ANOTHER LOOK TO THE ORTHOTROPIC
FUNCTIONAL IN THE PLANE

UN ALTRO SGUARDO AL FUNZIONALE
ORTOTROPO NEL PIANO

PIERRE BOUSQUET

ABSTRACT. We address the C! regularity of the Lipschitz minimizers to the orthotropic

functional in the plane.

SUNTO. Studiamo la regolarita di classe C! dei minimi lipschitziani del funzionale or-

totropo nel piano.
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1. INTRODUCTION

1.1. Overview. Given a bounded open set 2 C R? and two exponents 1 < p; < p, < 00,

we consider the orthotropic functional
1 1 11
F(u) = — g, [P* + —|ug, |P? ) dx, ue WHH(9Q).
o \P1 D2
We say that v € WH(Q) is a minimizer to F on © when F(u) < co and
Fu) < F(v), YoeW,'(Q)+u

In this article, we study the C! regularity of minimizers to F.

The continuity of the minimizers on a planar domain follows from a classical result in
the Calculus of Variations, see Lemma 4.1 in the Appendix for details. The Lipschitz
regularity is a much more challenging question: for a brief historical account on this
subject, we refer to the introduction of [2] where we prove with L. Brasco that when
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p1 > 2, any minimizer is locally Lipschitz continuous (the main result in [2] is stated for
any bounded minimizer in any dimension). When p; = py < 2, the Lipschitz continuity
is a consequence of a general result due to Fonseca and Fusco [7, Theorem 2.2]. Tt is very
plausible [4] that all minimizers to F are Lipschitz continuous, without any restriction on
the exponents 1 < p; < py < 0.

Let us denote by F' the integrand associated to the functional F:

1 1
F(&) = —[&a" + —|&[, VE = (&,6) € R%
P1 D2
When p; > 2, F is at least C? and its Hessian is equal to:

(p1 = )&~ 0

V2F (&) =
© 0 (p2 — 1)] &2

In particular, V2F () is degenerate on the unbounded set {£ = (£1,&) € R? : £1& = 0},
in the sense that for every ¢ in this set, the kernel of V2F(£) is not trivial. When p, < 2,
F is singular on the same set. Finally, when p; < 2 < po, F' is degenerate on the &; axis
and singular on the & axis. In any case, the Lipschitz continuity of minimizers to F does
not follow from the classical regularity theory in the Calculus of Variations.

In [3], we established the C! regularity of minimizers to F when p; = py € (1,00). This
result was later extended to the case 2 < p; < po by Linqdvist and Ricciotti [10]. Their
proof is much more simple. Moreover, they obtain an explicit modulus of continuity for
the gradient: for every a € Q and every ball B,.(a) of center a and radius r > 0 compactly

contained in €2, there exists C' > 0 such that for = 1, 2:

C
0SCR, (a)Uz; < ——, Vs € (0, g) .

(In 55) ™
In the left hand side, oscp,(a)us, is the oscillation of wu,, on the ball Bs(a); that is,

0SCB, (a)llz; = SUD, yep, () [Ua: (T) — Uq, (y)|. Here, the constant C' only depends on py, ps

and the following quantity:

1
—2/ (IVulP* + |VulP?) de.
" JB.(a)
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Using the same method, Ricciotti [12] obtained a similar result when p; = py < 2, namely:

S
(In5)*

Pi dx.

OSCB, (a)Uz; <=

Y

where C' only depends on p; and T% / By (a) Vu

The aim of this article is twofold. First, when p; > 2 or p, < 2, we explain why the
C! regularity of minimizers to the orthotropic functional is an easy consequence of a very
general (and earlier) result due to De Silva and Savin [6]. This covers the two situations
considered in [3], [10] and [12]. More precisely, the statement in [6] is formulated in
terms of a priori estimates for smooth and uniformly convex integrands. We shall detail
how one can deduce from these estimates the C! regularity result for our nonsmooth
and degenerate/singular orthotropic functional. Our second objective is to extend those

results to the remaining case 1 < p; < 2 < pg < 0.

1.2. The main result.

Theorem 1.1. Given 1 < p; < py < 00, let u be a minimizer to F on Q C R2. If u is

Lipschitz continuous, then u is Ct on Q.

If py > 2 or if p; = ps < 2, then any minimizer is locally Lipschitz continuous and the
above statement applies on any €' @ Q. Hence, any minimizer is C* on 2 for those values
of p1 and p».

As a by-product of the proof of Theorem 1.1, we obtain an explicit modulus of continuity
when p; > 2 or when py < 2. More specifically, given a € €2 and r > 0 such that
By, (a) € 2, there exists C' > 0 such that

C
0scg, (o) VU < , Vs € (O, g) )

()

Here, the constant C' only depends on py, ps and ||Vul|peo(q).

When py < 2, the above modulus of continuity looks like the same as the one in [12],
except that we rely here on the L* norm of Vu instead of its LP norm. When p; > 2,
the modulus of continuity obtained in [10] is more accurate than the above one. Indeed,

Lindqvist and Ricciotti exploits the specific structure of the orthotropic functional, and
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Pi=2)/2y belong to W,22(Q), for i = 1,2.

in particular the fact that the functions |u,,

We believe however that our approach can be applied to a larger class of functionals.

1.3. Structure of the proof. We follow the strategy introduced by De Silva and Savin
in [6]. More specifically, given a smooth and strictly convex function G' : R? — R, one
considers the functional
G:ueWh(Q)— G(Vu)dx.

B
Here, B is the unit ball of center 0 in R? (for every r > 0, we simply denote by B,,
instead of B,(0), the ball of center 0 and radius r).

