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ABSTRACT. We study the interior regularity of solutions to a class of quasilinear equa-
tions of non-degenerate p-Laplacian type on Lie groups that admit a system of Hilbert-
Haar coordinates. These are coordinates with respect to which every linear function has
zero symmetrized second order horizontal derivatives. All Carnot groups of rank two
are in this category, as well as the Engel group, the Goursat type groups, and those
general Carnot groups of step three for which the non-zero commutators of order three

are linearly independent.

SUNTO. Studiamo la regolarita interna delle soluzioni di una classe di equazioni quasi-
lineari non degeneri di tipo p-Laplaciano su gruppi di Lie che ammettono un sistema
di coordinate di Hilbert-Haar. Si tratta di coordinate rispetto alle quali ogni funzione
lineare ha derivate orizzontali simmetrizzate di ordine due nulle. Tutti i gruppi di Carnot
di passo due appartengono a questa classe, come anche il gruppo Engel, i gruppi di tipo
Goursat e tuti quei gruppi di Carnot di passo tre per i quali i commutatori di ordine tre,

diversi da zero, sono linearmente indipendenti.
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1. INTRODUCTION

Let G be a Lie group and g be its Lie algebra of dimension n. Let X = {Xy, ..., X;n, },
my < n, be a system of left-invariant vector fields which, together with their commutators
up to order v > 2, span g. Also, consider a domain {2 C G and ¢ > 0.
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HILBERT-HAAR COORDINATES 95

We study the interior regularity of solutions to equations modeled on the p-Laplacian
p=2
(1.1) divs (92 + 2ul?)F 2u) =0 ©,

when we have on {2 a special coordinate system that we call a Hilbert-Haar system,
because it allows us to extend the Hilbert-Haar theory to these groups. For a modern
description of the Hilbert-Haar theory see [Cla05].

First, we prove that solutions to with C2?-boundary values are locally Lipschitz
with respect to the Carnot-Carathéodory distance associated to the system X.

Second, we prove that in Carnot groups that admit Hilbert-Haar coordinates we have
interior C'*°-regularity of weak solutions to for 6 > 0 and p in the range

2 2Q +8
v—1" Q-2

(1.2) 2 §p<min{

where () is the homogeneous dimension of G. See Theorem [3.1] below.

Third, we will show that in many cases, Carnot groups admit Hilbert-Haar coordinates.
They include all Carnot groups of rank two, the Engel group, Goursat type groups, and
those general Carnot groups of step three for which the non-zero commutators of order
three are linearly independent.

The C*°-regularity is well-known when p = 2 (the linear case). To the best of our
knowledge, the result presented in this paper is the first regularity result for non-linear
equations in some groups of rank 3 or higher with an explicit interval of p. A general
Cordes estimates valid for an unspecified interval p € [2,2+ €g), and including the degen-
erate case d = 0, was established by one of us in [Dom08]. While the Cordes perturbation
argument is naturally limited, it is our hope that the new techniques used in this manu-
script can be extended to the full range p > 2.

Miranda [Mir65] established Lipschitz bounds for solutions of the Dirichlet problem
with smooth boundary data for a class of elliptic equations on domains satisfying the so-
called Bounded Slope Condition (BSC). Key to this argument is that all linear functions
are solutions to these equations. While this is automatic in the Euclidean case, it is not
obvious in Lie groups. It is not even clear that linear functions have vanishing symmetrized

horizontal second derivatives. For the case of the Heisenberg group, that this is the case
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was first noted by Zhong [Zho17], who proved Lemmal[2.2] below in that case. Our starting
observation is that linear functions that have vanishing symmetrized horizontal second
derivatives also solve equation (Lemma [2.1)).

We apply Miranda’s argument in Lie groups to get Lipschitz bounds in a domain D
for solutions with smooth boundary values on D (Lemma . Next, in Carnot groups,
given a weak solution u, we approximate it by a sequence of smooth functions ¢,, solve
the Dirichlet problem with boundary values to get a sequence wu, that converges to u.
From Miranda’s argument it follows that the functions w, are C*°, but we don’t have a
quantitative control of their Lipschitz bound. Since these are smooth solutions, we can use
various integral estimates located in §3.1} Lemmal[3.1] Lemma[3.2) of Gagliardo-Niremberg
type, Lemma 3.3 of Cacciopoli type for vertical derivatives, and Lemma [3.4] of Cacciopoli
type for horizontal derivatives. We remark that the estimates in section are valid for
all p > 1. Tt is in the first step (Theorem of the iteration process, where we have to
use difference quotients, that we find the limitation on 2 < p < %, part of . The
other part of , 2<p< 23%28, comes from our current implementation of the Moser
iteration in Lemma[3.6] Our final step is a Moser iteration for the horizontal derivatives,
Theorem [3.3] We can pass to the limit in these estimates since we have a quantitative
control when holds.

In Section §4] we discuss Hilbert-Haar coordinates. We show that every Carnot group
of step 2 (Theorem , every Goursat group, which includes the Engel group, (Theorem
, and all groups of step 3 with linearly independent third order commutators (Theorem
admit a system of Hilbert Haar coordinates.

