X) has z = 0 as the unique singularity of (z — B)™!

with a pole of order k + 1. If f € C*([0,7]; X), then the equation in (10) possesses the

unique solution

Proof. From Buw(t) = Z B fU=D(t), we get

—Bw ZBJfU ) = w(t) = f(t).

Then y(t) = —w(t) satisfies

%By() yB) + 1), 0<t<r. O

As a consequence of the lemma, we obtain the following result:

Proposition 5.1. Assume that B has z = 0 as a pole of (z — B)™! of order k + 1. If
f € CF([0,7]; X), then the equation in (10) possesses the general solution

k t
= - " BiPFIt) + BB (1 — P)u1+/ By e B (I — P) f(s) ds
0

Jj=0

where u; € X.
Note that no initial condition can be assigned arbitrarily to Bw(t) at t = 0.

Corollary 5.1. Under the assumptions in Proposition 5.1, if f € C*([0,7]; X) with
f90) =0 for j=1,2,...,k—1, and ug € R (B**'), then (10) possesses a unique

solution w.

Many examples of operators B are described in Favini-Yagi [11], p. 159-161. We have
already observed that operator J given by

D(J) = {ue C'([0,7}; X); u(0)=0}

du
ju—%
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satisfies (7)) with a > @, b > 0 and (6) holds with p = b7, so that p = 0 for b = 0. On the
other hand, if z = 0 is a pole for (z — ML™')~! of order k+1, i.e., [[(z— ML) zx) <

PEs then for 0 < |z| < e,

_ C
IL(zL = M)l £ex) < T2

Let 27! = p. Then
InL(pM = L)oo < elpl™, p =1/,
Le., |L(uM — L) Y| zx) < c|u|". Therefore Theorem 5.1 can be applied to

d
13) @My:byﬂtf(t), 0<t<r,

(My)(0) =0

by taking p = 0, m = k. This implies that (13) admits a unique strict solution provided
that f € C*?2([0,7]; X) and its derivatives (until a certain order, determined by the
resolvent estimates) vanish at ¢ = 0. Thus Theorem 5.1 would give a weaker result due
to its generality.

In the monograph of Favini-Yagi [11], we can find various conditions on operators L,

M guaranteeing that assumption (M — L) holds.

Example 5.1. Let L be a densely defined closed linear operator acting on a Hilbert
space X. Suppose that L and its adjoint L* satisfy

Re(Lu,u)x < —c||ul|%, w€ D(L)

Re(L*w,w)x < —c||w||%, w € D(L*)

for some constant ¢ > 0. Let M be a non negative bounded self adjoint operator on X.

Then one sees that (M — L) is fulfilled with b =0, m = 1.

Example 5.2. Let —L be a positive self adjoint operator acting on a Hilbert space X. Let
M be a densely defined closed linear operator on X with D ((—L)"/?) C D(M)N D(M?).
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Moreover, suppose
Re(Mu,u)x >0, ue D(M)
Re(M*v,v)x >0, ve D(M").
Then it is seen in Favini-Yagi [11], p. 137, that (M — L) holds with @ > 0, b = 0 and

m = 2. This is typically a hyperbolic case.

Remark 5.1. In Example 5.2, if we assume that M is a non negative self adjoint operator,

one sees that the exponent m can be improved to m = 1.

Example 5.3. Let L and M be densely defined closed linear operators on a Hilbert space
X, D(L) C D(M), L™! being single valued and bounded in X. Assume that M (resp.
M*) is L—bounded (L*—bounded ) with L—bound (resp. L*—bound) 0. In addition,

assume
Re(Lu, Mu)x <0, u€ D(L)
Re(L*w, M*w)x <0, we D(L").
Then it is shown in Favini-Yagi [11], p. 138, that (M — L) is fulfilled with b = 0 and m = 1.

Other examples could be described.