We introduce the modulus of convexity of G:
(1) va(t) = . ilgf> IVG(E) — VG(E)), vVt > 0.
g/ _t

Given two positives numbers A\, A > 0, we also consider the sets
(2) Oy :={£eR*: V2G(&) > M}, Vi :={€R?:V’G(&) < AT}

Theorem 1.2. [6, Theorem 1.1] Let u be a smooth minimizer to G and let K > ||Vu|| (5,
Assume that there exist A\, A > 0 such that

(3) By C (O)\UVA).

Then in Byjz, Vu has a uniform modulus of continuity depending on the modulus of

conveity vg, K, ||VG| LB, and the sets Oy, Vj.

The above statement is formulated in terms of an priori estimate for a minimizer that
is already known to be smooth, and the proof uses that G itself is smooth. However, as
mentioned by the authors of [6], since the estimates do not depend on the smoothness
of GG, Theorem 1.2 can be proved for a nonsmooth integrand G, by the approximation
technique they describe in another section of their article. Still, the sets O, and V} in
(2) can only be defined when G is at least C2. When G is singular, in the sense that
its Hessian cannot be defined on the whole R?, the above approach has to be suitably

modified. We have to face that difficulty for the orthotropic integrand F when p; < 2.
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When p; < 2 < po, a more serious obstacle arises since there is no A, A > 0 for which
one could find an approximating sequence (F, )g>1 converging to F' and for which the

main assumption (3) would hold true, in the sense that
Bx C{€ € R*: V?F, (&) > M or V2F,, (&) < AI},  Vk>1.

As a matter of fact, the C! regularity for the case p; < 2 < p, is the main novelty of
the present paper. It turns out that the tools introduced by De Silva and Savin can be
adapted to handle this situation as well.

The proof of Theorem 1.2 is based on two localization lemmas, that we explicitly state
in the next section, see Lemma 2.1 and Lemma 2.2. In order to obtain explicit modulus
of continuity when p; > 2 or py < 2, we have established two variants, Lemma 2.3 and
Lemma 2.4, which yield more precise conclusions under more restrictive assumptions.
Those statements can be exploited for a large family of integrands, and not just for the
orthotropic integrand F'.

Regarding the approximation of F' by a sequence of smooth uniformly convex integrands
to which the a priori estimates apply, we rely on the same construction for the three cases
P2 < 2, p1 > 2and p; < 2 < py. To this aim, we have found convenient to exploit an

approximation technique inspired from the proof of [5, Theorem 1.1, page 115].

Remark 1.1. In view of the above introduction, one could conclude that our paper [3] had
a sad fate: the main result (at least when py = pe > 2) was essentially contained in [6], up
to an approximation argument (obviously, we did not know the article [6] at that time).
In addition to this, the subsequent papers [10] and [12] improved our result by giving an
explicit modulus of continuity.

However, the approach that we followed in [3] allows some extensions to orthotropic

functionals with a lower order term:

u— F(u) + /Qf(x)u(x) de.

I do not know whether such extensions are possible with the strategy introduced in [6] or

the one used in [10].
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Moreover, in order to prove our main result in (3], we introduced a new type of Cac-
ciopoli inequalities, which later played a crucial role in [2] to establish the Lipschitz regu-

larity of bounded minimizers in any dimension.

1.4. Plan of the paper. Section 2 contains the C! a priori estimates for the minimizers
to general functionals which are either singular or degenerate. We also establish such
estimates for the hybrid case, namely for ' when 1 < p; < 2 < ps < oco. In Section 3,
given a minimizer u to F, we construct an approximation sequence (G, )x>1 for F' and
prove that the corresponding sequence of minimizers (u, )p>1 converges to u. Applying the
a priori estimates of Section 2 to each u,, , we eventually deduce the desired C' regularity
for u.

A technical appendix concludes the paper: it contains the continuity result for mini-
mizers on a planar domain and also a uniform estimate on the modulus of convexity of

the approximating sequence (G, )g>1.

Acknowledgements. Almost ten years ago, Lorenzo Brasco kindly invited me to inves-
tigate with him the regularity theory of the orthotropic functional. I warmly thank him
for this, for his insightful comments on the present paper, and more generally for his deep

knowledge of the Calculus of Variations that he generously shares with me.

2. A PRIORI ESTIMATES

As explained in the Introduction, the proof of our main result Theorem 1.1 relies on
several tools introduced in [6], and more specifically on two localization lemmas that we
proceed to quote explicitly.

Let G : R? — R* be a smooth function such that V2G > 0 on R?. We then consider

the functional:
G(v) := / G(Vu(z)) dx, ve WhHH(B).
By

For every A\, A > 0, one defines the non degenerate set Oy and the non singular set Vy

as in (2).
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Given a unit vector e in R? and constants c, ¢y, c; € R with ¢y < ¢1, let us define the

sets

HY(c):={peR?: (pe)>ct, H (c):={pecR®:(pe)<cl
Se(co,c1) =={p e R*: ¢y < (p,€) < 1},
where we have denoted by (p, e) the standard inner product of the two vectors p and e in
R2.