We finish this introduction by conjecturing that every Carnot group has a system of

Hilbert-Haar coordinates. While we present examples of arbitrary step, the general case

remains open.

Acknowledgments: This research was presented by one of us (Domokos) at the con-
ference “Something about nonlinear problems” held at the University of Bologna, June
13-14, 2018. We thank the organizers for their invitation to attend this conference, and

INDAM-GNAMPA, the University of Bologna, and project GHAIA for their support.
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2. LIPSCHITZ CONTINUITY OF WEAK SOLUTIONS WITH C?-BOUNDARY CONDITION

In this section let G be a Lie group endowed with a system of horizontal left invariant
vector fields X = {X], ..., Xﬁll}, my < n, generating the Lie algebra g. From now on, we
will use the notation X} (instead of X}), to emphasize the first stratum of g.

Rewrite equation (|1.1)) as follows:

(2.1) > X (ai(Xu)) =0,
i=1
where
a;i(§) = (6% + \£|2)%§-, for 1 <i < my.

Note that these functions are differentiable, and there exists L > 0 such that the following

properties hold for all £,7 € R™:

(2:2) > Ge© may = L(5 4 1€P) T P
ij=1_>J
— 8ai _ 2 2 %
(2.3 )y SO <17 (+1eF) T ana
(2.4 a()] < L7 (8 + %) 7.

Consider the following Sobolev space adapted to the horizontal system of vector fields X:
WyP(Q) = {u €eLP(Q) : XlueLP(Q), forall1 <i< ml},

Let Wig(Q) be the closure of C3°(Q) in W () with respect to its usual norm.
A function u € WyP(Q) is a weak solution of the equation (2.1)) if

(2.5) Z /Q 0 (Xu(x)) X2o(x)dz = 0, for all ¢ € C2(Q)

For a function v : G — R we define the matrix of symmetrized second order horizontal

derivatives as

(Viu)" = {% (Xp Xlu+ X} X;u)}

1<k,l<mq
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Lemma 2.1. Suppose that we have local coordinates in Q0 C G such that for any linear

function
L(xla ,$n> = Zaiwz
i=1
we have
(2.6) (VAL) =0, in Q.

Then L is also a solution to ([2.1)).

Proof. Let us compute

ZX}(ai(%L)) 3 8“5(2”)( XL

ij=1

da;(XL) < Oai(XL)
= il XleL — T I(XIXIL+ XIXID) =0
-yt 30 @ LX) -0

i,j=1i<j

da;

where we have used that oE. is a symmetric matrix. O
J

Definition 2.1. Given a set of horizontal vector fields X = {X], ...,X,%n}, a system of
local coordinates {x1,...,x,} is called a Hilbert-Haar coordinate system if (2.6 holds.

Let us denote by B,.(zg) (or B, if the center is clear from context) a Euclidean ball of
radius 7 centered at zo. Also, |z —y| denotes the Euclidean distance, while d(z, y) denotes
the Carnot-Carathéodory distance associated to the horizontal vector fields X7, ..., X}nl.
The notations V¢ and V2¢ indicate the Euclidean gradient and Euclidean Hessian matrix

respectively.

Lemma 2.2. Suppose that Hilbert-Haar coordinates exist in§2. Letp > 1,0 > 0, Bs,. C €,
¢ € C*(By,) and u € Wé’p(Br) be the unique weak solution of the Dirichlet problem
(2.7) > iy X (ai(Xu)) = 0, in B,

‘ u—¢ € W;S(Br) :

Then, there ewists a constant X > 0, depending on r, V@ po ;) and [[V?o| gy such
that

(2.8) lu(z) —u(y)| < Nd(x,y), for allz,y € B, .
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Proof. Let us fix an arbitrary y € 0B, and choose the inner normal unit vector
1
v

= —(To—Y).
Y |x0—y|(0 )

Then, we have
1 ) _
(2.9) (x —y,1y) > 2—|x—y| , forallz € B,
r
Let M = ||V?®|| 1 (5,). Define the linear function

Li(z) = ¢(y) + (Vo(y) + Mry,,x —y).

Then, for a point £ between x and y we have

8(z) = Bly) + (Vol),z — y) + 3 {V*6(E)(x — ),7 — )
< 0{y) + (Voly), e —y) + 5 Mz — yf < Li(2).

Hence, we have

d(x) < Ly(x), for all z € B, .

Since the boundary of B, is smooth, we know that v € C(B,) and u(x) = ¢(x), for all
x € 0B, (see [TW02] for example). Therefore, u(x) < Ly(z) for all x € 0B, and taking
into consideration that, by (2.6)), L; is a solution of (2.1)), by the comparison principle we

have u(x) < Ly(z) for all z € B,.. Repeating the above arguments for

Ly(x) = ¢(y) +(Voly) = Mrv,,z —y),

we get that
Ly(z) < u(z) < Ly(x), for all x € B, .