Of course, one could handle related inverse problems. Let
Bx : {v e C'([0,7]; X); v(0) = 0} — C([0,7]; X)
Bxwv := Dy ( the time derivative of v).

Then p(Bx) = C and By is a positive operator in C([0,T]; X) of type /2.
For § > 0 and any f € C([0,T]; X), we define the operator By’ as :

B (1) = ﬁ / (t— )" f(s) ds.

One sees easily that for all § € RT, B;(‘; is injective. Then we can define
B% = (By’)™! foralld € RT.

)
Remark 5.2. It is shown that if § € (0,2), B% is positive of type ; .
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Let & € (0,1]. Then we can consider an inverse problem as follows. To find a pair

(y, f) € C([0,T]; D(L)) x C([0,T]; C) satisfying the inverse problem

(14) BSMy(t) = Ly(t) + f(t)z + h(t), 0<t<T,
(15) (My)(0) = Myo,
(16) O[My(t)] = g(t), 0<t<T,

where M, L are closed linear operators on X with D(L) C D(M), 0 € p(L), z € X,
h € C(0,T];X), yo € D(L), ® € X*, g € C([0,T];C). Of course, the compatibility

relation
®[Myo] = g(0)
must hold. By applying ® to both sides of equation (14), we obtain
Bgg(t) = ®[Ly(t)] + @[a(t)] + f(1) @]

If ®[z] # 0, then necessarily

£(t) = % [Big(t) — B[Ly(t)] — BR(t)]} .

Therefore, we have the direct problem

®[Ly()] _ o) Beg(t)
SRR h(t) +

(17)  BYMy(t) = Ly(t) — [] 2]

z, tel0,T]
(18) (My)(0) = Myo .
Let L, be the operator defined by

D(L1> = D(L), Lly = —

Then Problem (17)-(18) reduces to

(19) BYMy(t) = (L + Ly)y(t) + h(t) —

(20) (My)(0) = My
Now we know that operator B satisfies (7)) and (6)

(= — Bi)ilHE(C([O,T};X)) < e(l+[z))".
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Therefor we could apply Theorem 5.1 provided that (:M — L — L;)~! satisfies

|(L+L)(zM - L—L)7Y| = |[1—2M(=M—L— L)

< L1z |M(zM — L— L) 7| < e(1+[2))™

for some integer m > 0. Now

-1

M(zM~L—-1L)" = M[(1-L(zM—-L)") (zM — L)]

-1

= MM —L)" (1 - Li(zM - L))

Therefore, we are compelled to assume that, in the half plane Rez > a > 0,
[La(zM = L)7Y| yy S €< 1.

Example 5.4. Consider the following system where L, Ly, M are closed linear operators

on the Banach space X, D(L) C D(M), D(Ly) C D(M)

Jov o) _[r o] ] [a0] o
0 0 x(t) 0 Iy x(t) fa(t)
o M| v ]|
0 0 2(0) ’

0 < & < 1. We have, provided 0 € p(L) N

L 0

p(Ly), that the resolvent system

A\ 0 M B v fi
0 O _O Ly x Ja
reads
AMz — Ly = fi,
—Liz = fa,
so that

v=—L"fo, Ly=-AML{'fo— fi,
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v=—L7'fy, y=—-AL"'"ML{'f, — L7 f..

—1
\ 0 M L 0 | LT SALTMLY
0 0 0 L 0 —Lt
implying
-1
L 0 \ 0 M L 0 L 0 —L7'" ALT'ML?
0 L 0 0 0 L 0 L 0 —L;!