Let u be a minimizer to G on the unit ball By: G(u) < oo and
Gu) <G(v),  Yve W, (B)+u

In this section, one assumes that u is globally Lipschitz on B; and smooth on B;.
In the first localization lemma, one considers the region of B; where Vu takes its values

in the non degenerate set:

Lemma 2.1. [6, Lemma 2.1] Let K > ||[Vu| o, and L > ||VG||r(By). Assume that

there exist a direction e and constants co < ¢; such that
(4) Se(co, c1) N Vu(By) C O,.
Then, there exists 6 > 0 only depending on ¢ — ¢y, A, K, L such that either Vu(Bs) C
HZ(¢co) or Vu(Bs) C H (c1).
The second localization lemma is related to the non singular set:

Lemma 2.2. [6, Lemma 2.2] Let K > ||Vu|| peo(p,) and v : (0,4+00) = (0,400) such that
v < vg on (0,+00), where vg is the modulus of convexity of G, see (1). Assume that

there exist a unit vector e and constants ¢ € R, € > 0 such that
H (¢ —¢e)NVu(B;) C Vj.
Then, there exists 6 > 0 only depending on ¢, e, \, K, v such that either Vu(Bs) C Hf (¢—

) or Vu(Bs) C H (¢ +¢).

A close inspection of the proofs of the above lemmas leads to the two next statements,
where we strengthen the assumptions in order to get more specific conclusions. More

precisely, in the first statement below, we replace the assumption (4) by the requirement
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that Vu maps the whole ball By into O,. As a consequence, we obtain an explicit estimate

on the modulus of continuity of Vu.

Lemma 2.3. Let K > ||Vul||pe(p,). Assume that there exists A > 0 such that Vu(B;) C
Oy. Then

VG| 1 1 1
oscg, Vu < C (1 + V&Il (BK)) , Vr e (O, —) ,
A —In(2r) 2

where C' > 0 only depends on K.

Similarly, the next lemma corresponds to Lemma 2.2, where we assume that Vu(B;) C

V.

Lemma 2.4. Let K > ||Vl po(p,). Assume that there exists A > 0 such that Vu(B;) C
V. Then

CA 1
vg (oscg. Vu) < ——, Vrel(0,=],
 (oscs, Vu) < —1In(2r) ( 2)

where C' > 0 only depends on K.

We proceed to prove Lemma 2.3 and Lemma 2.4. We strongly rely on the tools intro-
duced by De Silva and Savin in [6] to establish Lemma 2.1 and Lemma 2.2.

In both lemmas, the starting point is the Euler equation div [VG(Vu)] = 0. By
differentiation along a unit vector e € S, one gets that v := (Vu,e) is a solution of the

uniformly elliptic equation
(5) div [A(z).Vou(z)] =0,

where A = V2G(Vu). In order to simplify the notation, we often write u. instead of
(Vu,e).
A common ingredient in the proofs of Lemma 2.3 and Lemma 2.4 is the maximum

principle, see e.g. [9, Theorem 3.1], applied to (5). This implies that for every r € (0, 1),
(6) 0SCR, Ue = 0SCyR, Ue.
We also observe that for every r € (0, 1), there exists e € S' such that

(7) oscg, VU = 0SCp, .
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Indeed, let x,y € B, such that oscp, Vu = |Vu(x) — Vu(y)|. Then, there exists e € St
such that |Vu(z) — Vu(y)| = (Vu(z) — Vu(y), e). It follows that

oscg, Vu = (Vu(z) — Vu(y),e) = |ue(x) — ue(y)| < oscg-ue = 0sCp, Ue.

The opposite inequality follows from the fact that for every e € St and every z,y € B,,
[ue(z) — ue(y)| < |Vu(x) — Vu(y)|. This completes the proof of (7).

In the proofs of lemma 2.3 and lemma 2.4, we rely on the weak formulation of (5):
/ (V2G(Vu).Vue, Vo) dr = 0, Vo € C°(By).
By

More precisely, we apply the above identity to the test function ¢ = &?u., with ¢ €
CP(By),0<¢<1and { =1 on Byjy. Then
(8) /B (V*G(Vu).Vue, Vu )& do = —2 /B (V*G(Vu).Vu,, VE)Eu, dz.
1 1

We will exploit (8) in two different ways in the proofs of Lemma 2.3 and Lemma 2.4.

The last ingredient is a simple estimate which emphasizes the role of the dimension 2 in
this problem. We first observe that this calculation is the core of the proof of a lemma due
to Lebesgue, which is used by Lindqvist and Ricciotti to establish the explicit modulus of
continuity of Vu; see [10, Lemma 3.1] for the statement and the proof of this lemma. It
is a remarkable fact that De Silva and Savin [6, p.497] exploit the very same calculation
(even if they do not rely on the full statement of the Lebesgue lemma). Let us be more
specific:

Given a continuous function h : B! — R™, we assume that there exists x > 0 such that

for almost every p € (0, 3),

/{S/ hdo.
8B,

Then by the Cauchy-Schwarz inequality,
K2 < 27rp/ h? do.
OB,
Integrating over p € (r, 3), one gets

1
(9) Kin — < 27r/ h* dz.
2r B
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In spite of its simplicity, the above estimate plays a key role in the proofs of Lemma 2.3

and Lemma 2.4.

Proof of Lemma 2.3. Let e € St. We start from (8). By the assumption Vu(B;) C Oy,

the left hand side is not lower than

A |V, |*¢* dx.

B1
In the right hand side, we observe that (VG(Vu)). = V2G(Vu).Vu,, so that by integra-
tion by parts,

—Q/B (V2G(Vu). Ve, VEu, dr = —2/B (VG(Vu))e, EVE) u, dx
) /B (VG(Va), (€VE))ue da + 2 /B (VG(Vu), EVEVuL, da

S CHVGHLOO(BK) (K + §|Vue| dﬂf) R

By

where C' only depends on £. Hence,

A |Vue|2§2 dx S CHVGHLOO(BK) (K+ §|VU6| dl’) .
B1

B1

Using the Young inequality in the right hand side, we deduce that

(10) / —VGH%OO(BK)) ,
B

I
|Vu|* de < ¢ (1 + Nz
where C" only depends on £ and K.