Since we always have |z — y| < cd(z,y) (see [NSWS&H]), taking

A= (V6] ega,) + TIV26] sy )
we obtain

(2.10) lu(z) — u(y)| < Ad(z,y), forallz € B,, y € 0B, .
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Let us fix two arbitrary x,y € B,. Then, for ¢ = y2~! we define D = B, N g~ ! B,. Note
that z € D and by the openess of the left multiplication operator, int D # (). Also, if
z € 0D, then z € 0B, or gz € 0B, and hence

[u(2) — u(g2)] < Ad(z, 92) = M(z,y) .
Therefore,
uw(z) <wu(gz) + Ad(z,y), for all z € 9D.

Observe that both u(z) and u(gz) 4 constant are weak solutions of (2.1) on D, and hence

by the comparison principle we get that
u(z) <wu(gz) + Ad(z,y), forall z € D.

Similarly, we have

u(gz) <wu(z)+ Md(x,y), forall z € D,

and therefore,

lu(z) —u(gz)| < Md(x,y), forallz € D.

Since x € D, we can take z = x to get

[u(r) —u(y)| < Ad(z,y).

3. REGULARITY OF WEAK SOLUTIONS IN CARNOT GROUPS

Consider a Carnot group (G, -) = (R", ) and a system of left invariant horizontal vector
fields X = {X{,... ,X}nl}, my < n, which generates the Lie algebra g of G. We assume

that g admits a stratification

(3.1) s=pVv,
s=1
where v € N, v > 2 and
(3.2) (1) {Xi,...,X} }is abasis of V',

(3.3) (i5) [V V] =Vtif s<v -1,
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(3.4) (i3i) [V, V¥] ={0}.
Let us denote dim V* = my for all 1 < s < v . Our main result is the following.

Theorem 3.1. Let G be a Carnot group of step v > 2 and of homogeneous dimension @,

which admits a system of Hilbert-Haar coordinates. For 6 > 0 and p in the range

2v 2Q—|—8}

2 <p<mi

weak solutions to (2.1)) are in C*°(£).

3.1. Integral estimates for all p > 1. The following Gagliardo-Nirenberg type inequal-
ity depends only on integration by parts and hence is true for any function with the
necessary integrability conditions. The proof is the same as in the Heisenberg group (see

MZGZ09])

Lemma 3.1. Letu € C*(Q), >0 andn € C°(2). Then there exists a constant ¢ > 0,

depending on (3, such that
/9772(52 T [Rul?) 8 e < 0/9(52172 T |0 (8 + |Xuf?)E da
e [ a3 0 X T XL
k=1
Lemma 3.1 implies the following corollary.

Corollary 3.1. Let u € C*(Q2), f > 0 and n € C°(?). Then there exists a constant
¢ > 0, depending on 3, such that

[ ) s < [ @ ) (82 ) E da
@ Q
+ C/ u (62 + |Xuf?) "=+ [X2u]? da
Q

To prove the next lemma we use the test function ¢ = n?u (Xiu)?” in the weak form
of (2.1). Since we don’t need to interchange derivatives, commutators do not appear, and

the proof is identical to the proof in the Heisenberg group (see [MZGZ09]).
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Lemma 3.2. Let u € C*™(Q) be a solution of (2.1), 8 >1 and n € C°(2). Then there
exists a constant ¢ > 0 depending on B and L, such that for all1 < s < v and1 <k < mjy

we have
/9772(52+ [Xul*)? | Xjul* de < C/(52772+|3€?7|2 2) (0% + [Xu) "= [ Xul* da
+cﬁ2/9u n? (62 + |Xul?) 52 | X oul2 | XX 2uf da
Let us introduce the notation for the vertical gradient:
(3.5) Vu = (Xiu,..., X2 u,....X{u,...., X} u).

Lemma implies the following corollary.

Corollary 3.2. Let u € C*(Q) be a solution of (2.1), 5 > 1 and n € C§°(2). Then

there exists a constant ¢ > 0 depending on B and L, such that
/n2(52+ Xuf) [Vuf? di < c/(52772+ 2 22) (6 + [ Xuf2)"F [Vuf* da
Q
+c/ WP (6% + |Xul?) "= [Vu?~2 | xVu)? da .
Q

For the following two lemmas we need to use the differentiated forms of (2.1)) and track

down the commutators. We start with a vertical Caccioppoli type inequality.

Lemma 3.3. Let p > 1, u € C*(Q) be a solution to (2.1)), >0 and n € C* (). Then

there exists a constant ¢ > 0 depending on L and (3, such that

/ 2(6% + |Xu)"2 [Vul* |xVul?de < C/(TIQ +E0?) (6% + |Xul?) T | Vu P2 da.

Q

Proof. Consider any non-horizontal vector field X} from (3.5) and differentiate (2.1)):
Z XliXilai =0.