Therefore,

—I —AML;!
= € L(X x X)
0 —1I
for all A € C so that
—1
L 0 0 M L 0
A - < C(1+ ).
0 I 0 0 0 I
L(XxX)

We want to solve the inverse problem

0 M y®) | _ | L 0 y(*) | fu(t) 0<t<T
0 0 z(t) 0 Ly | | =(t) 2 ha(t) | -
0 M yo) | |0 M Yo
00 ||| |0 0]zl

with ® = [®y, 0]. Since

D

(21) DMz (t)] = Ly(t) + f(t) 21 + ha(t),

(22) 0= Lix(t)+ f(t)z + ha(t),
then applying ®; to (21), we get

Dig(t) = ®1[Ly(t)] + f(H)@1[z1] + Pu[ha(?)].
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On the other hand,
Lix(t) = —f(t)z2 — ha(2) ,
ie.,
w(t) = —f(t)L] 20 — L7 hao(t) .
This implies
Max(t) = —f(t)M Ly 2y — MLy ho(t) .
1 [Mx(t)] = g(t) = —f ()21 [M Ly 2] — D1 [M Ly ha(1)]

Suppose that ®;[ML;'z)] # 0. Then

)= e 90+ ML o]
o(0) = gy [90)+ B ML (o)) = L ()

Ly(t) = D[Mx(t)] - f(t) 21 — Iu(t)

) % 9@ + oML AP O] - ML R ()
+m [g(t) + (I)l[MLflhg(t)H ().

Therefore, if ¢(@, hgd), hgd) are continuous, our problem admits a unique solution.

Observe that

Lyt)] = i [0+ ML 0] - 0L (0] = F (1)~ )
=g (t) = f(&)P1[z1] — P[P (2)]

as desired.

Example 5.5. Consider the inverse problem to find x, y and f such that

d {0 L] y) | | ) 2
dt{o O][x(t)][x(t)]—'—f(t)[@]’ vield],
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using the information

=g(t), VYtelo,T].

-1
01
Observe that z =0 is a pole for | z — ) of order 2. The problem reads
00
+ f (t 21

2 (t) = y(t)

0=ua(t) + f(t)z

)

ax(t)=g(t), Vtel0,T].

Necessarily, a # 0, so that x(t) = g(t)/a. Therefore, if zo # 0, f(t) = —=—=,
az9

yielding y(t) = ¢'(t)/a + g(t)z1(az)™t. If we would apply our general method, since

= |40 }, we have ¢'(t) = ®[(y,z)] + f(t)(az1 + bz2), so that, if az; + bze # 0,
"(t) — t) — bx(t
ft) = g'(t) — ay(t) — ba(t) . This implies that necessarily
az, + bzo
d |01 t t "(t) — t) — bx(t z
d y) | _ | v | @) —ay(®) —be(t) | 2| vielo.T],
dt 1o 0| | z() (t) azy + bz %
with the additional information ax(t) = ¢g(¢). Thus
bz —bz
% " - D M —g/f )b T e,
O azl+l)222 azl+11722 .fl?(t) a2 %2 2
or
g'(t) bzy bz 21 ,
= - —L )+ —L gt
a a21+622y() a21+b22$()+a21+b229()
azy azy <2 /
=2 )+ —— () + —2— (D).
0 a21+b22y()+a21+b22x()+a21+6229()
By using ax(t) = g(t) again, we get
bZQ bzl bZ? /
2 ) - g = —2 Gt
az + bzy y(t) a(azy + bzo) 9(t) a(azy + bzo) g1,
a2 21 Z2 /
2 )= —2 g+ —2 gt
a21+b22y() a21+b22g<>+a21+b22g<)7
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or equivalently,
22 21 22 /
2 y)=— g+ —2 (¢
az1 + bzy u(t) a(azy + bzo) g(t) + a(azy + bzo) g(t).
azy 21 22 /

2yt = — g+ —— (1)

a21+b22y() a21+b229<)+a21+b229()
Observe that multiplying the first equation above by a we get the second equation. There-
fore

/
t _
o0 = 2D 4 4(1)21(az2)

and

fpy— I —ay(®) ~belt) _ gtz — (i

az + bz azy + bzy
az; + bz _ t
= —g(t) ——2 (az + bz) ' = _olt),
azy azy
as declared.
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