1
2

We can now conclude as follows: let r € (0, 5). Then for every p € (r,3),
0SCR, Ue < 0SCR, Ue < 0SChpB, Ue,
where the last inequality follows from the maximum principle, see (6). Next,
05CoB, Ue < / |Vue| do.
0B,
We then apply (9) with k = oscp, u. and h = |Vu,|. This gives

1
(oscp, ue)ang < 27T/ |Vue|? dz.

By
2
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Together with (10), this yields

0SCR, Ue <

\ 2rC! <1+ ||VG||L°°(BK))
—In(2r) A '

The conclusion then follows from (7).

We next turn to the

Proof of Lemma 2.4. Given a nonnegative symmetric matrix A, for every y € R?,
Ayl = (Ay, Ay) = (Ay.y) = o®r® + 757,

where o and f3 are the eigenvalues of A and (r, s) are the coordinates of y in an orthonormal

basis of corresponding eigenvectors. Hence,
[Ay* < max(a, §)(ar® + B5*) = max(a, 5)(y, A.y).

We apply this remark to A = V2G(Vu) and y = Vu,, for any e € S!. Taking into account
the assumption Vu(B;) C V}, this gives

1
(V2G(Vu).Vue, Vue) > K\VQG(Vu).Vue\Q.

In view of (8), one gets
1
— [ |V?G(Vu).Vu|*¢* do < —2 / (V2G(Vu). Ve, VE uk dr

A By B

<2 | |V*G(Vu).Vu||VE||ue|¢ d

B1

< UK VE e / V2G(Vu). V€ do.
By
By the Cauchy-Schwarz inequality, this implies

i VG (V). Vu?¢? do < 4n K N?||VE|| 5,

Let w := VG(Vu). Then |||[Vw||]? < |V2G(Vu).Vu,, |* + |V2G(Vu).Vu,,|?, where we

use the notation |||A||| = max;=; |A.2| for any matrix A € My(R). Hence,

(1 [ lIvulia < o
B

1
2
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where C only depends on ¢ and K.
Let r € (0,1/2). Then for every p € (r,1/2), denote by x and z, two points of 9B,

where u|pp, respectively attains its maximum and its minimum. Consider the sets

T = VG (€ €R (6e) —u(e;)}), T = VG R : (6e) =ue)}).
For every &, & € R? such that (£, e) = uc(z})), (¢, e) = uc(z, ), one has

€ =& > (€ —¢€ ) = ue(a)) — uc(x,) = 0scop, Ue > 05Cp, U,
where the last inequality follows from the maximum principle, see (6). It follows that
dist (T, T") > vg(oscp, ue).
Since w(z,) € T~ and w(z}) € T™, the above inequality implies that
ve(oscs, 1) < fu(es) ~ wle, ) < [ (19wl do

We then apply (9) with k = vg(oscp, u.) and h = |||Vw|||. This yields

1
(ve(oses, u))*In — < zﬂ/ V||| da.
2r B,
2
By (11), one gets

V2rCA
—1In(2r)

The result now follows from (7). 0

va(oscp, ue) <

Remark 2.1. For every ball B.(a) with radius r > 0 and center a € R? such that
B,(a) C By, the restriction u|p, () s a minimizer to G on B,(a). This implies that the

map

Upq(z) = ;u(a +rx)

is a minimizer to G on By. Moreover, Vu(B,(a)) = Vu,o(B1) and thus ||V, o) =

|Vul|Loo (B, (a))- In particular, if Vu(B,(a)) C Oy, then one can apply Lemma 2.3 to u, -
HVGHLW(BK)) 1 1

A VpE (07_)7

<
oscg, Vi, < C (1 + B ln(2,0)7 5
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where C' only depends on K > [|Vul|re(B, (). This implies that

VG| 1
o5, Vi < C (1 L H; (BK)) T Vs € (0, g).
2s

Similarly, if Vu(B,(a)) C Vy, then Lemma 2.4 applied to u,, gives

CA
. Wse(0,0),
IHQLS 2

va(oscp, @) Vu) <
where C" only depends on K.

We will rely on Lemma 2.3 in the non degenerate case p, < 2 and on Lemma 2.4 in the
non singular case p; > 2. In the last case 1 < p; < 2 < py < 00, we need a new a priori

estimate:

Lemma 2.5. Let K > ||Vul[zo(s,), L > ||VG| 1o(By) and v : (0, +00) — (0, +00) such
that v < vg on (0,4+00). We assume that for every e € (0,1), there exist Ao, A > 0 such
that

(12) BK N (Het (E) U Hjel (8)) C VAE
and
(13) Bi N (H(e) UHZ,,(¢)) C Oy,

where e; = (1,0) and e; = (0,1).
Then there exists a function w : Rt — R, which only depends on K, L, v and the

families {\:}c=0 and {A:}eso, such that lim,_ow(r) =0 and
oscg, Vu < w(r), vr e (0,1).

Proof. Let € > 0. By assumption, Vu(Bi) N Se,(e/4,6/2) C O,,,. By Lemma 2.1,
there exists 0 > 0 depending on €, A, 4, K, L, and such that either Vu(Bs) C H/ (¢/4) or
Vu(Bs) C H,(g/2). In the first case, Vu(B;) C Oy_,. It then follows from Lemma 2.3
(see also Remark 2.1) that one can find 5> 0, only depending on ¢, A, 4, K, L, and such
that OSCBgVU <e.

Similarly, Vu(By) N Hf (¢/4) C Vj_,. Hence, Lemma 2.2 implies that there exists
¢’ > 0 depending on €, A4, K, v, and such that either Vu(By) C H[ (¢/4) or Vu(Bs) C
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H_ (¢/2). In the first case, Vu(Bs) C Vj,, and thus, by Lemma 2.4 and Remark 2.1,
there exists 8/ > 0, depending on €, A./4, K,v, and such that Vg(OSCBgIVU) < v(e)/2.
Since v(e) < vg(e) and v is nondecreasing, this implies that oscp, Vu < e.