Switch the order of differentiation and get

Z X' X?a; = Zxﬁlaz ,
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where we used the notation [X}, Xf] = X ﬁz]l Hence, for any ¢ € C5°(€2) we have

E /aij-XliX}u-Xi%da::— E /X[si*,;}lai-¢dx,
ij 74 PJe
— Oa;

where a;; = 5. Another switch in the order of differentiation leads to

0&;
> j/aij X[ X Xl gde = = j/X[j;]lai-¢dx+ > /aij - X Xjodr.
,] (2 1,7

For any n € C§°(€2), n > 0 and 8 > 0 let us consider

o=n"Vul”’ Xju,

and obtain

(3.6) > /Q aij - X} Xju-n? - [Vul? - X! Xjuda
i,J

(3.7) +Z/Qaij X Xuen? - B Va7 X (V) - Xuda
1,J

(3.8) = — Z /Q a;j - X; Xju - 2nX]n - Vu|? - Xjudr
1,J

(3.9) — ; /Q aij - Xy Xju -’ Vul|? - Xiudz

(3.10) +ZLaij-X§;}u-n2-|vu12ﬁ-X§X,§ud:c
1,

(3.11) +Z/Qaij : X[jﬁu 2 B Va7 X (V) - Xuda
2%

(3.12) + Z /Q ;- X[Sjau mXin - Vul? - Xiud
2%

Let us add the equations considered for each non-horizontal vector field X; and start

estimating each term. For simplicity, we use w = 62 + |Xu|*.

(3.6) > L/n2-wp52 VP %Vl da

Q
B0 2 5 [0 P (va) P d
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We continue with the terms on the right side.

(3.8) < c/ xn] - wT - Va2V da
Q
< 100 7] w7 Yl \%Vu\2d$+c/|%77]2 w'T - V22 dx |

For (3.9), initially we have to use X[SJ,;]IXlu = XlX[SJr]1 Xm YU but otherwise the

estimates of (3.9) - (3.12) are similar to (3.8), and this finishes the proof. O

The next lemma is a version of the horizontal Caccioppoli inequality.

Lemma 3.4. Letp > 1, u € C®(Q) be a solution to (2.1), 5 >0 and n € C§°(2). Then

there exists a constant ¢ > 0 depending on B and L such that
/9772(62 +|xu?) T XXl de < C/QT]2 (6% + |Xu) "= P [Vul? do
wo [+ a4 nlVal) (52 + 2P da.
Proof. Consider any horizontal vector field X} and differentiate :
> XiXla;=0.
Switch the order of differentiation and get
Z X! X}a; = Z XE 0
Hence, for any ¢ € C5°(2) we have

ij 7% i e

Another switch in the order of differentiation leads to

Z/ X Xju - Xigdr = Z/ Xi o de + Z/% - X - Xjode.
ij 78

For any n € C3°(Q2), n > 0 and 5 > 0 let us consider

¢ =1 (8 + |xu]>)” - X}u,
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and use again w = 6% + |Xu|®. Therefore, we obtain the following equation.

(3.13) Z /Q a;j -X;X,iu 2w’ - XX uda
2%

(3.14) +Z/Q%‘ XX Bew T X (|%u)?) - Xbude
4,3

(3.15) = — Z /Q ag - X Xpu-20X!n - w’ - Xlude
0]

(3.16) —i—Z/ﬂai Xig (- w’ - Xju) do

(3.17) + Z /Q aj - X[Qj’k]u n? o’ - X X uda
4,3

(3.18) +Z/Qaij - X{quen? B W X (|Xuf) - Xjude
0]

(3.19) + Z /Q ai - X{qu-2nXin - w’ - Xluda .
0,

After summing over k, we get the following estimates for the left hand side.
(3.13) > L/Qn2 T P | XX d
(3.14) > BTL/Q"]Z LWt R E3 (|%u|2)|2 dx .
We continue by estimating the right hand side:
(3.15) < 0/977- X7 - w"T P | XXu| do
02w T XXl do + C/Q X0 witP dx .

< —
=100 Jq

For (3.16), we first write:

(3.16) = Z/ai : Xﬁ,k] (n? - w” - Xju) do
ik 78
(3.20) = Z / a; - 277X[2z‘7k}77 cw” - Xuda
ik V8

(3.21) + Z/Qal 2 5w6—1X§7k}(|%u|2) - Xjudz
1,k
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(3.22) + Z/ a; - w - X[Qi’k]X,iu dx .

ik 8
The first term is easy to estimate:

(3.20) < c/n|V77| cwr P dx
Q

The term (3.21) is similar to (3.22), only the latter has fewer terms. We will show the
estimate of (3.22).

(3.22) :Z/ai.UQ.wﬁ-X;X[ak}udl’—f—Z/ai.n2.w5.X[?;€’[z’,k]}Ud:L'

= _Z/Xi (ai - n* - w”) 'Xﬁ,k}“d“7+2/“i'”2'wB'Xﬁf,[i,k1}“dx
< C/ nz,w’%%ﬁ XXl - |Vu|dx+c/ n|Xn| LWt R |Vu| dx

0 Q
+C/772'wp21+/3‘!VUIdx

Q

< [ pPowT . \f{%u\zdaz+0/ e ow'T Vul|? dx

+ c/ (? + | Xn[?) - w2 P da.
Q
We can finish now the proof by combining the estimates (3.13)-(3.22). O

3.2. C*°-interior regularity for the non-degenerate case. Initially, the following
theorem was used in [Dom08, [DM09| to provide the differentiability of the weak solutions
in the directions of the non-horizontal vector fields. In this section we will apply it to
the smooth approximating solutions u,, in order to find energy and second derivative

integrability bounds that are independent of n.

Theorem 3.2. [Dom08, DM09] Let 2 < p < -2 and r > 0 such that Bs, C Q. If
u € X;foc(Q) is a weak solution of (2.1), then there exists ¢ > 0 depending on p, L and

r such that for all1 < s <v and 1 <k < mg we have

(3.23) / | XPulP dx < c/ (62 + |Xul?)? dz
T Bar
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and

(3.24) / (62 + |Xul)"Z (|XXul + | X Xul?) de < c/ (62 + |Xul?)} da.
By

Bar

If we use Theorem and Corollary with 8 = 0, followed by Corollary with
f =1, Lemma [3.4 with 5 = 1 and again Corollary with 8 = 1, we get the following

result.

Lemma 3.5. Let 2 < p < 2= and r > 0 such that Bs, C Q. If u € C®(Q) is a solution

v—1

of (2.1)), then there ezists ¢ > 0 depending on p, L and r such that
(3.25) / (0% + [xul®) 5 dr < ¢ (1+ |[ullegs, ) / (8 + |2uP)? da,
(s Boy
The next lemma gives the upper bound for the derivatives in the non-horizontal di-
rections. Notice the loss of homogeneity in (3.26)), due to the fact that we will use the
inequality 6% < 6% + |Xul?.

Lemma 3.6. Let us assume that 2 < p < min %, 25:?}, d>0and u € C*(Q) is a

solution of (2.1). Then there exist a constant ¢ depending on p, Q, L, v, ||u||r~(B,,) and
d such that

) - Tt =Ty
(3.26) [[Vul|peon,) < ¢ / (0% + |Xu|”)2 dx
BQT
Proof. Lemma (3.3 implies the following inequality.

p—2

p¥a

C p+4
/9772|Vu|25 |XVul*dx < = (L + 11%0] 17 suppm)) (/ (62 + [Xul>) 2 da:)
supp n

6

: (/ |Vu\(26+2)% dx) o :
suppn

By Lemma [3.5 and the Poincaré inequality we obtain

Q-2
2Q 2Q
(/Q (77|VU|B+1) A dx) <c (1 + ||x77||L°°(8uppn)) (/

BZr

_3
- (/ [Vu| 05 da:) "
supp 7

R
(6% + |Xul?)2 dx)
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By defining a = 5—?2, b= %}, =% bo= pfw Be+1=(Bo+1)x* and ap = (B + 1)b,

we obtain

1 p—2

oyl b p 6ay,
( / nawwwx) T e (14 120 ) ( / <62+|xu|2>2dx)
: (/ Vu|** dzx) "
suppn

Noticing that y > 1ifp < 2 2 , estimate (3.26]) follows from the standard Moser iteration.
OJ

Theorem 3.3. Let us assume that 2 < p < min{-2% 2Q+8} § >0 and u € WeP(Q) is

a weak solution to the horizontal quasilinear equation (2.1). Then we have Xu € L2 ().

Proof. Let By, C Q. Let {¢,} be a sequence of functions in C§°(§2) converging to u in
WP (B,). For each n € N, let u,, € Wy"(B,) be the unique weak solution of the Dirichlet

problem

St XHai(Xu) =0, in B,

(3.27) )
u— ¢ € Wyp(By).

By Lemma[2.2]and [Cap99, [DM09], we know that u,, € C*°(B,). Then we use ¢ = u, — ¢,
in ([2.5), and find that the sequence {u,} is bounded in Wy (B,) and hence ||uy|| (5, 12)
is also bounded. Moreover, there is a subsequence, denoted also by {u,}, which converges
weakly to @ € WyP(B,). Then @ is a weak solution of and since u — u € W;fg(Br),
by the uniqueness of solutions to the Dirichlet problem we conclude that « = u on B,.

Lemmas [3.4) and [3.6|imply that for a test function 1, with support included in B, 4, there

exists a constant ¢ depending on ¢, p, L, HuHW;E,p( 5,)» but independent of n, such that

/772 (52+ ‘%un|2)p%2+ﬁ ‘%%un|2 < c/ (52+ |:{un|2)§+ﬁ

supp7

By the Moser iteration we obtain that

[N14S)

[N c/ (62 + [Zun?)® .

T
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Finally, letting n — oo we get

||%u||Loo(Br/16) S C/ ((52 + |xu|2)§

T

i

Proof of Theorem Once Theorem [3.3] gives the local boundedness of the hori-
zontal gradient of the weak solution u € Wé’p (), Theorem follows from the results
obtained in [Cap99, [DMO09].