We can repeat the same arguments for the two other directions, namely on S_., (¢/4,¢/2)
and H*, (g/4).

Let us summarize the current state of the proof as follows: If for one of the four
directions, we are in position to apply Lemma 2.3 or Lemma 2.4, then we can conclude

that there exists d. > 0 such that
0SCp;, Vu < e.

Otherwise, one can find 6. > 0 such that

€ € € € € €\2
By) € H, (5) 01 (5) n# (5) 7 (5) = (-5:3)
ViuBy) C Hey \3) M He (5) M- () N H-e, (5 22
In both cases, one has oscp,, Vu < 2¢ for some ¢ which only depends on €, A4, Acjs, L, K

and v.

Finally, we set
w(r) := sup{oscp, Vu}, r e (0,1),

where the supremum is taken over all the minimizers v on Bj of all the smooth integrands

G, such that [|Vu| pe(p,) < K and
V3G > 0 on R?, VG| Loo(By) < L, vg > v on (0,+00),

together with (12)—(13).

By definition of w, for every such minimizer u,
oscg, Vu < w(r), Vre(0,1).

Observe that 0 < w < 2K and that w is nondecreasing as the supremum of nondecreasing
functions. The above arguments imply that for every ¢ > 0, one can find 67 > 0 such

that w(d”) < e. It follows that lim,_,ow(r) = 0. The proof is complete. O
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3. PROOF OF THEOREM 1.1
Given 1 < p; < py < 00, we consider the anisotropic orthotropic integrand
Ve o Lie
F(&,6) = — & + —1&]7,
b1 P2
and the associated functional on a bounded open set  C R?:
Fivewh(Q) o / F(Vo(z)) dz.
Q
Let u a minimizer to F on 2. We assume that « is Lipschitz on . Let
M = ||Vul||L=(q)-

Construction of an approximating sequence for F. For every € € [0, 1], we intro-

duce the smooth function

1
— (2 )T+ (2 )7,
P1 D2

We observe that F = Fy < F. < F} on R

F.: (6,6) eR*—

We modify F. in order to get an integrand which is quadratic outside a large ball. Here,
we follow a strategy used in the proof of [5, Theorem 1.1, page 115].
Let M’ := || F\ || (By0) and ¢ : RT — R* a smooth nondecreasing function such that
t if t € [0, M’ + 1],
h(t) =
M +2 ifte[M +2,4+00),
and ||¢/||L°°(R) S 2.
For every € € (0,1),

VE(6,6) = (6 + )" 6 +)F)
and thus
IVFE(éla’S-Z)P = é%(éj -+ é%)pI*Q + 63(52 4 63)?2*2
<(E@+gPT @+ g

(14) <A+E)P a4
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Hence,
IIVF.() @ VEL(OII| < (L+ &P+ (1+ &)

There exists M"” > M + 2 such that ming2\p, , F' > M’ + 2. Let
i o e g, (+ €77+ (- 7).
Since ¢¥"(F.(§)) = 0 when || > M”, one has
(15) W (F))VE( @ VEI <n-1,  VEER?

Let 0 : R? — RT be a smooth nonnegative convex function such that # = 0 on By, and

v29(§) Z y’la Vg € RQ \ BM+27
V() < (M+2u+1)I,  VEeR
Finally, we set
G.=voF.+40.

Then G, is a smooth function on R? and
VG, = ' o F.VE. 4+ V6.
From (14) and the fact that ||¢'|| @) < 2, we deduce that

po—1

z + ||V9||Loo(BK), VK > 0.

(16) IVGelliemi) < 2V2(1 + K7)
We also observe that G. is strictly convex on R?, as a consequence of the following lemma:

Lemma 3.1. For every & € Byry1, Ge(§) = F.(€). Moreover,

VPF.(§)  for & € Baya,

I fO’l”f gBM-‘rQ:

(17) VG () >

QVZFE(S) + (M + 3)#[ for & € By,

(M + 3)MI fO’/’f g BM//.
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Proof. For every £ € Byya, Fo(§) < F1(§) < M’ and thus 1o F.(§) = F.(£). This implies
that G.(§) = F.(§) +6(§). In view of the properties of 6, this gives G. = F. on By, and

VIFL() < VPGe(§) < VAFL() + (M +3)ul, V€ € Barsa.

Here, we have also used the fact that g > 1, so that (M + 2)u+ 1)1 < (M + 3)ul.
When & € By, Fo(§) > F(€) > M’ +2, which implies that ¢ o F.({) = M’ +2. Hence,

G:(§) =M +2+06(¢).

It follows that

ul < V2GL(€) < (M +3)ul, VE & Bun.
Finally, when & € Bas \ Bazsa, we write
V2GL(€) = ' (F(€)) VAFL(E) + ¢ (F.(€)) VEL(§) ® VEL(E) + V?0(8).
In view of (15) and the properties of ¢ and 6, this implies
V2G(€) < [[¢' lLee @ VEFL(E) + (= )T + (M 4+ 2)p+ 1) T < 2V?F(€) + (M + 3)pl.

Moreover, relying on the fact that ¢'(F.(£))V2F.(£) > 0, we also get

VEGL(§) = ¥'(FL(8))VFL(§) ® VFL(§) + V*0(€).
Using now that V20(¢) > ul together with (15), this gives

V2G.(§) > 1, V&€ By \ Baryo.