4. HILBERT-HAAR COORDINATES IN CARNOT GROUPS

We can identify any left-invariant vector field X € g by its value at the identity element
x = 0. For any X € g there exists a unique differentiable homomorphism ¢y : R — G such
that ¢/y(0) = X. The group exponential exp : g — G is defined by exp(X) = px(1). We
also use the notation px(t) = exp(tX). The exponential map is a global diffeomorphism
in Carnot groups. Hence, we can introduce the exponential coordinates of first kind, by
identifying x with X when x = exp(X). To show how these coordinates are adapted to
the stratification of the Lie algebra , let us use the notation

= (2", ..., 2"),
where
(4.1) z! = (xi,...,a:}nl), v, ol = (x{, ---JZ%) )

For all 1 < s < v we define degree(x}) = s, and the degree of a monomial is
s1\P1 Sj Pj o
degree (x“) ST = s1p1 + ... +55p; -

We say that a polynomial is of homogeneous degree d if each of its monomial terms has
degree d.

We list the horizontal vector fields and some of their non-zero commutators as

(4.2) Xi, X XYL XY

mi) my
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such that {X7,..., X}, } forms a basis for V* for each 1 < s < v. By the Baker-Campbell-

Hausdorff formula these vector fields can be expressed in terms of exponential coordinates

as follows:
k‘ 833]](_: 822 2:1 kJ7’L PICERE axf b) — i 1 )
X2=i+iip2’?(a¥ xs—2)8 1<k<m
k axi s:3 2:1 k‘,Z g ey 8xf ) — — 2 )
(4.3)
e g
v—1 _ v—1luv,/ 1
X; _W—'—;PM (x)a_x;”lgkgml’—l’

X]Z:iylgkgml/7
oz},

where P)’? are homogeneous polynomials which, if non-zero, have their degree of homo-

geneity equal to s — j.

Definition 4.1. Given a system of vector fields X = {X{,..., X }, we say that some
coordinates in the form of (4.1) are privileged, if (4.3) holds for some homogeneous poly-

nomials P’}

The exponential coordinates of first kind are one example of privileged coordinates.
Similar privileged coordinates were studied in [Bel96], in order to obtain explicit distance
estimates for the sub-Riemannian structure. However, our privileged coordinates serve

only the purpose of starting the process leading to Hilbert-Haar coordinates.

Example 4.1. The Lie algebra of the first Heisenberg group is defined by the only non-zero
commutator [ X1, Xo| = X3. The horizontal vector fields

0 0 0
X, = —  Xo= — —
! ’ 2 8a72+x18x3

don’t satisfy (2.6]), but after a change of variables

1
(44> (yhy% ?JS) = <CC1,I'2, xr3 — §$1$2) ’
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we find that the vector fields

8 Y2 8 8 U1 8
:————7Y:—+——7
YTy 20y’ 7 Oy 2 Bys

do satisfy (2.6) and hence {y1,ys, ys3} are Hilbert-Haar coordinates.

Example 4.2. The Lie algebra of the Engel group is defined by the only non-zero com-
mutators [ X1, X;] = X? and [X], X?] = X3. One possible way of expressing these vector
fields is

Xi =g

(45) X3 =zg triae 3@’
Xt = a7t olgy
X; = s

The horizontal vector fields X{ and X5 don’t satisfy (2.6). First we change the variables

adapted to the strata one and two:
1
b tont) = (ehooh = Jalad ot

By this we obtain the vector fields

1
Y! =gr —%213%,
(46) ) =g %o +30)’as
P = o7 + Yl
Y3 = e

The horizontal vector fields Y' and Yy satisfy ([2.6) in the variables yi,ys,y:. Another

change of variables

1 1
1.1 .2 .3 1.1 .2 3 1\2, 1 1.2
(21,29, 21,21) = (y17y27 Y, Y1 — g(yl) Yo — g?hyl )
leads to the vector fields

1 _ o _zmo  _ (Hm o, A\ 0
Zl - Bz} 2 Bz% < 6 + 3 82?’

1 _ 9 420 (=12 a8
(4.7) Zy =51 too2 5% 55
2 _ 0 221 9
Zl - Bz% + 3 az?’

3 _ )
Zl —_— WZl.
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The horizontal vector fields Zt and Z3 satisfy the original commutation relations, but also
[2.6), and hence {21, z3, 22, 23} are Hilbert-Haar coordinates.

Notice that the Jacobian of each change of variables equals 1.

Theorem 4.1. Let G be a Carnot group of step two and X = {X{, ..., X}, } be a system of
horizontal vector fields generating the Lie algebra. Then there exists a system of Hilbert-

Haar coordinates.

Proof. Let us assume that g = V' @ V?, the vector fields X7, ..., X2 form a basis of V2

and we have a set of fixed coefficients {0’} such that:
me A
(4.8) (XLXH =D b, XP, 1<j<k<m.

As the exponential coordinates are one possible option, without loss of generality, we can
consider that we have a system of privileged coordinates such that these vector fields and

their commutators have the following form.

1 _ 0 m2 mi 4 1 0
(4.9) X = Bal +Zi:1( 12162,11'1)_3%2 , 1<k<m,
Xp = 2 1<k<my.

k

We will show that the coefficients c;k can be redefined in such a way that {X7],..., X} }
satisfy (2.6) and (4.8). By (4.9) we get that for 1 < j < k < m we have

(4.10) XX =S (e~ ) 2.
i=1 i
and for any linear function L(z) = >\, apxp + Yo aZa? we have
X;L( —ak—l—Z(chlxl) a?,
i=1 \ =1
(4.11) X X1L( chk a?,

XIXLLE) 4 XIXIL) = Y (dhy + ¢ o
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By (£8), (10) and (E1T) we get that

(4.12) A R X
Wi TR TR <<k <my.

i N

For each set of indices, the system (4.12) has a unique solution, and this proves the

lemma. O

Definition 4.2. We say that a Carnot group of step v defined on RV is a Goursat
group if admits a system of horizontal vector fields X = {X{, X3} and the only non-zero

commutators are
See Chapter 6 in [Mon02] for more information about Goursat groups.

Theorem 4.2. Every Goursat group admits a system of Hilbert-Haar coordinates, in

which the vector fields have the following expressions:

(4.14)

0 1,0 &1, oo 20 . (s—1)! .\ 0
| R S (52 .1 o 1ys—3 .2 s—1
Xl_@x% 2x28x% ;(s!<x1) x2+s!($1) S )&C{’

0 1,0 1 o
1 L Lo 1ys—1
2 51+2x182+;s'( 1) al’f7

0 " l(s=1)-(s=2)---(s—1+1) ., 0
Xl= = sl _—_ 2<i<v—-1
! 8:I:ll+z s! (z1) oxs’ =7 ’

s=l+1

0
X{ =
L oay

Proof. The proof can be done by straightforward calculations, checking that the relations

from (4.13)) and (2.6)) hold. The key for the proof is the following combinatorial identity:

k k+1 k+n k+n+1
aim () () (Y (), e
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We used constructive arguments to find the formulas . We proceeded by induction
on s, assuming that the vector fields X{, X5, X7, -+, X have some expressions as in (4.3)).
When we consider s = 2, we look only at the vector fields X{, X3, X? and only at the
variables 1, x1 2. As in Example , we can find a polynomial change of variables such
that in the new variables, denoted again by z1,zl, 72, we keep the commutator relation
[(X{, X3] = X2, but also is satisfied for linear functions in z},z3, 3. Then, as in
Example we advance layer by layer, making sure that the formulas and
hold at every step.

Notice that the homogeneous dimension of a Goursat group of step v is

Vv 42
Q="
Let us define
2 20 + 8 2v if 3<v<10
P(v) = min v : @8l _ ) s
vr—1" Q-2 W;?—VZ‘ZO if v>10
vi4rv— — :

In a Goursat group, Theorem [3.1 implies the following result.

Corollary 4.1. In a Goursat group of step v, if 2 < p < Pv),
0 >0 and u € WyP(Q) is a weak solution to [2.1)), then u € C®(1).

We finish with an example of a Carnot group of step 3 admitting Hilbert-Haar coordi-

nates.

Theorem 4.3. Let G be a Carnot group of step 3 and X = {X{,..., X}, } be a system of

horizontal vector fields generating the Lie algebra. If the non-zero commutators
[Xi17 [X]l7XliH7 1 S iajv k S ma

are linearly independent, then there exists a system of Hilbert-Haar coordinates associated

to X.

Proof. We list the the horizontal vector fields and their non-zero commutators as

(4.16) XX XE X2 XD X3

my? ma? ms3 °
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We can assume that, with respect to some privileged coordinates, formula (4.3]) holds. By

Theorem [4.1], Hilbert-Haar coordinates exist for any Carnot groups of step 2, so we can

change coordinates =i, ..., z}, l,m%, xfm into Hilbert-Haar coordinates.

We will add to the list of Hilbert-Haar coordinates one of z3 at a time, in such a way

to preserve the commutator relations. We can assume for now that

X =Y + (Pea(a) + Pea(a®)) 55 1< k<,
9 b xl
0
(4.17) X =Y?+ P(z") 5=, 1 <1< my,
’ ox3
0
X3 =
1 637:1)"

where the homogeneous polynomials Py ; are of order 3— s and the vector fields DL et ,
depend only on the Hilbert-Haar coordinates 1, ..., xfw and span a Lie algebra of step 2.

We will use the notation
1 w1 2
(4.18) (X0, Xj] = XG0,

with the note that X [2k,l] is a member of or 0. Also, by the linear independence of
the commutators of order 3 and the Jacobi identity, we can assume that [X{, Xa] = X7,
[X{, X?] = X3 and for all other cases [X}, X?] = 0.

For 1 <k <m; and 1 <[ < ms we have:

Hence, we can define P7,(2') = bizy, Ply(2*) = (by — 1)2} and P, = 0 if k > 1.

Next, we continue with the commutators of order 2.

0 0
XX = |2+ (Phy+ ) g Y+ (B + P) o]
0
- [Yk}? Yzl] + (Ykl (Plll + Pll2) - Yzl (Plcl,l + Pkl,z)) a_x;i; .