The proof is complete.

g

We proceed to derive from the above lemma several uniform estimates on G.. By
uniform, we mean that the constants involved do not depend on . Those constants
depend on the exponents p; and po, but we will not explicitly mention this dependence.

First, Lemma 3.1 implies that G. has a quadratic growth outside a large ball:
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Lemma 3.2. There exist Uy, Ly > 0 which only depend on M such that for every e €
(O’ 1)7

(19) CIEP 0 < Cu(O) < Lu(1 +[€P), Ve R

Proof. Let us prove the lower bound in (19). By (17), V2G.(§) > I for every |£] > M +2.
For such a £ & Byyo, let t := (M +2)/|£| and & = t£. Then

G.(6) > C(€) + (VGL(€),6~ €) + e — P

|£‘_<M+2) / / 1 _M+2 ’ 2
o weie e+ g (1- 522 e

By convexity of G., (VG.(¢'), &) > (VG(0),&") = 0. Together with the fact that G.(¢) >

0, this gives

1 M +2\?
G.(6)>=|1- 2,
©=3(1-257)

In particular, for every |£| > 2(M + 2),

1

Since G. only takes nonnegative values, this proves that the lower bound in (19) holds
true with £y = (M + 2)?/2.
We next prove the upper bound in (19). Since #(0) = 0 and V6#(0) = 0, one has

1
00 = [ -9 veeR:
Using that V20(¢) < (M + 2)p+ 1) I for every ¢ € R?, this implies

(M +2u+1) < (M+2uéf?, VEeR

N

(&) <
In view of the definition of GG, and the fact that v < M’ 4+ 2 on R, one has
G.(&) < M +2+06(8), VE € R2.

The conclusion follows with Ly, := max (M’ + 2, (M + 2)u).
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We also need a uniform estimate on the modulus of convexity of G.. For every ¢ € (0, 1),

7'1,5(51) 0

(20) VPF.(&,6) =
0 7'2,5(52)

where for 1 =1, 2,
Tie(&) = (2 + )22 + (m — DED).

We observe that for every K > 0 and every' §; € [~ K, K],

(21) (p— 1A+ K)F P <& <62 ifp <2,
(22) &I < Tc(&) < (pi— D)1+ K2)%_1, if p; > 2.
It follows that
0
(23) ViG> | " (&) . VEeR?

0 ()

where for ¢ = 1, 2:

(pi — (14 (M +2)2)s-1  ifp; <2,
pi(&) =

min (1, ]&[P %) if p; > 2.

Indeed, (23) is a consequence of (17) and (21)—(22) when £ € Bpsi2. When £ & By,
we rely again on (17) and the fact that p;(&;) < 1. This proves (23) in both cases.

Lemma 3.3. Assume that po > 2. Then there exists vy > 0 which only depends on M

such that the modulus of convexity of G. satisfies the following estimate:
ve.(t) > yamtmin (1,87272) vt > 0.

Proof. In view of (23), we can apply Lemma 4.2 to G = G, with 1;; = (p; — 1)(1 + (M +
2)?)Pi/21 i =1,2. By (32),

(VGe(€) = VG(€),€ = &) 2 yuls — &P min (L, [ - &*7%), V€ €R?,

If & = 0 and p; < 2 in (21), then by |£]P 2, we mean +oc.
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for some constant ,; which only depends on M. Then by the Cauchy-Schwarz inequality,

one gets
IVG-(§) = VG(E)] > € — €| min (1, ]€ —€'[P272) .
Hence,

vG.(t) > yytmin (1,87272), vVt > 0.

g

Construction of an approximating sequence for u. For every ¢ € (0,1), let u. be

the minimum of
v / G.(Vv)dx
Q

on the set Wy *(Q) + u.

Lemma 3.4. For every € > 0, u. is locally Lipschitz on €. Moreover, for every a € 2

and r > 0 such that By,(a) € €2,

sup || Vel| 2o (5, (@) < +00.
e€(0,1)

Proof. By the upper bound in (19) and the fact that V2G. > I on R?* \ By, we are
in position to apply [8, Theorem 2.7], which yields the desired uniform estimate on the

Lipschitz ranks of the u.’s. More precisely, given a € Q and r > 0 such that Bs,.(a) € €,
1
(24) HVUEH%OO(BT((I)) < Co <1 + ﬁ/ ‘VuEP dilf) R
Bar(a)
where C only depends on M (through L, and M"). By (19),
[Vu|* < 8G.(Vu.) + 80y and  G-(Vu) < Ly (14 |Vul?).
Since u, is a minimizer for G, on €2,

/Q G.(Vi) d < /Q (V) da.

Hence,

/ (Vue|? de < 8Q|(Las + Las) + 8LM/ (Vul? < 8 (bar + La(1+ M?)) .
Q Q
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Inserting this estimate into (24), one gets
(25) Ve (5, () < K,
where K only depends on M, |Q| and r. O
The fact that G. is smooth and satisfies VG, > 0 on R? implies by De Giorgi’s

regularity theorem that wu. is smooth on €.

Lemma 3.5. For every a € Q and r > 0 such that Bsy.(a) € 2, there exists a function

w:RT = R such that lim;_,ow(t) = 0 and for every e > 0,
05¢g, () V. < w(s), Vs € <0, g) )

The function w may depend on M, r and [§2| but not on €.

Proof. Let a € Q, 7 > 0 such that By, (a) € Q and v.(z) := Lu.(a + rz),z € By. Then v,

is a minimizer for the functional

G.(v) = /B G(Vu) de

Moreover, ||Vve||ze(p,) = ||VUe| o (B, (a))- By Lemma 3.4, there exists K > 0 which does

not depend on ¢ such that

Vel < K-
Case 1. If p; > 2, then by (20) and (22),
V2E.(6) < (po — D)(1+ M"™)Z', V¢ Byn.
Hence by (18),
V2Ge(€) < AL Ve € R?,

where A = (2(p, — 1)(1 + M"?)P2/>~1 4 (M + 3)u). Then Lemma 2.4 implies that

A 1
(26) vg. (oscp, V) C— Vp € (0, 5) ,

< ;
v —1n(2p)
where C' > 0 only depends on K. In view of Lemma 3.3, vg_(t) > vyt min (1,#272). We

also observe that there exists dx > 0 which only depends on K such that

tmin (1,7272) > 6t vt € [0,2K].
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Since oscg, Vv, € [0,2K], it follows from (26) that

1

CA 2t 1
oscg, Vv, < , Vp e <O, —) )
Ymdr/—1n(2p) 2

This implies that on every ball By(a), with s € (0,7/2), the map u. satisfies
C//

(0 )&

oscp, Vu, <

for some C” > 0 which only depends on M and K.
Case 2. If py <2, then by (23),

V2G. (&) > M, Vé € R?,
where A = (p; — 1)(1 + (M 4+ 2)?)P1/271[. Then (16) and Lemma 2.3 imply that
C 1
€ < D v Oa 5 |0
oscg, V. < Ve, pE ( 2)
where C' > 0 only depends on M and K. Hence,
C
0SCB,(a) VUle < ——, Vs € (O, i) .
VIn 5 2
Case 3. If p; < 2 < p,, then for every K > 0 and every 0 > 0, (21)—(22) imply that
1) 7 ma(&) < (- D(I+KY)TTL V&, &) € (H] (5)UHT,, (6)N B,

Te(6) = (=K7Y mo(&) 2077 (&, &) € (HL(6)UHZ,,(8)N Bx.

Let us introduce
s := min ((p1 — 1)(1 + K?)p/21 57’2*2) and Aj := max ((p2 — 1)(1 + K?)p/21 (5”1*2) )
We deduce therefrom that

VEFL() < NI, V&€ (HJ(6)UHY, (6)) N By,

V2F(&) > NI, V&€ (HL(6)UHZ,, (6) N Br.

—e2

Hence, using (18) and (17), this yields
V2G.(€) < (2Rs + (M +3)u) I,  VE e (H(5)UHT, (5)) N By,

V2G.(&) > min (N, 1) I, V&€ (HE(6) U H_,(5)) N Bx.
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By Lemma 3.3, vg (t) > ~atmin(1,tP272) for every t € R*, where vy > 0 only
depends on M. We can apply Lemma 2.5 with the parameters K, L = 2\/5(1 +
K2)02=1/2 4 IV0]| [ (5,) (see (16)), the function v = vyt min (1,#272) and the fami-
lies \s := min (/\_5, 1), As :=2As + (M + 3)p.

Then there exists a function w : R™ — R™, which only depends on K, L, v and the

families {\s}5>0 and {As}sso0, such that lim, ,ow(p) = 0 and
oscg, V. < w(p), Vp € (0,1).

It follows that
0scp, (a) Ve < w <f> , Vs € (0,r).
r

The proof is complete.

g

Remark 3.1. When p; > 2 (case 1) or ps < 2 (case 2), the above proof yields an explicit
modulus of continuity for Vu.. More precisely, for every B,(a) C Bay.(a) € 0, one can

take

w(s) = ¢ , Vs € (O T),

(n ) 07 N

where C' > 0 only depends on M = ||Vul| =)y and on any number K > sup, || V.|| r(B, ()
(the existence of such a K is given by Lemma 3.4).

3.1. Completion of the proof. Since u. is a minimizer for G., one gets

/Q G.(Vi) dr < /Q (V) da.

It follows from (19) that the family {u.}.~o is bounded in Wy*(Q) + u. Hence, there
exists a sequence (g;)x>1 converging to 0 such that (u., )r>; weakly converges in Wh2((Q2)
to some v € W, () + u.

By (25), Lemma 3.5 and the Arzela-Ascoli theorem, v € C''(€) and up to a subsequence
(we do not relabel), (u., )x>1 converges to v in C'(Q2). In particular, for every a € 2 and

7 > 0 such that By,(a) € €2, v satisfies

(27) 05CB, (o) VU < w(s), Vs € (O, —) ,
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where w is the function given by Lemma 3.5.

It remains to prove that
Lemma 3.6. The map v agrees with u on ().
Proof. Since ||Vl < M and F = G, on B4,

/Q F(Vu) de = /Q (V) da.

Using the fact that u. is a minimum for G, on W, (Q) + u, one gets

/QF(VU) de/QGE(VuE)dxz/Qz/;oF(Vug)jLG(Vue) dx.

The last inequality relies on the estimate F. > I and the fact that ¢ is nondecreasing.

Let Q' € Q. Since ¥ and 6 are nonnegative, this implies that

/ F(Vu)dx > | o F(Vu.)+ 0(Vu,) d.
Q o

Since (u.,)r>1 converges to v in C1('), one can let k — +o0 to get

/ F(Vu)dz > | o F(Vv)+6(Vv)dz.

Q/
The above inequality being true for every ' € €2, the monotone convergence theorem

implies that
(28) /Q F(Vu)de > /Q o F(V) + 0(Vv) dz.
Let us introduce the functional
Flw) = /Q (Wo F+0)(Vu)de, we W' (Q).