Therefore,

(4-19) Ykl(Plh + Pllz) - YEI(Pkl,l + Pkl,2> = P[i,l},l .



116 ANDRAS DOMOKOS AND JUAN J. MANFREDI

Let us consider a linear function

1
E(:L’l,. o mz, E E al vl + ad 23
J=1

=1
= LY (], h,,) + ai 2l
Therefore, we have
XL =Y/!LY + (P, + P,)a}

and

XIXpL =YY L + Y (Piy + Pip)ay
By the fact that Y Y'LY + V'VILY =0, we get that
(4-20) Ykl(Pl%l + Pll2) + Yil(Pk}J + Plcl,Q) =0.
By equations (4.19) and (4.20)), for each fixed 1 <1 < m;y, we have

1
—Pﬁc’”,l, for all 1 <k <m;.

Ykl(Plh + PIIQ) = 9

Therefore,
1
(4.21) Y, P, =-Y'P,+ 513@,”,1, for all 1<k <m;.

Noticing that the polynomials Pll2 and Pj%l are already determined in terms of by, equation
will determine the polynomials Pl}l, once the consistency with the commutators is
checked.

By equation , for j < k we have that

1
S P = Y Pig,)-

(1.22) VeuPly = ~YiuPl + )

75

k]Pl}Q +
Consider first the case of [ = 1.
If 7 =1 and k = 2, then we get
VEPL = ~Y2((b — D) + (V] (~biad).
This leads to
O:—(bl—l)—%bl,

and therefore by = 2. For all other (j,k) # (1,2), equation ([4.21) leads to 0 = 0. Also,
we get 0 = 0 for all cases if [ > 1. Once, the consistency is checked, by equation (4.21))
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and [BLUQ7, Theorem 20.2.1], all polynomials Pll1 are uniquely defined and this finishes

the proof.

[Bel96]

[BLUO7]

[Cap99]

[Cla05]

[DMO9]

[Dom0g]

[Mir65]

[Mon02]

[MZGZ09)

[NSWS5]

[TW02]

[Zho17]

0

REFERENCES

André Bellaiche. The tangent space in sub-riemannian geometry. In Sub-Riemannian Geom-
etry, volume 144 of Prog. Math., pages 1-78. Birkhauser, Basel, 1996.

A. Bonfiglioli, E. Lanconelli, and F. Uguzzoni. Stratified Lie Groups and Potential Theory for
their Sub-Laplacians. Springer-Verlag Berlin Heidelberg, 2007.

Luca Capogna. Regularity for quasilinear equations and 1-quasiconformal maps in Carnot
groups. Math. Ann., 313(2):263-295, 1999.

Francis Clarke. Continuity of solutions to a basic problem in the calculus of variations. Ann.
Se. Norm. Super. Pisa Cl. Sci. (5), 4(3):511-530, 2005.

Andris Domokos and Juan J. Manfredi. Nonlinear subelliptic equations. Manuscripta Math.,
130(2):251-271, 2009.

Andras Domokos. On the regularity of subelliptic p-harmonic functions in carnot groups.
Nonlinear Anal., 69(5-6):1744-1756, 2008.

Mario Miranda. Un teorema di esistenza e unicita per il problema dell’area minima in n
variabili. Ann. Scuola Norm. Sup. Pisa (3), 19:233-249, 1965.

Richard Montgomery. A tour of subriemannian geometries, their geodesics and applications,
volume 91 of Mathematical Surveys and Monographs. American Mathematical Society, Prov-
idence, RI, 2002.

Giuseppe Mingione, Anna Zatorska-Goldstein, and Xiao Zhong. Gradient regularity for elliptic
equations in the Heisenberg group. Adv. Math., 222(1):62-129, 2009.

Alexander Nagel, Elias M. Stein, and Stephen Wainger. Balls and metrics defined by vector
fields. I. Basic properties. Acta Math., 155(1-2):103-147, 1985.

Neil S. Trudinger and Xu-Jia Wang. On the weak continuity of elliptic operators and appli-
cations to potential theory. Amer. J. Math., 124(2):369-410, 2002.

Xiao Zhong. Regularity for variational problems in the Heisenberg group.

(arXiv:1711.03284v1), 2017.



118 ANDRAS DOMOKOS AND JUAN J. MANFREDI

DEPARTMENT OF MATHEMATICS AND STATISTICS, CALIFORNIA STATE UNIVERSITY SACRAMENTO,
6000 J STREET, SACRAMENTO, CA, 95819, USA

FE-mail address: domokos@csus.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITTSBURGH, PITTSBURGH, PA, 15260

E-mail address: manfredi@pitt.edu



	1. Introduction
	2. Lipschitz continuity of weak solutions with C2-boundary condition
	3. Regularity of Weak Solutions in Carnot groups
	3.1. Integral estimates for all p >1.
	3.2. C-interior regularity for the non-degenerate case

	4. Hilbert-Haar coordinates in Carnot groups
	References