Since the sequence of the convex functions G., converges pointwisely to the function
Yo F + 6, we deduce that the latter is convex as well. Actually, (23) and Lemma 4.2
imply that

(VG.(€) = VG(€),£ =€) 2 Clg = P min (L€ - ¢'*7%), V& €R?,
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for some constant C' > 0 which only depends on M. We also observe that (VF,, )r>1
converges pointwisely to VF. It follows that (VG,,)r>1 converges pointwisely to V(¢ o
F 4 0) and thus

(V(YoF+0)(§) =V (Yo F+0)(¢),£~¢) > Cle—¢Pmin (L, [ - €7%), V& e R

We deduce therefrom that 1) o F' + 6 is strictly convex on R2.
Next, we claim that v is a minimizer for F. Indeed, since u is a Lipschitz minimizer

for F and F is at least C', one has
/Q (VF(Vu),Va)dr =0, Y € C2(Q).
Since M = ||Vul|p=(q) and F' =1 o F + 60 on By,
VFE(Vu) =V (po F+60)(Vu), a.e. on €,

and thus
/(vw o F 4 0)(Vu), V) de =0, Y € C2(Q).
Q

Since V(1) o F + 0)(Vu) € L*®(1), the above identity remains true for any w € Wy (Q).
By convexity of ¢ o F' 4+ 0, we deduce therefrom that

/(¢OF+9)(vu) dr < /(woF+6)(V(u+w))dx, Yw € Wy (Q).

Q

Hence, u is a minimizer for F on Wy (Q). Tt follows from (28) that

Since F is strictly convex, the minimum of F on VVO1 2(Q) 4 u is unique. This implies that
v = u as desired.

g

This completes the proof of the fact that u is C* on .

Remark 3.2. In the cases when py > 2 or py < 2, the above proof also yields an explicit

modulus of continuity for Vu. More precisely, by Remark 3.1 and (27), for every a € Q
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and r > 0 such that By.(a) € €,
C

(29) oscg, (@) Vu < : : Vs € (O, t) ,
(In £ ) Zmexm=0 2

where C' > 0 only depends on M = ||Vu||r~@) and any number K that satisfies K >
sup, [|[Vue| |z (B, (a))- Since (ue,)k>1 converges to u in C'(Q), there exists kg > 1 such
that supysp, || Ve, ||ne(B,.(a)) < M + 1. Hence, in all the calculations above, one can take
K =M+ 1 (up to a new extraction if necessary). In particular, the constant C > 0 in

(29) can be chosen a posteriori as a function of M only.

4. APPENDIX

We first justify the well-known fact that in the two dimensional case, a minimizer is
continuous.

Let H : R?> — R" be a nonnegative strictly convex function. We assume that H
is superlinear, in the sense that lim¢ 4o H(§)/|¢| = +00. Given a bounded open set

Q C R?, we consider the functional
H:vH/H(Vv)dx, veWh(Q).
Q
Lemma 4.1. Let u be the minimizer to H. Then u € C°(£2).

Proof. Let a € Q. Since u € WHH(Q), for a.e. 7 > 0 such that B,.(a) € , the restriction
¢ = ulop, (@ is in WHH(OB,(a)). By the Morrey embedding, this implies that ¢ is
continuous. Since u| B,(a) 1S a minimizer to H on B,.(a) with respect to the boundary
condition given by ¢, we deduce that v is continuous on m: this can be seen as in the
proof of [11, Theorem 7.1}, see also [1, Corollary 1.5] for a more general result. It follows

that u is continuous on 2. O

Given two positive numbers Ju1, f12, we define for i = 1,2

wi(t) = vVt e R.
min (1, [¢|P72)  if p; > 2,
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Lemma 4.2. Let G : R? — R be a smooth function such that

(30) V2G(&, &) > mi&) 0 . V(& &) e R
0 (&)

Then there exists a constant C' > 0 which only depends on iy, fiz such that for every
¢, & eR?,

(31) (VG(§) = VG(€), £ = &) = Cle =€, if p2 <2,

(32) (VG - VGE)—€) > Cle— ¢Pmin (LIg—€72), ifpp 22
Proof. Let €€ € R? with ¢ # &. Then
(V6(6) - VG- - | UV 1 - ) E— € - &) ar
Using (30), we thus obtain
(V6(6)-ve(E)e—¢) = [ (€ 16— E)) 61— €1+ e+ 16— 1)) (60— 07

Let i € {1,2} such that |§; — &/| = max(|& — &1, (& — &5]). Then
1
(VG(€) —~ VG(E).€ — ) > (& — &) / €+ 1(6 — €) de

1 1
(3) > k= ¢F [ e e -

We first consider the case when p; < 2. Then p; (] + t|& — &/|) > @ for every t € [0, 1],
and thus

(VG() - VA6~ €) = Tle - ¢
If po < 2, then (31) follows at once. If py > 2, then one uses that min (1,]¢ — &'[P272) <1
to get (32).

We next consider the case when p; > 2 (and thus necessarily ps > 2). We claim that

1
(34) / i€+ (& — €)) dt > Cmin (1, ]€ — €127?)

for some C' > 0 which only depends on py, ps.
Indeed, if |&; — &/| < 2|€/|, then for every t € [0,1/4],

€+ t(6 — €)1 > 1€l - 716 — €l > gl — &)



28 PIERRE BOUSQUET

and thus

1 , ) 1 . 1 Npi— 1 . i
/0Mz‘(fﬂrt(&—@))dtzme(lam|§z‘—§i| 2)21““( (\/—4)p ——— £ = ¢| )

1 . -
> g i (L €.

Since py > p; > 2, the claim (34) follows in that case.
If instead | — &| > 2|¢]|, then for every ¢ € [3/4,1],

6+ 16— €)1 > e — €] — el > 16— €l

which implies (34), by a similar calculation. Inserting (34) into (33), one eventually gets
(32).
U
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